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PREFACE 

THE  present  work  is  based  on  lectures  which  the  author  is 
accustomed  to  give  at  Yale  University  on  advanced  calculus  and 
the  theory  of  functions  of  real  variables.  It  falls  in  two  volumes, 
arid  the  following  remarks  apply  only  to  the  first. 

The  student  of  mathematics,  on  entering  the  graduate  school  of, 
American  universities,  often  has  no  inconsiderable  knowledge  of 
the  methods  and  processes  of  the  calculus.  He  knows  how  to 
differentiate  and  integrate  complicated  expressions,  to  evaluate 
indeterminate  forms,  to  find  maxima  and  minima,  to  differentiate 
a  definite  integral  with  respect  to  a  parameter,  etc.  But  no  em 
phasis  has  been  placed  on  the  conditions  under  which  these  pro 
cesses  are  valid.  Great  is  his  surprise  to  learn  that  they  do  not 
always  lead  to  correct  results.  Numerous  simple  examples,  how 
ever,  readily  convince  him  that  such  is  nevertheless  the  case. 

The  problem  therefore  arises  to  examine  more  carefully  the 
conditions  under  which  the  theorems  and  processes  of  the  calculus 
are  correct,  and  to  extend  as  far  as  possible  or  useful  the  limits  of 
their  applicability. 

In  doing  this  it  soon  becomes  manifest  that  the  style  of  reason 
ing  which  the  student  has  heretofore  employed  must  be  abandoned. 
Examples  of  curves  without  tangents,  of  curves  completely  filling 
areas,  and  other  strange  configurations  so  familiar  to  the  analyst 
of  to-day,  make  it  clear  that  the  rough  and  ready  reasoning  which 
rests  on  geometric  intuition  must  give  way  to  a  finer  and  more 
delicate  analysis.  It  is  necessary  for  him  to  learn  to  think  in  the 
e,  8  forms  of  Cauchy  and  Weierstrass. 

We  have  here  the  beginnings  of  the  theory  of  functions  of  real 
variables,  and  the  twofold  problem  just  sketched  characterizes 
sufficiently  well  the  subject-matter  and  form  of  treatment  of  the 
present  volume. 
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IV  PREFACE 

To  obtain  a  foundation,  the  author  has  begun  by  developing  the 
real  number  system  after  the  manner  of  Cantor  and  Dedekind, 
postulating  the  theory  of  positive  integers.  To  obtain  sufficient 
generality,  he  has  employed  from  the  start  the  more  simple  prop 
erties  of  point  aggregates.  No  attempt,  however,  has  been  made 
to  state  every  theorem  with  all  possible  generality.  The  author 
has  allowed  himself  a  wide  liberty  in  this  respect.  Some  theorems 
are  stated  under  very  broad  conditions,  while  others  are  enunciated 
under  extremely  narrow  ones.  Some  of  these  latter  will  be  taken 
up  later  on. 

Two  features  of  this  volume  may  be  mentioned  here.  In  the 
first  place,  the  Euclidean  form  of  exposition  has  been  adopted. 
Each  theorem  with  its  appropriate  conditions  is  stated  and  then 
proved.  Without  doubt  this  makes  the  book  less  attractive  to 
read,  but  on  the  other  hand  it  increases  its  usefulness  as  a  book  of 
reference.  One  is  thus  often  saved  the  labor  of  running  through 
a  complicated  piece  of  reasoning  to  pick  up  sundry  conditions 
which  have  been  introduced,  sometimes  without  any  explicit 
mention,  in  the  course  of  the  demonstration. 

Secondly,  numerous  examples  of  incorrect  forms  of  reasoning 
currently  found  in  standard  works  on  the  calculus  have  been 
scattered  through  the  earlier  part  of  the  volume.  It  is  the 
author's  experience  that  nothing  stimulates  the  student's  critical 
sense  so  powerfully  as  to  ask  him  to  detect  the  flaws  in  a  piece  of 
reasoning  which  at  an  earlier  stage  of  his  training  he  considered 
correct. 

A  few  new  terms  and  symbols  have  been  introduced,  but  only 
after  long  deliberation.  It  is  hoped  that  their  employment  suffi 
ciently  facilitates  the  reasoning,  and  the  enunciation  of  certain 
theorems,  to  justify  their  introduction.  It  may  be  well  to  note 
here  the  author's  use  of  the  word  "any"  in  the  sense  of  any  one 
at  pleasure,  and  not  in  the  sense  of  some  one.  The  words  "  each," 
"every,"  "some,"  "any,"  are  often  used  in  an  indiscriminate 
manner,  and  to  this  is  due  a  part  of  the  difficulty  the  beginner 
experiences  in  modern  rigorous  analysis. 

No  attempt  has  been  made  to  attribute  the  various  results  here 
given  to  their  respective  authors.  That  has  been  rendered  un 
necessary  by  the  very  full  bibliographies  of  the  Encyclopadie  der 
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Mathematischen  Wissenschaften.  The  author  feels  it  his  pleasant 
duty,  however,  to  acknowledge  his  large  indebtedness  to  the  writ 
ings  of  Jordan,  Stolz,  and  Vallee-Poussin.  He  hopes,  however, 
that  it  will  be  found  that  he  has  not  used  them  servilely,  but  in  an 
individual  and  independent  manner. 

Finally,  he  wishes  to  express  his  hearty  thanks  to  his  friend 
Professor  M.  B.  Porter,  and  to  his  former  pupil  Dr.  E.  L.  Dodd, 
for  the  unflagging  interest  they  have  shown  during  the  composi 
tion  of  this  volume  and  for  their  many  and  valuable  suggestions. 

JAMES  PIERPONT. 

NEW  HAVEN,  CONN.,  August,  1905. 


NOTE 

A  list  of  some  of  the  mathematical   terms   and  symbols  employed  in  this 
work  will  be  found  at  the  end  of  the  volume. 
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VARIABLES 


CHAPTER   I 
RATIONAL  NUMBERS 

Historical  Introduction 

1.  The  reader  is  familiar  with  the  classification  of  real  numbers 
into  rational  and  irrational  numbers.  The  rational  numbers  are 
subdivided  into  integers  and  fractions. 

Besides  the  real*  numbers  there  is  another  class  of  numbers 
currently  employed  in  modern  analysis,  viz.  complex  or  imaginary 
numbers.  In  this  work  we  shall  deal  almost  exclusively  with 
real  numbers. 

Historically,  the  first  numbers  to  be  considered  were  the  posi 
tive  integers  1,  2,  3,  4,  5,  6,  ...  (o 

We  shall  denote  this  system  of  numbers  by  3s- 

It  is  not  our  intention  to  develop  the  theory  of  these  numbers ; 
instead,  we  shall  merely  call  attention  to  some  of  their  funda 
mental  properties.* 

In  the  first  place,  we  observe  that  the  elements  of  $  are  ar 
ranged  in  a  certain  fixed  order ;  that  is,  if  a,  ft  are  two  different 
numbers,  then  one  of  them,  say  a,  precedes  the  other  ft.  This  we 
express  by  saying  that  a  is  less  than  ft,  or  that  ft  is  greater  than  a. 

In  symbols  , 

a<ft,         ft>a. 

*  For  an  extended  treatment  of  this  subject  we  refer  to  the  excellent  work  of  O  Stolz 
cud  J.  A.  Gmeiuer,  Theoretische  Arithmetik,  Leipzig,  1900. 
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We  say  the  system  $  is  ordered.  Furthermore,  if  a  =  b,  b  =  <?, 
then  a  =  c.  Also  if  a=b  and  b>c,  then  a>c.  Also  if  a  >  b, 
b>c,  then  a><?.  Secondly,  we  observe  that  the  system  $  is 
infinite  ;  after  each  element  a  follows  another  element,  and  so  on 
without  end. 

On  the  elements  of  $  we  perform  four  operations,  viz.  addition, 
subtraction,    multiplication,   and   division.     They    are    called  the 
four  '-rational  operations.     Of  these  operations,  two  may  be  re 
garded,  as  direct,  viz.  addition  and  multiplication.     The  other  two 
'are.  tiK>ir'  inverses,  viz.  subtraction,  the  inverse  of  addition;  and 
division,  the  inverse  of  multiplication. 

The  formal  laws  governing  addition  are:  the  associative  law, 
expressed  by  the  formula 


and  the  commutative  law,  expressed  by 

a  +  b  =  b  +  a. 

As  regards  the  position  of  a  +  b  in  the  system  $,  relative  to  a  or 
b,  we  have 

a  +  b  >  a  or  b. 

We  have  also  the  relation 

a  +  b>a'  +  b,  if  a>a'. 

The  formal   laws  governing  multiplication  are  the  three  fol 
lowing  : 

The  associative  law,  expressed  by 

a  •  be  =  ab  •  c. 
The  distributive  law,  expressed  by 

(a  +  b)c  =  ac  +  be,         a(b  +  c)  =  ab  +  ac. 
The  commutative  law,  expressed  by 

ab  —  ba. 

We  have  also  the  relation,  with  respect  to  order, 
ab>a'b  if  a>a'. 
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Another  important  property  is  this : 

If  ac  =  be,  then  a  =  b. 

The  result  of  subtracting  b  from  a  is  denned  to  be  the  number 
x  in  3,  satisfying  the  relation 

a  =  b  +  x. 

But  when  a  ^  ft,  no  such  number  exists  in  $. 

Similarly,  the  result  of  dividing  a  by  b  is  defined  to  be  the 
number  x  in  $,  satisfying  the  relation 

a  =  bx. 

If,  however,  a  is  not  a  multiple  of  6,  no  such  number  exists  in  $. 
Thus  when  we  limit  ourselves  to  the  number  system  $,  the  two 
operations  of  subtraction  and  division  cannot  always  be  per 
formed.  In  order  that  they  may  be,  we  enlarge  our  number 
system  by  introducing  new  elements,  viz.  fractions  and  negative 

numbers. 

The  introduction  of  fractions  into  arithmetic  was  comparatively 
easy ;  on  the  contrary,  the  negative  numbers  caused  a  great  deal 
of  trouble.  For  a  time  negative  numbers  were  called  absurd  or 
fictitious.  That  the  product  of  two  of  these  fictitious  numbers, 
-a  and  -6,  could  give  a  real  number,  +ab,  was  long  a  stumbling- 
block  for  many  good  minds. 

The  introduction  of  irrational  numbers,  i.e.  numbers  like 

V2,     ^5,     TT  =  3.14159-,     e  =2.7182-, 

never  excited  much  comment.  In  actual  calculations  one  used 
approximate  rational  values,  and  it  was  perfectly  natural  to  sub 
ject  them  to  the  same  laws  as  rational  numbers.  It  is  true  that 
the  Greeks  of  the  time  of  Euclid  were  perfectly  aware  of  the 
difficulties  which  beset  a  rigorous  theory  of  incommensurable 
magnitudes  ;  witness  the  fifth  and  tenth  book  of  Euclid's  Ele 
ments.  But  these  subtle  speculations  found  little  attention  during 
the  Renaissance  of  mathematics  in  the  seventeenth  and  eighteenth 
centuries.  The  contemporaries  and  successors  of  Newton  and 
Leibnitz  were  too  much  absorbed  in  developing  and  applying  the 
infinitesimal  calculus  to  think  much  about  its  foundations. 
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At  the  close  of  the  eighteenth  and  the  beginning  of  the  nine 
teenth  centuries  a  change  of  attitude  is  observed.  Gauss,  La- 
grange,  Cauchy,  and  Abel  called  for  a  return  to  the  rigor  of  the 
ancient  Greek  geometers.  Certain  paradoxes  and  even  results 
obviously  false  had  been  obtained  by  methods  in  good  repute.  It 
became  evident  that  the  foundations  of  the  calculus  required  a 
critical  revision. 

Abel  in  a  letter  to  Hansteen  in  1826  writes  :  *  "  I  mean  to 
devote  all  my  strength  to  spread  light  in  the  immense  obscurity 
which  prevails  to-day  in  analysis.  It  is  so  devoid  of  all  plan  and 
system  that  one  may  well  be  astonished  that  so  many  occupy 
themselves  with  it, —  what  is  worse,  it  is  absolutely  devoid  of 
rigor.  In  the  higher  analysis  there  exist  very  few  propositions 
which  have  been  demonstrated  with  complete  rigor.  Every 
where  one  observes  the  unfortunate  habit  of  generalizing,  without 
demonstration,  from  special  cases  ;  it  is  indeed  marvelous  that 
such  methods  lead  so  rarely  to  so-called  paradoxes." 

In  another  place  he  writes  :  f  "  I  believe  you  could  show  me 
but  few  theorems  in  infinite  series  to  whose  demonstration  I  could 
not  urge  well-founded  objections.  The  binomial  theorem  itself 
has  never  been  rigorously  demonstrated.  .  .  .  Taylor's  expan 
sion,  the  foundation  of  the  whole  calculus,  has  not  fared 
better." 

The  critical  movement  inaugurated  by  the  above-mentioned 
mathematicians  found  its  greatest  exponent  in  Weierstrass.  It 
is  no  doubt  largely  due  to  his  teachings  that  we  may  boast  to-day 
that  the  great  structure  of  modern  analysis  is  built  on  the  securest 
foundations  known ;  that  its  methods  have  attained,  if  not  sur 
passed,  the  justly  famed  rigor  of  the  ancient  Greek  geometers. 
The  saying  of  D'Alembert,  "  Allez  en  avant,  la  foi  vous  viendra," 
has  lost  its  force.  To-day,  it  is  not  faith  that  is  required,  but  a 
little  patience  and  maturity  of  mind. 

As  Weierstrass  has  shown,  it  is  necessary,  in  order  to  place 
analysis  on  a  satisfactory  basis,  to  go  to  the  very  root  of  the 
matter  and  create  a  theory  of  irrational  numbers  with  the  same 
care  and  rigor  as  contemplated  by  Euclid,  in  his  theory  of  incom 
mensurable  magnitudes,  only  on  a  for  grander  scale.  It  is  too 

*  Abel,  (Euvres,  2°  ed.,  Vol.  2,  p.  263.  f  Abel,  I.e.,  p.  257. 
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early  to  make  the  reader  see  the  necessity  of  this  step,  but  it  will 
appear  over  and  over  again  in  the  course  of  this  work. 

Fractions 

2.  Before  taking  up  the  theory  of  irrational  numbers,  we  wish 
to  develop  in  some  detail  the  modern  theory  of   fractions  and 
negative  numbers.     We  shall  rest  our  treatment  of  these  numbers 
on  the  properties  of  the  positive  integers  $,  which  we  therefore 
suppose  given.     One  of  these  properties,  on  account  of  its  impor 
tance,  deserves  especial  mention,  viz.  : 

If  the  product  ab  is  divisible  by  c,  and  if  a  and  c  are  relatively 
prime,  then  b  is  divisible  by  c. 

3.  Let  us  begin  with  the  positive  fractions.     As  we  saw,  divi 
sion  of  a  by  6,  where  a,  b  are  two  numbers  in  $,  is  not  possible 
unless  a  is  a  multiple  of  b.     Our  object  is  therefore  to  form  a  new 
system  of  numbers,  call  it  ft,  formed  of  the  numbers  of  $  and  cer 
tain  other  numbers,  in  which  division  shall  be  always  possible. 

We  start  by  forming  all  possible  pairs  of  numbers  in  $.     These 
pairs  we  represent  by  the  notation 


In  any  one  of  these  pairs,  as  «  =  (a,  a'),  we  call  a  the  first  con 
stituent  and  a'  the  second  constituent  of  «. 

The  system  ft  consists  of  the  totality  of  these  pairs  cc,  /3,  ••• 

The  elements  of  ft  we  have  represented  by  the  symbol  (a,  a')- 
Any  other  symbol  would  do.  The  customary  ones  are  a/b  and 
a  :  b. 

We  have  purposely  avoided  these  symbols,  so  familiar  to  the 
reader,  in  order  that  his  attention  shall  be  more  closely  fixed  on 
the  logical  processes  employed. 

4.  The  objects  of  ft  have  as  yet  no  properties  ;  we  proceed  to 
assign  them  one  arithmetic  property  after  another,  taking  care 
that  no  property  shall  contradict  preceding  ones.  We  begin  by 
setting  ft  in  relation  to  $.  We  say  :  (a,  a')  shall  be  a  number  c, 
in  3,  when  a  =  a'c.  Thus,  any  element  of  ft  whose  first  constituent 
is  a  multiple  of  its  second,  is  an  element  of  $,  i.e.  a  positive  integer. 
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From  this  follows  that  every  number  a  of  $  lies  in  g.     For, 
(a,  1)  lies  in  g.      On  the  other  hand 

(a,  1)  =  a. 
Hence  a  lies  in  $. 

5.  We  define  next  the  terms,  equal,  greater  than,  less  than. 
Let  «=O,  a'},  /3=(6,  £'). 

We  say  :  «  =  /3  according  as  ai'  =  a'6. 

We  observe  that  to  decide  the   equality  or  inequality  of  two 
elements  in  g,  the  operations  required  are  on  the  elements  of  -$. 

6.  We  deduce  now  some  of  the  consequences  of  the  above  defi 
nition  of  equality  and  inequality.     In  the  first  place,  suppose  «,  @ 
both  lie  in  $;  i.e.  let 

,     a  =  (««',  a')  =  a,  £  =  (W,  &')  =  5, 
by  4.     Now,  according  to  the  definition  in  5, 


according  as 

that  is,  according  as 


aa'b'^a'i 


a  =  b. 


Thus,  when  «  considered  as  a  number  of  Q,  equals  0  considered 
as  a  number  of  $,  the  two  are  equal,  considered  as  numbers  in  $, 
and  conversely. 


by  5. 


7.    If  a  =  7,  13  =  7, 

For,  let  «  =  (a,  «'),  £  =  (6,  6'),  7  =  0,  <?'). 

Since  «  =  7,  ac'  =  a'c,  by  5.  (1 

Since  /3  =  7,  be'  =  b'c.  (2 

Multiply  1)  by  6',  and  2)  by  a'  and  subtract. 

Then  aVc'  =  a'bc'. 

.-.  ab'  =  a'b.      .-.  a  =8, 
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8.  The  two  numbers  (ma,  ma!)  and  (a,  a')  are  equal. 

This  follows  at  once  from  the  definition  in  5.  From  this  fact 
we  conclude :  We  can  multiply  the  first  and  second  constituent  of  a 
number  without  changing  its  value. 

Conversely: 

If  the  first  and  second  constituents  of  a  number  have  a  common 
factor,  it  can  be  removed  without  changing  the  value  of  the  number. 

9.  Let  a, -a'  be  relative  prime.     For  «  =  (a,  a')  and  /3  =  (&,  &') 
to  be  equal,  it  is  necessary  and  sufficient  that 

b=ta,  b'  =  ta'.  (1 

Obviously  if  1)  holds,  a  =  @.     The  condition  1)  is  thus  sufficient. 
It  is  necessary.     For,  from  a  =  /3,  we  have 

ab'  =  a'b.  (2 

We  apply  now  the  property  mentioned  in  2.  Since  a 'b  is 
divisible  by  a,  by  virtue  of  2) ;  and  since  a,  a'  are  relative  prime, 
b  must  be  divisible  by  a.  Say 

b  =  ta.  (3 

Similarly,  since  ab'  is  divisible  by  a',  and  a,  a'  are  relative  prime, 
b'  must  be  divisible  by  a'.  Say 

b'  =  sa'.  (4 

Putting  3),  4)  in  2),  we  get  s  =  t. 
Hence  3),  4)  give  now  1). 

10.  Our  next  step  is  to  define  the  four  rational  operations  on 
the  elements  of  g. 

We  begin  by  defining  the  two  direct  operations. 

Let  «  =  (a,  a'),  £  =  (&,  ft'). 

We  define  addition  by  the  equation, 

«  + /3  =  (aft' +  a'J,  a'b');  (1 

and  multiplication,  by 

a/8  =  (ab,  a'6')-  (2 
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It  can  be  shown  that  the  operations  just  denned  enjoy  the  same 
properties  as  those  of  ordinary  fractions.  Without  stopping  to 
show  this  in  detail,  we  demonstrate  a  few  of  these  properties,  by 
way  of  illustration. 

11.    Let  «,  @  lie  in  $  ;  and  say 

«  =  (aaf,  a')  =  a,  /3  =  (55',  ft')  =  ft. 

Then  «  +  &  as  defined  in  10,  1),  should  give  a  +  5  ;  and  a/3,  as 
defined  in  10,  2),  should  give  aJb. 
This  is  indeed  so.     For 

a  +  £  =  (aa'ft'  +  a'ftft',  a'ft'),  by  10,  1) 
=  (a  +  ft,  1),  by  8 

=  a  +  5,  by  4. 
Similarly, 

<*-j3  =  (aa'bb\  a'ft'),  by  10,  2) 

=  (aft,  1),  by  8 
=  aft,  by  4. 

12.  JFVom  ay  =  £7,  follows  a=  {$. 
'  For,  let  7  =  (<?,  c') ;  we  have  : 

«7  =  («,  «')(<?,  cr)  =  (ac,  «'<?'),  by  10,  2) 

/37=(ft,  ft')<>,  <?')  =  (ftc,  ft'c?'). 
Since  by  hypothesis  «y  =  /Sy,  we  have 

acftV  =  a'c'ftc,  by  5. 

.-.  aft'  =  a'ft. 
/.  a  =  yS,  by  5. 

13.  We  establish  now  the  following  relations : 

1)  «  +  /?>«. 

2)  If  /3>7,  then  ct  +  /3>a  +  y. 

3)  If  «  +  yS  =  «  +  7,  then  /3  =  7. 

4)  If  «>^  and  £>y,  then  «>7. 
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To  prove  1): 

a  +  /3  =  (a,  a')  4-  (^  &')  =  (a^'  +  a'b,  «'&')i  by  10,  1). 

But  a'(a*'  +  a'ft)>aa'&/' 

/€  a  -|-/3>«,  by  5. 

rji  f)\ , 

a  -f/3  =  (a0'  4-  a'b,  «'^') 

.  7      ,  ,,,     ,N        i  o  /'I 

=  (aft  c  -f-  a  oc  ,  a  o  c  ),  by  o. 

Similarly, 

«  4.  ry  =  (ac  +  a  C,  a  c  ) 

=  (a6V+a'6'C,  a'6'c').  C5 

By  hypothesis  /3  >  7 ;  hence,  by  5, 

bc'>b'c.  (6 

Comparing  4),  5),  we  see  the  second  constituents  are  equal, 
while  the  first  constituent  in  4)  is  greater  than  the  first  constituent 
in  5),  by  virtue  of  6).  From  this  follows,  by  5,  that  «  +  /3>«4-7, 
which  is  2). 

To  prove  3): 

Suppose  the  contrary;  then  since  £^7,  either  /3>7  or  /3<7- 

If  y3>7,  then  a  +  /3>«4-7,  by  2). 

If  /3<7,  then  «  4-  7  >«  +  A  by  2).  (8 

But  both  7),  8)  contradict  the  hypothesis  that  a  +  /3  =  «  +  7- 

To  prove  4): 

Since  «>/3,  ab'>a'b. 

Since  /3>7,  bc'>b'c.  (10 

From  9),  10)  we  have 


whence  ac'>a'c. 


Hence,  by  5, 
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14.  As  an  illustration  of  the  demonstration  for  the  formal  laws 
governing  addition  and  multiplication,  let  us  show  that  the  dis 
tributive  law  holds  in  ft.  We  wish  to  prove  that 

•0  «(/3  +  7)  =  «/3  +  ay. 

Now  £  +  y  =  (&?'  +  &'«.    JV),  by  10,  i). 

«(/3  +  7)  =  O,  tf)  •(*»'  +  *'«,  6V) 

2)  =  («&<?'  +  aft'c,  a'&V),  by  10,  2). 

Also 


=  (aa'fo'  +  aa'&'c,  a'2b'c') 
3)  =  (abcr  +  ab'c,  a'l'c'},  by  8. 

The  comparison  of  2),  3)  gives  1). 

15.  We  turn  now  to  the  inverse  operations,  subtraction  and 
division  ;  considering  first  division. 

We  define  the  quotient  of  «  by  0  to  be  the  element  or  elements, 
ft  it  any  exist,  of  ft  which  satisfy  the  relation 

«  =  £f  (1 

Set  |  =  O,  a;').     Since  £  must  satisfy  1),  we  have 

(a,  «')  =  (*,  &')O,  ^)  =  (^,  ^V). 
The  first  and  third  members  give,  by  5, 

,  .  ,  ab'x'  =  a'bx,  /<o 

which  x,  x'  must  satisfy. 

A  solution  of  2)  is  obviously 

rp,  »=a6',         x'  =  a'b. 

Thus, 

l  =  (aft',  a'i) 

is  a  solution  of  1).      This  is  the  only  solution  of  1).     For,  sup 
pose  rj  is  a  solution.     Then  by  definition 

Then  1),  3)  give,  by  7,  (3 

which  gives,  by  12, 
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16.  The  quotient  of  a  by  ft,  we  shall  now  represent  by  a/  ft. 
All  the  numbers  of  $  may  be  regarded  as  quotients  of  numbers 
in  3.     For,  let  «=(«,  a')  be  any  number  of  g.     It  evidently 
satisfies  the  equation  a  _  a>Xi> 

which,  as  we  have  just  seen,  admits  only  one  root,  viz.  the  quotient 
of  a  by  a'. 

Hence  «  =  (a,  «')  =a/a'. 

Thus  the  elements  or  numbers  in  $  are  ordinary  positive  frac 
tions. 

17.  We  have  now  this  result.     In  the  system  g,  division  is 
always  possible  and  unique.     In  the  old  system  $,  this  is  not 
true;  the  division  of  a  by  b  being  only  possible  when  a  is  a 
multiple  of  b.     We  see,   then,  that,  '  on  properly  enlarging  our 
number  system  by  introducing  new  elements,  we  obtain  a  system 
g  which  has  this  advantage  over  $,  that  the  quotient  of  any  two 
numbers  in  $  exists  and  is  unique. 

18.  We  treat  now  subtraction. 

We  define  the  result  of  subtracting  ft  from  a  to  be  the  element 
or  elements,  call  them  £,  in  g,  which  satisfy  the  relation 


If  /3  ^  «,  there  exists  no  number  £  in  $  which  satisfies  1).      For, 
£*=«•  £  +  £=«  +  £>«,  by  13,1). 

If  /3  >  a,  /3  +  £  >  «  +  £,  by  13,  2). 

Also  «  +  I  >  «,  by  13,  1). 

...  /g  +  fxi.bylM). 

Thus  when  ft  ^  a,  ft  4-  I  >  «,  and  hence  £  +  £=£«• 
Suppose  then,  that  /3  <  «.     Then 

aft'  >  a'6.  (2 

From  1),  we  have,  setting  £  =  (z,  x')  ; 

(a,  a')  =  (5,  5')  +  O,  *') 

=  O'  +  6'z,  6V),  by  10,  1). 
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Hence  by  5,  observing  2), 

a'b'x  =  x'(ab'-a'b).  (3 

A  solution  of  3)  is  evidently 

x  =  aV  -  a'b,  x'  =  a'b'. 
Hence 

£  =  (afi'  -  a'b,  a'b'} 
is  a  solution  of  1). 

This  is  the  only  solution;  for  if  tj  is  a  solution,  we  have,  by 

definition, 

«  =  ft  +  rj.  (4 

The  comparison  of  1),  4)  gives 

ft  +  £  =  0  +  77. 
Hence,  by  13,  3), 

r-f. 

19.  We  have  thus  this  result :  In  the  system  $,  the  subtraction 
of  /3  from  a  is  possible  and  unique,  when  a  >  $ ;   when  «  ;>  /S,  it  is 
impossible.     That  is,  there  is  no  number  £  in  g  which  satisfies  18, 
1).     When  subtraction  is  possible,  we  represent  the  result  of  sub 
tracting  yS  from  a  by  a  —  @. 

Negative  Numbers 

20.  In  the  system  of  positive  fractions  g,  subtraction  is  only 
possible  when  the  minuend  is  greater  than  the  subtrahend.     To 
remove  this  restriction,  we  propose  to  form  a  new  number  system 
R,  which  contains  all  the  numbers  of  $  ;  and  in  which  subtraction 
of  a  greater  from  a  less  shall  be  possible,     Since  the  method  of 
forming  R  is  identical  with  that  employed  for  g,  we  shall  be  more 
brief  now.     The  numbers  in  $  we  now  denote  by  a,  6,  c,  .   .   .  , 
while  the  Greek  letters  «,  £,  7,  .   .   .  shall  denote  numbers  in  the 
new  system  R. 

21.  1.    We  begin  by  taking  the  elements  of  $  in  pairs,  to  form 
new  objects,  which  we  denote  by  the  new  symbol   \a,  b\.     The 
totality  of  all  such  pairs  forms  the  system  R. 

Next,  we  place  R  in  relation  to  g.     Let  «  =  \a,  b\.     In  case 
a  >  5,  we  say  «  shall  be  the  number  a  —  b,  which  obviously  lies  in 
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g.     Thus  every  number  in  g  lies  in  R.    For,  let  a  be  any  number 
in  g,  and  let  6  be  any  other  number  in  $.     Then 

s(a  4-  J,  6}  =  (a  +  &)  —  6  =  a; 
that  is,  a  lies  in  R. 

2.  We  next  order  the  system  R.     We  say 

fe^i^iM'ii 

according  as 

a  +  J'|a'  +  6.  (1 

3.  Addition  is  defined  by  the  relation 

a  +  £  =  {a,  a'}  +  i&,  V\  =  \a+b,a'  +  b'\.  (2 

Multiplication  is  defined  by 

«./3=  {a6 +«'&',  abf  +  a'b\.  (3 

4.  As  a  consequence  of  1),  we  have 

{a,  a'\  =  \a  +  b,  a'  +  b\,  (4 

where  b  is  any  number  in  $. 

In  words,  4)  states  : 

We  can  add  the  same  number  b  to  both  constituents  of  a  =  \a,a'\ 
without  changing  the  value  of  a;  and  if  a,  a'  are  both  >  6,  we  can 
subtract  b  from  both  constituents,  without  altering  the  value  of  a. 

5.  It  is  easy  now  to  prove  results  analogous  to  those  in  6,  7, 11, 
14  ;   in  particular  the  associative,  commutative,  and  distributive 
laws. 

22.  According  to  our  definition  of  equality,  all  the  elements 
of  R  whose  first  and  second  constituents  are  the  same,  i.e.  all 

elements  of  the  type 

\0">  «!» 
are  equal.     We  set 

\a,  a\  =0, 

and  call  this  number  zero. 
Then,  if  in  «=  \a,  a'|, 

a  >  a',  a  >  0  ; 

if  a'  >  a,  «  <  0. 
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Numbers  in  R  which  are  >  0,  are  called  positive  ;  those  <  0,  are 
called  negative.  The  number  0  is  neither  positive  nor  negative. 
From  this,  it  follows  that  the  positive  numbers  of  R  are  simply 
the  numbers  of  ft  ;  while  0  and  all  negative  numbers  do  not  lie 


n 


23.   1.  We  observe  that 

«  +  0  =  «=0  +  «,  (1 

a  •  0  =  0  =  0  •  a.  (2 

To  prove  1). 

Let  «=  fa,  a'|,  0=  \b,b\. 

Then  «  +  0=  {a  +  6,  a'  +  fi},  by  21,  3; 

=  {a,  a'f,by21,  4; 

=  a. 
7^  prove  2). 

a-0=  \ab  +  a'b,  ab  +  a'b\ 

=  0,  by  22. 
2.    We  also  note  the  relations 

0  +  0  =  0,    0-0  =  0. 

24.  We  can  prove  now  easily  the  .Rule  of  signs.  The  product  of 
two  positive  or  two  negative  numbers  is  positive.  The  product  of  a 
positive  and  a  negative  number  is  negative. 

Let  «=          '         =          ' 


1°-  «,  /3>0, 

For  here  «>«',  5>  J',  by  22. 

.-.  «^=  {a6  +  a'6',  «6'  +  a'ft|  =  f6(a  -  a')  +  a'6',  ab'\,  by  21,4 

=  {6(a-a'),  6'(a_a'){,  by  21,  4 

>0,  since  b(a  -  a')  >b'(a  —  a'). 


Here 


a'>a,  6'>i,  by  22. 
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.-.  a0=\ab  +  a'(b'-b^  aV  \,  by  21,  4; 
=  \a'(b'-b\  a(6'-6)j,  by  21,  4; 
>  0,-  since  a'(b'  -  6)  >  a(b'  -  6). 
3°.  a>0,  /3<0,  then  «/3<0. 

Here  a>a',  b'>b. 

.-.  a/3  =  \ab  +  a  (b'  -6),  a&'} 
^ja'Cft'-ft),  a(6'-J)| 
<0,  since  a'(6' -  ft)<a(6'- 6). 

25.  TAe  product  of  any  two  numbers  in  R  vanishes  when,  and 
only  when,  one  of  the  factors  is  zero. 

Let  a,  @  be  any  two  numbers  in  R. 

We  saw  in  23  that 

a/3=0, 
when  either  a  or  /3  =  0. 

Conversely,  if  «/3=  0,  either  ct  or  /8  =  0. 

For,  if  neither  a  nor  /3  =  0,  these  numbers  are  either  positive  or 
negative.  Their  product  is  therefore  either  positive  or  negative 
by  24,  and  hence  not  zero.  This  is  a  contradiction. 

26.  Let  us  consider  the  following  important  formulae,  viz.: 

1)  If  /3  >  7,  then  a  +  /3  >  «  +  7- 

2)  From  a  +  /3  =  «  4-  7,  follows  /3  =  7. 

3)  If  a  =?t  0  and  «/3  =  «7,  then  /3  =  7. 
To  prove  1): 

«  +  /3={a  +  &,  a'  +  6'|,  by  21,  3  ; 

=  sa  +  j  +  c',  ar  +  6'  +  c'|,by21,  4.  (4 

Similarly, 

a  +  7=  \a  +  c,  a'  +  c'\  =  \a  +  b' +  c,  a'  +  b'  +  c'l.  (5 

Since /3>  7,  5 +  ,' >  6' +  c,  by  21,  2. 

.-.  a  -(-  b  +  c'  >  a  +  b'  +  c.  (6 
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If  we  now  apply  the  definition  for  greater  than  given  in  21,  2 
to  «  +  (3  and  a  +  7,  the  relations  4),  5),  6)  show  that  «  +  /3  >  «  +  7. 


2): 
Suppose  the  contrary,  i.e.  suppose  ft  >  7  or  /3  <  7. 

If/3>7,  «  +  /3>«  +  7,  by  1). 

If7>/3,  «  +  7>«  +  £5  by  i). 

Thus  in  both  cases,  a  +  /3  =f=  a.  +  7,  which  is  contrary  to  hypothe 
sis.     Hence  /3  =  7. 


3): 
From  «/?  =  «7  we  have 

«(/3-7)=0. 

Applying  25,  we  have  £  =  7. 

27.    We  turn  now  to  subtraction.     This  we  define  as  in  $,  viz.  : 
the  result  of  subtracting  /3  from  «  is  the  element  or  elements  f,  of 

72,  which  satisfy 

«=/3  +  £.  (1 

This  equation  gives,  setting  f  =  {#,  #'}, 

fa,  a'{=  {5,  6'}  +  \x,  x'\  =  \l  +  x,  b'  +  x'\,  by  21,  3. 

Hence  by  21,  2, 

a  +  b'  +  x'=a'  +b+x. 

This  equation  is  evidently  satisfied  by 

x  =  a  +  b',  x'  =  a'  +  b. 
Hence 

1=  {«  +  *',  a'  +  l\  (2 

is  a  solution  of  1). 

This  is  the  only  solution.     For,  let  77  be  a  solution.     Then  by 

definition, 

«=/3  +  77.  (3 

The  comparison  of  1),  3)  gives 

/3  +  |  =  /3  +  ^ 

Hence  by  26,  2), 

£  =  77. 
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28.  We  have  thus  this  result  :  in  the  system  R  subtraction  is 
always  possible  and  unique.     The  result  of  subtracting  ft  from  «, 
we  represent  by  a  -  ft  ;  it  is  a  number  in  R.     Then  any  number 
«=  {a,  a'}  in  R,  is  the  result  of  subtracting  a'  from  a,  or 

a—  a  —  a'. 

For'  a  =  {a  +  M|,  by  21,  4. 

Similarly,  a'-  fa'  +  Ml- 

Hence  •  -a'-ift  +  Mr^  !•'  +  *»*! 

=  fa  +  26,  a'  +  26},by27,  2) 
=  {a,  a'},  by  21,  4. 

29.  1.    Let  «  =  \a,  a'\  be  any  number  of  R. 

The  number  {«',  aj  is  called  minus  «,  and  we  write 

{a',  a-(  =  —  a. 
Then  '  ' 


Als°' 


„  +  (_«)=  {a,  a'f  +  {a',  a} 


=  a  —  a. 

If  a  is  positive,  —  a  is  negative  ;  and  conversely,  if  a  is  nega 
tive,  —  a  is  positive. 

2.    The  number  -  a  may  be  defined  as  the  number  f  ,  such  that 


ri  £  _  _  a  satisfies  this  equation  ;  arid,  as  we  saw  in  27,  this 
equation  admits  but  one  solution.  This  shows  that  the  numbers 
in  R,  =£  0,  may  be  grouped  in  pairs,  such  that  their  sum  is  zero. 

3.  If   -«  =  -&  then  a  =  ft. 

For,  multiplying  both  sides  of  -a=-ft  by  -1,  we  get  a  =  ft. 

4.  Every  number  a,  of  R,  different  from  zero,  can  be  written 

in  the  form 

a  =  a,  or  a  =  —  a, 

where  a  is  a  number  in  $. 


18  RATIONAL  NUMBERS 

For  if  «  >  0,  we  already  know  by  22  that  a  is  a  number  in 
If  «  <  0,  then  —  a  is  positive,  so  that  —  «  =  a,  a  number  in 
Multiplying  this  equation  by  —  1,  we  get 


a  =  —  a. 


30.     1.    We  treat  now  division. 

We  say  :  the  result  of  dividing  a  by  j3  is  the  number  or  num 
bers  |,  of  R,  such  that 


Suppose  /S^fcO;  then  there  is  one  and  only  one  number  £;  i.e.  in 
this  case,  division  is  possible  and  unique. 

There  can  be  at  most  one.    For,  if  77  satisfies  1),  we  should  have 

«  =  77/3.  (2 

Comparing  1),  2),  we  have 

1/3=77/3; 
whence  by  26,  3), 

*  =  * 

To  show  that  there  is  always  one  solution  of  1),  we  have  the 
following  cases. 

Let  a,  ft  >  0  ;  then  a  =  a,  /3  =  J,  by  29,  4  ;  and  1)  becomes 

a  =  #.  (3 

But  by  15  the  solution  of  3)  is 

|  -  (a,  5)  .  a/6. 
ie£  a,  /3  <  0  ;   then 

«  =  -a,     /3  =  -6,  by  29,  4. 
Inen  1)  becomes 

-a  =  -6|; 
or  by  29,  3, 

«-A£. 

Hence  as  before, 

f-*A 

Leta>0,  /3<0;  then  a  =  a,  £  =  _  &,  and  1)  becomes 

a  =  -  6£.  (4 
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Set  —  |  =  rj  ;  then  4)  gives 

a  =  6?;. 
77  =  a/b 


If  a  <Q,  and  /3  >  0,  we  get  again 

|  =  -  a/6. 
Finally,  let  a  =  0  ;  then  1)  becomes 

0  =  /3£. 
Hence  by  25, 

£=0. 

2.    We  consider  now  the  case  that  ft  =  0. 

The  equation  1)  admits  now  no  solution,  unless  a  =  0  also, 
For,  when  /3  =  0,  /S|  =  0,  whatever  £  may  be. 

If  now  a  =  0,  the  equation  1)  is  satisfied  for  every  number  f  in 
R.  We  have  thus  this  result  :  When  the  divisor  is  zero,  division 
is  either  impossible  or  entirely  indeterminate. 

For  this  reason,  division  by  zero  is  excluded  in  modern  mathe 
matics.  The  admission  of  division  by  zero  by  the  older  mathe 
maticians,  Euler  for  example,  has  caused  untold  confusion.  We 
shall  see  it  is  entirely  superfluous. 

Some  Properties  of  the  System  R 

31.  The  system  R,  which  we  have  just  formed,  is  made  up  of 
the  totality  of  positive  and  negative  integers  and  fractions,  and 
also  zero.  It  is  called  the  system  of  rational  numbers  ;  any  element  ' 
in  it  being  called  a  rational  number.  The  elementary  arithmetical 
properties  of  these  numbers  having  been  established,  there  is  no 
further  occasion  to  employ  the  special  notations  (a,  6)  and  fa,  b\  ; 
we  shall,  instead,  employ  the  customary  ones.  Furthermore,  we 
shall  represent  for  the  rest  of  this  chapter  the  numbers  in  R 
indifferently  by  Greek  and  Latin  letters  a,  6,  c,  -••  a,  /3,  7,  ••• 

For  the  sake  of  completeness  we  now  proceed  to  deduce  a  few 
properties  of  R,  although  the  reader  is  probably  familiar  with  them. 
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32.  The  system  R  is  invariant  with  respect  to  the  four  rational 
operations. 

This  simply  means  that  the  addition,  subtraction,  multiplica 
tion,  and  division  of  any  two  elements  of  R,  division  by  0  of 
course  excluded,  always  leads  to  an  element  in  R. 

We  saw  this  is  not  true  for  the  systems  3s  and  $• 

\~    1  J 

33.  1.    The  system  R  is  dense. 

This  term,  taken  from  the  theory  of  aggregates,  which  we  shall 
take  up  later,  simply  means  that  between  any  two  numbers  a,  b 
in  R,  exists  a  third  and  hence  an  infinity  of  numbers. 

For,  let 

al  bl 

a=-±,  ft-T*; 

«2  02 

and  say  a>b. 

Then 

d  =  «1^2  —  a%bi 
is  an  integer  >  1. 

Let  e  be  a  positive  integer.     By  taking  it  large  enough,  we  can 

make 

ed>n, 

where  n  is  an  arbitrarily  large  positive  integer. 
Let  h  be  any  integer,  such  that 


Then 


lies  between  a,  b  and  represents  at  least  n  numbers. 

2.  The  system  $  is  not  dense.  For,  if  we  take  a  =  n  and  5  =  w  +  l, 
no  element  of  3  ^es  between  a  and  b. 

From  this  results  a  remarkable  difference  between  $  and  R. 
After  any  element  n  of  $  follows  a  certain  next  element,  viz.  n  4-  1. 
Not  so  in  R.  If  a  is  any  number  of  R,  there  exists  no  next  num 
ber  to  a.  For,  if  b  were  that  number,  there  would  lie  no  number 
of  R  between  a  and  b.  But  since  R  is  dense,  there  lie  an  infinity 
of  numbers  of  R  between  a,  b. 
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34.    1.    The  system  R  is  an  Archimedian  system.     That  is,  there 
is  no  positive  number  a  in  R  so  small  but  that  some  multiple  of 
a,  say  na,  is  greater  than  any  prescribed  positive  number  b  of  R. 
For,  let 

a  =  ^i. 
ai 
Let  us  choose  n  so  large  that 


Then 

na-. 


.        7^1 
>  a-.o  £  b' 


2.   .Lef  a  be  an  arbitrarily  large  number  of  R;  there  exists  a  posi 
tive  integer  n,  such  that  a/n  <  6,  where  b  is  arbitrarily  small. 
For,  by  1,  there  exists  a  positive  w,  such  that 

nb  >a. 
Hence 

a/n<b. 

35.    Let  us  lay  off  the  numbers  of  R  on  a  right  line  L,  just  as  is 
done  in  analytic  geometry. 


Thus,  having  chosen  an  arbitrary'  point  0  as  origin,  and  an  arbi 
trary  segment  OU  as  the  unit  of  length,  to  the  positive  number 
p  in  R,  corresponds  the  point  P  on  L  to  the  right  of  0,  and  at  a 
distance  p  from  0.  To  the  negative  number  —  p,  corresponds  the 
point  Q,  lying  to  the  left  of  0,  and  such  that  OQ—p.  To  zero 
corresponds  the  origin  0. 

Let  a,  6,  c,  •••  be  numbers  of  R,  to  which  correspond  the  points 
A,  B,  C,  •••  on  L.  If  a<b,  the  point  5  lies  to  the  right  of  A ; 
if  a  <  6  <  <?,  the  point  5  lies  between  A  and  (7. 

The   point  A,   corresponding  to  the  number  a,   is  called   the   j 
representation  or  image  of  a. 

The  points  corresponding  to  the  numbers  in  72  we  call  rational 
points. 

Then,  since  R  is  dense,  the  aggregate  21  formed  of  the  totality 
of  rational  points  is  also  dense.  That  is,  if  P,  Q  be  any  two  points 
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of  91,  there  lie  an  infinity  of  points  between  P,  Q  which  belong 
to  21. 

Furthermore,  if  P  be  any  point  of  31,  there  is  no  next  point  to  P. 

This  representation  of  the  numbers  of  R  by  points  on  a  right 
line  is  of  great  assistance  to  us  in  our  reasoning,  as  we  shall  see. 

Some  Inequalities 

36.    We  have  seen  in  29,  4  that  every  number  a  =£  0  in  R,  may 

be  written 

a=  ±«0, 

where  «0  is  a  positive  number. 

The  numerical  or  absolute  value  of  a  is  a0,  and  is  denoted  by 


We  have  thus, 
We  also  set 


*- 


=  0. 


For  example  : 

|3-7|  =  |7-3|  =  4. 
37.    1.  We  have  now  the  following  fundamental  relations: 


a  = 


-a 


|a-6|  =  |6-a|; 

\a±b\<\a 

a±  b\^.\\a 

| ab | =  a  -  b\; 


(1 

(2 
(3 
(4 
(5 

(6 


They  are  readily  proved.     For  example,  consider  3). 
There  are  various  cases,  according  as  a,  b  are  positive,  negative, 
or  zero.     We  treat  one  specimen  case. 
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Let        a  >  0,  b  <  0.  Let         b  =  —  60, 

Then  a  +  b  =  a  —  bQ,     a  —  b  =  a  -f  60. 
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If  a>5n, 


If  a< 


a  +  b 


a  —  in  [  =  a  —  5rt  <  a 


Which  establishes  3)  for  this  case.     The  other  cases  are  treated 
similarly. 

2.  By  repeated  applications  of  3),  5)  we  get 

J+-+K;  (7 

3.  Let  A>0,     and      a  <A.  (9 

Then  from  9)  follows 

-A<a<A;  (10 

and  conversely  from  10)  follows  9). 

38.   1.    An  important  relation  is  the  following : 

\a-b\<A,      \b-c\<B.  (1 

\a-c  <A  +  B.  (2 

For,  from  1)  we  have,  by  37,  3, 

—  A<a  —  b<  A; 


-  (A  +  B}<  a  -  c  <  A  +  B, 


Adding, 

which  gives  2). 

2.   A  special  but  common  case  of  the  above  is  when  A  =  B;  then 

\a-c\<2A.  (3 

We  shall  say  that  2)  or  3)  is  obtained  from  1)  by  adding. 

39.    It  will  oe  useful  to  bear  in  mind  the  geometric^jjatgijg^eta- 
tion  or  image  of  certain  inequalities  which  recur  constantly  in  the 
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Let  a  be  an  arbitrary  rational  number. 

a-.b   a     a+b 

1 1 , 1 


On  either  side  of  the  point  a  let  us  mark  off  points  a  —  b,  a  +  b, 
at  a  distance  b  from  a.  The  rational  numbers  x  whose  images 
fall  in  the  interval  a  -  b,  a  +  b,  evidently  satisfy  the  relation 

a  —  b<x<a  +  b  ; 

or  what  is  the  same, 

—  b<x  —  a<b. 

That  is,  x  satisfies  the  inequality 

x-a\<b.  (1 

Conversely,  the  images  of  the  rational  numbers  x  which  satisfy 
1)  lie  in  the  interval  a  —  b,  a  +  b. 

Similarly,  the  images  of  the  rational  numbers  x  which  satisfy 

0  <  x  -  a  <  b, 
lie  in  the  interval  a,  a  +  b  ;  while  those  corresponding  to 

Q<a-x<b 
lie  in  a  —  5,  a. 

Rational  Limits 

40.  In  the  next  chapter  we  shall  have  a  good  deal  to  say  of 
infinite  sequences  and  their  limits.  We  proceed  to  define  them 
as  far  as  rational  numbers  are  concerned. 

Let  A  be  a  set  of  rational  numbers  such  that : 

1°.  It  is  determined  whether  a  given  number  belongs  to  A 
or  not. 

2°.  There  is  a  first  number  av  of  the  set,  a  second  number  a2 ; 
and  in  general,  after  each  an  follows  a  certain  number  an+1. 

The  set  A  is  then  called  an  infinite  sequence  or  simply  a  sequence, 
and  is  denoted  by 

A  =  av  av  •-  or  by  A  =  \an\. 
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EXAMPLES 

41.  1.   If  we  take  an  =  n, 

A  =  1,  2,  3,  ...  ={n} 
is  a  sequence. 

2.  If  we  take  a,,  =  - ,  we  get  a  sequence 

,11  fl\ 

4=1'2'8'~  =  l»r 

3.  If  «H  =  1,  we  get  a  sequence 

.4  =  1,  1,1,  L,  ..•={!}. 

4.  Let  ^4  consist  of  the  rational  numbers  lying  in  the  interval  0,  1,  arranged  in 
order  of  magnitude. 

This  set  A  is  not  a  sequence.  For,  although  it  is  perfectly  determined  what 
numbers  belong  to  A,  and  although  there  is  a  first  element  a\  =  0,  there  is  no  second 
element,  no  third  element,  etc.,  by  33,  2.  Thus,  while  condition  1°  is  satisfied, 
condition  2°  is  not. 

42.  1.    We  define  now  the  term  limit. 

Let  I  be  a  fixed  rational  number.  We  say  :  I  is  the  limit  of  the 
sequence  A  =  {«„},  when  for  each  positive  rational  number  e,  small 
at  pleasure,  there  exists  an  index  m,  such  that 

|J-a.|<«  (1 

for  every  n>m. 

In  symbols  we  write          ,      ,. 

L  =  lim  an\ 

n  =  ao 

we  also  use  the  shorter  forms 

I  =  lim  are,   or   an  =  £, 

when  no  confusion  can  arise. 

We  shall  also  employ  at  times  the  symbol 

I  —  lim  an. 

A 

When  I  is  the  limit  of  A,  we  say  A  is  a  convergent  sequence, 
and  that  an  converges  to  I  as  a  limit. 

2.  Notation.  We  shall  find  it  extremely  convenient  to  employ 
the  following  abbreviation : 

e  >  0,    m,     I  —  an  \  <  e,    n  >  m  (2 

to  mean  that,  for  each  positive  rational  e  there  exists  an  index  w, 
such  that  \l  —  an\  <  efor  every  n  >  m. 

The  reader  should  therefore  repeat  the  italics  often  enough  to    j 
himself  to  be  able  to  read  the  line  of  symbols  2)  without  hesitation. 
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3.    The  reader  should  observe  that  from  2)  we  can  conclude 
also  that  for  each  positive  M  there  exists  an  m',  such  that 


m'. 


If,  therefore,  \an\  has  the  rational  limit  /,  we  can  write 

e  >  0,   m,    I  —  an  <  — ,    n  >  m.  (3 

Jf 

We  have,  of  course,  changed  the  notation  slightly  in   3)   by 
dropping  the  accent  of  m'. 

43.    The  graphical  interpretation  of  this  definition  will  prove 
most  helpful  in  our  subsequent  reasoning. 

l-e  l+e 


Let  us  lay  off  the  points  on  our  axis,  corresponding  to  the  num 
bers  «„,  also  the  point  corresponding  to  I.  On  either  side  of  I  lay 
off  the  points  I  —  e,  I  +  e.  These  determine  an  interval,  marked 
heavy  in  the  figure,  which  we  shall  call  the  e-interval. 

If  now  I  is  the  limit  of  the  sequence  A,  there  must  exist  for 
each  little  e-interval,  an  index  m,  such  that  the  images  of  all  the 
numbers  am+i,  am+2,  •••  fall  within  the  e-interval.  See  39. 

In  general,  as  e  is  taken  smaller  and  smaller,  the  index  m 
increases.  The  definition,  however,  only  requires  that  for  each 
given  e  there  exists  some  corresponding  m  such  that  42, 1)  holds 
for  every  n  greater  than  this  m. 

44.  Another  useful  graphical  interpretation  of  the  definition  of 
a  limit  is  the  following. 


'/:  ,; 

-    ^77-         / 

Om+3 

l        wm//M 

ttmtl 

/ 
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I         5 
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2      m-l 
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We  take  two  axes  #,  y  as  in  analytic  geometry.  On  the  a>axis 
mark  off  points  1,  2,  3,  •••  at  equal  distances  apart.  Lay  off 
the  numbers  av  ay  ay  •••  as  ordinates  on  lines  through  the 
points  1,  2,  3,  •••  parallel  to  the  #-axis.  (See  Fig.)  These 
points  we  may  consider  as  the  images  of  the  numbers  an.  On 
either  side  of  the  line  y  =  Z,  draw  parallel  lines  at  a  distance  e 
from  it.  We  get  then  a  band,  shaded  in  the  figure,  which  we 
shall  call  the  e-band. 

Then,  if  I  is  the  limit  of  A,  there  exists  for  each  e  an  index  m, 
such  that  the  images  of  all  the  numbers  am+]_,  am+2,  •••  fall 
within  the  corresponding  e-band. 

45.  EXAMPLES 

1.  4  =  (-]•;   lim  «,l  =  lim-  =  0. 

v.  n )  n 

2.  A  =  (l-±\;  lim(l- 

I        n  i  V 

3.  A  =  l,  -  J,  +  i,  -  1,  ...  an=  (-l)»+i-;  lim  «„  =  (). 

n 

The  reader  will  find  it  helpful  to  construct  the  graphs,  ex 
plained  in  43,  44,  for  each  of  these  sequences. 

46.  If  it  is  knoivn  of  two  rational  numbers  p,  q,  that    p  —  q  <  e, 
however  small  e  >  0  may  be  taken,  then  p  =  q. 

For,  if  p  =£  q,  say  p  >  q,  then  p  —  q  is  a  definite  positive 
rational  number.;  call  it  d.  Then  \p  —  q\  is  not  <  d,  and  this 
contradicts  the  hypothesis.  Hence  p  =  q. 

47.  A  rational  sequence  A  —  \an\  cannot  have  two  rational  limits  /,  V '. 
For,  since  an  ==  I,  we  have  by  definition, 

e > 0,  mv  \l  —  an<€,  n> mr  (1 
Also,  since  an  =  I',  we  have 

e>0,  w2,  1 1'  —  aB|<€,  n>mv  (2 
Let  m>mv  m2-,  then  from  1),  2)  follows 

e  >  0,    m,    1 1  —  an  \  <  e,    n  >  m.  (3 

£>0,    /n,    \V  —  «B|<e,    n>m.  (4 
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The  inequalities  3),  4),  holding  now  for  the  same  m,  we  can  add 
them,  and  get,  by  38,  3), 

l-l'\<2c.  (5 

But  since  e  is  small  at  pleasure,  so  is  2  e.      The  inequality  5) 
gives,  by  46, 

I  SSf  I  ,  M 

48.  If  the  rational  sequence  ]an\  has  a  rational  limit  Z,  there  exists 
an  index  m,  such  that 

b<an<c;       n>m,  (1 

where  b  is  any  rational  number  <  I,  and  c  any  rational  number  >  I. 
For,  since  an  =  Z, 

e>0,    m,    \l  —  an\<e.       n>m. 

.-.  l-e<an<l  +  e.  (2 

Since  e  is  arbitrarily  small,  we  can  take  it  so  small  that 

I—  e>6,    l  +  €<c. 
Then  2)  gives  1). 

49.  Let  the  two  sequences  \an\,  \bn\  have  the  rational  limits  a,  b 
respectively.      Then 

lim  («„  +  bn)  =  a  +  b;    lim  (an  -  bn~)  =a-b. 
For,  |  (a  +  6)  -  («„  +  £„)  |  =  |  (a  -  «„)  +  (5  -  ^n)j 

<|a- 
by  37,  3). 

Since  «„  =  a,  we  have 

e>0,    w',    \a  —  an  <e/2.       n>m'.  (2 

Since  £>„  =  6,  we  have 

e>0,    m",    |i-ftB|<e/2.       w>m".  (3 


By  choosing  m  so  large  that  m>m',  m",  we  can  suppose  2),  3) 
hold  for  the  same  m.  * 

*When  a>&,  a  >  c,  a>d- 
we  shall  often  set  more  shortly  a  >  6,  c,  d  ••• 

Similarly  a^fcO,  &^=0,  c=£0  — 
may  be  written  more  shortly  a,  b,  c,  •••  =£  0 
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Then  1)  becomes,  using  2),  3), 

|(a  +  J)  _  (an  +  JB)  |<|  +  |  =  e.        w>  m. 

This  states  that 

lira  («„  +  6n)  =  a  +  5. 

Similarly,  we  prove  the  other  half  of  our  theorem. 

50.   If  the  two  sequences  {«„},  \bn\  have  the  rational  limits  a,  b 

respectively,  then 

\imanbn=ab.  (1 

For, 

dn  =  ab-  anbn  =  a(b  -  &„)  +  bn(a  -  «„). 


by  37,  3),  5). 

Since  bn  =  b,  we  have,  by  48, 

\bn\<S.  n>m'. 

Also,  by  42,  3, 


2  a| 
Since  an  =  a,  we  have,  by  42,  3, 


i 

Evidently  by  taking  m  large  enough,  we  can  use  the  same  m  in 

these  three  inequalities. 
Then  they  give  in  2) 


which  proves  1). 

51.   Let  the  two  sequences  \an\,  \bn\,  have  the  rational  limits  a,  b, 
respectively.     Let  b  and  bn^Q. 

Then 

,.     a,,      a  /-i 

lim  T1  =  7  •  V1 

6«      o 
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_  a(bH  —  5)      a  -  gn 


\bn 
Since  b  3=  0,  \l\  >  0.     Let  B  be  a  rational  number,  such  that 


Then,  by  48,  there  exists  an  w,  such  that 

\bn\>B.         n>m. 
Also,  by  42,  3, 

e  >  0,  7tt,  |  b  —  b} 


(3 


2|a| 


n>m. 


e>0,  w, 


By  taking  wi  large  enough,  we  can  use  the  same  m  in  these 
inequalities.     Putting  3)  in  2),  we  get 


which  proves  1). 


<i+i==e» 


CHAPTER   II 
IRRATIONAL  NUMBERS 

Insufficiency  of  R 

52.  Although  the  system  of  rational  numbers  R  is  dense,  and 
so  apparently  complete,  it  is  easy  to  show  that  it  is  quite  insufficient 
for  the  needs  of  even  elementary  mathematics. 

Consider,  for  example,  the  length  B  of  the  diagonal  of  a  unit 
square.  This  length  is  denned  by  the  equation 

82  =  2.  (1 

We  can  show  there  is  no  number  in  R  which  satisfies  1).  For, 
suppose 


where  #,  b  are  two  positive  integers,  which  we  can  take  without 
loss  of  generality,  relatively  prime. 

Then  1)  gives 

«2=262. 

Let  p  be  any  prime  factor  of  b.  It  is  then  a  divisor  of  a2,  and 
so  of  a.  Thus  a  and  b  are  both  divisible  by  p.  They  are  thus 
not  relatively  prime,  unless  p  =  1. 

Thus  6  =  1;  and  B  is  an  integer.  But  obviously  there  is  no 
integer  whose  square  is  2. 

53.    1.  A  similar  reasoning  shows  that 


does  not  lie  in  R,  unless  a  is  the  wth  power  of  a  rational  number. 

31 
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The  numbers 


,     ^  =  3.14159- 
can  be  shown  to  be  irrational ;  the  numbers 

logo:,     ex,     sin  z,     tana; 
are  in  general  not  rational. 

2.  Let  us  show  that 

I  =  log  5, 

the  base  being  10,  does  not  lie  in  R. 
If  I  were  rational,  we  should  have 

j_a 

V 

where  a,  b  are  integers. 
Then  a 

10*  =  5.     .-.  10a  =  56.  (1 

Obviously  I  cannot  be  negative  ;  we  can  thus  suppose  a,  b  >  0. 

Now  any  integral  positive  power  of  10  is  an  integer  ending  in 
0  ;  while  any  integral  positive  power  of  5  ends  in  5. 

Thus  1)  requires  that  a  number  ending  in  0  should  equal  a 
number  ending  in  5,  which  is  absurd.  Hence  I  is  not  rational. 

Cantor's  Theory 

54.  1.  The  preceding  remarks  show  clearly  the  necessity  of 
forming  a  more  comprehensive  system  of  numbers  than  R.  How 
this  may  be  done  in  various  ways  has  been  shown  by  Weierstrass, 
Cantor,  Dedekind,  Hilbert,  and  others. 

We  adduce  now  certain  considerations  which  lead  up  to  Cantor's 
theory. 

We  have  seen  no  rational  number  exists  which  satisfies  the 
equation 

*'=2.  (1 

It  is,  however,  possible  to  determine  an  infinite  sequence  of 
rational  numbers 

«j,  av  as,  •••  (^4 

such  that 

lim  a  2  =  2. 
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The  method  we  now  give  for  finding  such  a  sequence  A  has  no 
practical  value  ;  it  has,  however,  theoretical  importance. 
For  av  we  take  the  greatest  integer,  such  that 


In  the  present  case,  a^  — 
From  the  numbers 


we  take  for  a2  the  number  whose  square  is  <  2,  while  the  next 
number  of  2)  gives  a  square  >  2. 
Suppose  «, 


Then 

From  the  numbers 


,o 


we  take  for  «3  the  number  whose  square  is  <  2,  while  the  next 
number  of  3)  gives  a  square  >  2. 

Suppose  «0 

n  =  ft  -I *-• 

2^102 

Then  /  1  y 

«8   <2<p  +  102/' 

We  may  proceed  in  this  way  without  end,  and  get  thus  an 
infinite  sequence  of  rational  numbers, 


«2  =  a1  +  -; 
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By  actual  calculation  we  find  the  numbers 

«!,       a2,       a3,       a4, 
are  respectively 

1,       1.4,       1.41,       1.414,       1.4142, 

2.   We  show  now  that 

lim  an2  =  2. 
For,  from 


we  have 


...  |2  —  aal<  _  —4.       1 

10"-1      lO2*"-^' 


Obviously  now,  for  each  rational  e>0,  we  can  find  an  m,  such 
that 

3  1 

10'"-1      lo2^-^ 
Then 

|2-«»2|<e. 
Hence 

lim  ara2  =  2. 

55.    1.   The  method  given  in  54  for  forming  the  sequence  av 
«2,  «3,  ••.  admits  a  simple  graphical  interpretation. 


1.41.5       2 


We  first  divide  the  indefinite  right  line  L  into  unit  segments  ; 
«!  is  end  point  of  one  of  these  segments.  In  the  present  case 
a1  =  l. 

We  next  divide  the  segment  1,  2  into  10  equal  parts  ;  a2  is  the 
end  point  of  one  of  these  segments.  In  the  present  case  a2  =  1.4. 

We  next  divide  the  segment  1.4,  1.5  into  10  equal  parts;  «3  is 
the  end  point  of  one  of  these  segments.  In  this  way,  we  continue 
subdividing  each  successive  little  interval  or  segment  into  10 
smaller  parts,  without  end. 
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We   observe  that  each  little  segment  is  contained  in  the  im 
mediately  preceding  one,  and  therefore  in  all  preceding  ones. 
Also,  that  the  lengths  of  these  segments  form  a  sequence 


whose  limit  is  zero. 


r  •!••  i  i. 

10'    1U2'    1C3' 


56.  1.  The  method  of  54  may  be  used  to  find  an  infinite  sequence 
of  rational  numbers 

^\i       ^2'       ^3' 

which  more  and  more  nearly  satisfy  the  equation 

10*  =  5, 

which  defines  log  5. 
We  find  : 

a:  =  0,     a2=.6,     «3=.69,     a4=.698,     «•• 

2.  The  same  method  may  evidently  be  applied  to  any  problem 
which  defines  an  irrational  number.  In  each  case  it  leads  to  a 
sequence  of  rational  numbers 

av     a2,     «3,     ...  A 

such  that 

1°.  Each  number  an  satisfies  more  nearly  than  the  preceding 
ones  the  conditions  of  the  problem. 

2°.  For  each  positive  rational  e,  arbitrarily  small,  there  exists 
an  index  m,  such  that 

!«*—«,!<«> 

for  every  n,  v>m. 

57.  Regular  Sequences.     1.    It  is  this  second  property  of  the    ' 
sequences  A,  that  Cantor  seizes  on  to  construct  the  elements  of 

his  number  system.     We  lay  down  now  the  following  definitions.  jt 

Any  infinite  sequence  of  rational  numbers 

av    av    ay    ••• 

which  htr  property  2°  in  56  is  called  rcaida^^.., 

As  in  42,  2,  we  shall  indicate  this  property  by  the  abbreviated 

notation : 

e>0,     w,      an—  av  <  e,     n,  v  >  m.  (1 
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2.    Every  regular  sequence  defines  a  number,  which  we  represent 
by  the  symbol 


The  totality  of  such  numbers  forms  a  number  system,  called  the 
system  of  real  numbers. 

We  shall  denote  it  by  SR,  which  may  be  read  German  R. 
For  the  convenience  oTthe  reader,  we  shall  denote  in  this  chap 
ter  the  new  numbers,  i.e.  the  numbers  in  9?,  by  the  Greek  letters 
r  I    «,  @,  7,  •••;    while  the  Latin  letters  a,  b,  c,  •••  denote  numbers 
in  the  old  system  R. 

To  see  if  a  given  sequence  is  regular,  we  must  see  if  the  in- 
,  equalities  1)  are  satisfied.  For  this  reason  we  shall  speak  of  these 
I  inequalities  as  the  e,m  test. 

3.    The  e,m  test  is  equivalent  to  the  following : 

e>0,     m,      an-am   <  e,     n>m.  (2 

The  difference  between  1),  2)  being  that  in    an  —  am  ,  only  one 
index,  n,  varies. 

For,  when  1)  holds,  2)  is  satisfied.     For  we  pass  from  1)  to  2) 
by  setting  v  =  m  in  1). 

Conversely,  if  2)  holds,  1)  is  satisfied. 

For,  since  e  in  2)  is  small  at  pleasure, 
let  us  take 


Then  2)  gives 

\a«  —  am\<-'        n>  m. 


Also 

.  <r 


v>m. 


Adding  the  inequalities,  we  get,  by  38,  3), 

K  —  aJ  <°"<     n,  v> 
which  is  1). 
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4.    We  observe  finally  that  we  may  replace  w,  v  >  m  in  1)  by 
n,  v  >  m. 

For,  if  |  ^  fv 

|«»—  av  <e»  vd 

for  every  n,  y  ^  TW,  it  is  true  for  every  w,  v  >  m.  Conversely,  if  3) 
is  true  for  every  n,  v  >  m,  it  is  true  for  every  n,  v  >  w  +  1.  We 
would  therefore  in  1)  replace  m  by  m  -f  1. 

58.  EXAMPLES 

1.    That  the  sequences  A,  defined  in  54,  are  regular,  is  readily  shown.     We  have 


10  10"-i 

For  simplicity,  suppose  v  >  n ; 

then  |  «„  —  an  =  — -  +  — r^  +  •  •  •  +  TTT"^  <  T?m3i '  ^ 

I 

as  the  considerations  of  55  show. 
If  we  choose  m  so  large  that 


IQm-l 

then,  by  1), 

The  e,m  test  is  therefore  satisfied. 
2.    Consider  the  sequence 


Here 

I  n    I  1    +l 

\an—  av\  =  -  ±  - 
n      v 

If  we  take  now 

2 

m>  -  > 
e 

then 

1111 
n      v      m      m 
Hence  2)  gives 

\an-at,\<-  +  --e. 

3.    Consider  the  sequence 

1,  1,  1,  1,  1,  - 

Here  a   _  a   _J_J_Q 

and  this  sequence  evidently  satisfies  the  e,m  test,  and  is  therefore  regular. 
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4.  Consider  111        1 

i,      i,  i,  —  i,  ••• 

Here  , 

\an  —  av\  =  0  or  2. 

Evidently  no  m  exists,  such  that 

I  a>i  —  av  I  <  «•        n,  v  >  m. 
The  sequence  is  thus  not  regular. 

5.  Consider  100^ 

A?  »i  *>•,  *•,  •" 

Here 

|an  —  av\  =  \n  —  v\, 

and  the  e,m  test  is  obviously  not  satisfied.     The  sequence  is  therefore  not  regular. 

59.    For  any  regular  sequence  of  rational  numbers  av  av  •••  there 
exists  a  positive  number  M,  such  that 

an\<M.         w=l,  2,  3,  -  (1 

For,  the  sequence  being  regular, 

e  >  0,  w,  |  an  —  am  <  e.         n  >  m. 

HenCe  am-e<an<am  +  e.  (2 

Let  M  be  taken  greater  than  any  of  the  m  +  2  numbers. 


Then  2)  proves  1). 

60.  The  elements  of  9?  have  as  yet  no  arithmetic  properties  ; 
these  we  proceed  now  to  assign,  employing  the  method  already 
used  in  the  systems  $  and  72. 

Our  first  step  is  to  place  9?  in  relation  to  R. 

Let  «  =  <>!,  aa,-) 

be  an  element  of  ft.     If  there  exists  a  rational  number  a,  such  that 

lira  an  =  a, 
we  say  a  =  a. 

61.  1.   Every  number  a  of  R  lies  in  ft. 
For,  consider  the  sequence, 
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This  sequence  is  regular,  since 

1      1 

an  —  av  — 

n      v 

The  number         «  =  (a  +  l,  a •+  g-,  #  +  ^i   •••) 

therefore  lies  in  9?. 

On  the  other  hand,  an  =  a. 
Hence  «  =  a. 

2.    Let  ax,  a2,  •  ••  be  any  sequence  of  rational  numbers,  having  0 
as  limit ;  then 

0=(«1,  a2,  ...)• 

In  particular,  0  =  (1,  1,  l,  ...) 

-C-V-t-fc-) 

—  fl     -  i   i     -4     .."> 

~"  v   '         21  3'         4'       y 

=  (0,0,0,.-.). 

62.   1.   We  define  now  the  terms  equal,  greater  than,  less  than. 
The  object  of  this  is  simply  to  arrange  or  order  the  elements  of  9?. 
Let 

a  =  (ar  a2,  •»),  /3  =  (^,  ft2,  •••)• 
We  say 

a  =  /3,  when  lim  (an  —  #„)  =  0  ;  (1 

or,  what  is  the  same  thing,  wheh 

e>0,  m,    \an  —  bn\<€.        n>m.  (2 

2.  We  say  «  >  /3  when  there  exists  a  positive  rational  number 
r  and  an  index  m,  such  that 

an  —  bn>r-  n>  m-  (3 

We  say  similarly,  «</3,  if 

bn  ~  an  >r,        n>m.  (4 

or  an  —  bn  <  —  r.  (5 

3.  Numbers  of  9?  which  are  >  0  are  called  positive  ;  those  <  0 
are  negative. 
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63.   It  can  be  shown  that  from  this  definition  of  equality  and 
inequality  the  usual  properties  of  these  terms  can  be  deduced. 
For  example, 

If  a  =  /3,  ft  =  7,  then  a  =  7. 
For,  setting 


7  =  On  cv  -)» 
we  have 

an  —  cn  =  On  ~  ^n)  +  (A  ~  cn)  =  0, 

since 

by  hypothesis. 

64.  If  «  =  («!,  aa,   ...)  =  (a1',  a2',   ...),  we  say  (ar  a2,  •-.)  and 
Oi''  #2''  "0  are  different  representations  of  the  same  number  a. 

Every  number  a  in  ft  admits  an  infinity  of  representations. 
In  fact,  there  are  obviously  an  infinity  of  rational  sequences 

having  zero  as  limit. 
Then 

represent  an  infinity  of  representations  of  «. 

65.  1.    We  wish  to  apply  the  definition  of  62  to  the  case  that 
one  of  the  members,  say  /3,  is  a  rational  number  b. 

Let  a  =  b. 

For  /3  =  6,  we  can  take  the  representation 

£  =  &  =  (&,  5,  .-.).  (1 

Then  62,  1)  requires  that 

lim  (an  —  by  —  0 ; 
whence  lim  an  =  b. 

Thus  the  definitions  of  60  and  62  are  in  accord  for  this  case. 
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2.    Let  a>b. 

Since  bn  =  b  by  1),  the  relation  62,  3)  becomes  here 

an  —  b>r,         n>m.  (2 


Let  a<b. 
Then 


or 


—  an>r,         n>m.  (3 

an  -  b  <  -  r.  (4 


3.    If  a  =  (ar  a2,  •••)>  0,  £Aere  e:m£s  aw  index  m,  and  two  positive 
rational  numbers  A,  B,  such  that 

A<an<B;         n>m.  (5 

and  conversely. 

For,  set  5  =  0,  then  2)  gives,  replacing  r  by  A, 

0.         w>m.  (6 


On  the  other  hand,  59  gives 

\an\=an<  B.         n>m.  (7 

From  6)  and  7),  we  have  5).     The  second  half  of  the  theorem 
is  obvious,  by  2. 

4.  Similarly,  we  have 

If  «  =  («!,  aa,  •••)<()*  £Am?  ea»*te  an  irra'ea;  w,  aw^  £wo  negative 
rational  numbers  —A,  —  B,  such  that 

—  A<an<—B;         n>m. 
and  conversely. 

5.  From  3  and  4  we  have 

If  a  =(ar  a2,  •••)=£(),  there  exists  an  index  m,  and  two  positive 
numbers  A,  B,  such  that 

A<\an\<B;         n>m. 

6.  In  any  number  a  =  (a1,  av  •••)=£(),  «Ae  constituents  an  finally 
have  one  sign. 

This  follows  at  once  from  3  and  4. 
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66.  1.    Let  «=(a1,  a2,  •••). 

If  an^;a,         n>m.  (1 

Then  «^a.  (2 

For,  suppose  «<a.     Then,  by  65,  2,  there  exists  an  r>0,  and 

an  m,  such  that 

a  —  an  >  r.          n>m. 
Hence 

a  >  au  +  r  >  aft  ; 
and  therefore 

an<a, 

which  contradicts  1).     Hence  2)  holds. 

2.    Similarly,  we  show  : 

Let  a  =  («p  a2,  •••). 

If  an^a,         n>m, 

then  «<a. 

67.  1.    If  from  the  sequence 

av    «2,    «g,    •••  (1 

which  defines  the  number  a,  we  pick  out  a  sequence 

a(1,    av    a,s,    •••  (2 

where  il<  i2<  ts-~  ;  then  also 

«=(atl,    alf,    •••)• 
2%e  sequence  2)  i«  regular.     For,  since  1)  is  regular, 

e>0,    m,     aw—  ar|<e,    n,  v>m. 
But  then 

av  —  «is  <  e,    r,  s  <  K,    IK>  m. 

Hence  2)  is  regular,  and  defines  a  number  /S. 

We  show  now  a=  /3.     Since  2)  contains  only  a  part  of  1), 

/n^w,    w=l,  2,  3,  ••• 
Since  1)  is  regular, 

|  an  —  aln  |  <  e.         n>m. 
Hence,  by  62,  1, 


«  = 
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2.  As  corollary  we  have  : 

The  number  a=  («r  aa,  •••)  is  not  altered,  if  we  remove  from  or 
add  to  the  numbers  in  the  parenthesis,  a  finite  number  of  rational 
numbers. 

3.  We  have  also  : 

If  in  (*•=  Or  «2'  •")'    @—  C^r  *2»  "*) 

an  =  bn,     n  >  m  ; 


68.    1.    If  a  =  (ar  a2,  •••)  =£  0,  £/*ere  carmo£  be  an  infinite  number 
of  constituents  an  =  0. 
For,  say 

«i,  =  a4=  a',  =  "*  =  0- 
Then,  by  67,  1, 

a=(atl,    «t2,    •••)• 
But 

(ati,  alt,  ».)  =  (0,0,  »0=0. 

Hence  a  =  0,  which  is  a  contradiction. 

2.    If  a^O^we  can  choose  a  representation  (ar  a2,  •••),  in  wAz'cA 
a/Z  £/t<3  a;i^tO. 

For'let  «=(a/,    a2',    .-)  (1 

be  any  representation  of  a.  By  1,  it  contains  but  a  finite  number 
of  zero.  If  we  leave  these  zeros  out  of  1),  we  do  not  change  the 
value  of  «,  by  67,  2 ;  and  get  thereby  a  representation  of  «,  none 
of  whose  constituents  are  zero. 

69.    1.  .Having  ordered  the  elements  of  $,  we  proceed  to  define 
the  rational  operations  upon  them. 
Addition. 

Let  a=(ar  av  '»)i    £=(&!,  &a,  -) 

be  two  elements  of  9ft,  different  or  not ;  then 

«  +  /3  =  (aj  +  6r  «2  +  ^2'  "•)•  0 
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To  justify  this  definition  of  addition,  we  show  first  that 

«i  +  *n    «2  +  *2'    "•  (2 

is  a  regular  sequence. 

Since  av  a2,  •••  is  a  regular  sequence,  we  have 

e  >  0,    m,     an  —  av  <  e/2,    w,  v  >  m.  (3 

Since  bv  by,  >••  is  regular,  we  have 

e  <  0,   m,     bn  -  bv  <  e/2,    w,  i>  >  w.  (4 

Evidently  we  can  take  m  so  large  that  3),  4)  hold  for  the 
same  m. 
Now 

|<X  +  J»)  -  (a,  +  6.)   =  |  (a,-  a,)  +  (6B  -  bj\ 

<\an-  av  +  [bn-bv\,  by  37,  3)  ; 
<|  +  |=e,by3),4). 
Thus  2)  is  regular,  and  defines  a  number. 

2.    We  show  next  that,  if  «,  /3  are  rational  numbers,  say  a  =  a, 
@=b;  then  a  +  /3,  as  defined  by  1),  is  a  +  6. 
Since  a  is  a  rational  number  a, 

lim  aM  =  a,  by  60. 

Similarly, 

lim  5re  =  5. 

But 

hm  (are  +  J.)  =  lim  an  +  limbn  =  a  +  b,  by  49. 

Thus  by  60, 

COj-Mj,    a2+  6r    ...)  =  a  +  5. 

Hence  by  1), 

«  +  /3=a-f-&. 

70.   1.  If  /3>7,  «Am  «  +  /3>«  +  7. 

Let  7  =  (cj,  <?2,  ...).    Since  ^>  7,  there  exists,  by  62,  2,  a  positive 
rational  number  r,  such  that 

l>n>cn  +  r.         n>'m. 
Hence,  adding  an, 

««  +  *«  >  «»  +  <?„  +  r. 

•••  («»  +  *„)-(«« +  O>»-- 

Hence,  by  62,  2, 
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2.    From  1,  we  conclude,  as  in  26,  that 
—  a  +  y,  then  ft  =  7. 


71.    1.  Subtraction. 

This  is  the  inverse  of  addition  ;  we  define  it  as  we  did  in  $  and 
72,  viz.  :  The  result  of  subtracting  ft  from  a  is  the  number  or  num 
bers  f  ,  in  $R,  which  satisfy 

«=£  +  £.  (1 

There  is  at  most  one  number  £. 

For,  suppose  a  =  ft  +  rj.  (2 

Then  1),  2)  give,  by  63, 


Hence,  by  70,  2,  77  =  f  . 

To  show  that  1)  admits  one  solution,  we  prove  just  as  in  695  1, 

that  ,  , 

ai  —  °v  a<2.  —  bv  ' 

is  a  regular  sequence,  and  thus  defines  a  number 

f  =  («!-&!>    az-ty    "•)• 

If  we  put  this  value  of  f  in  1),  the  equation  is  satisfied. 

For,  £  +  f  =  (&r  62'  •'•)  +  («i  -  fti'  a2~  ^  "•) 

=  (6j  +  «!  —  &!,  *2  +  «2  -  *a'  •")'  by  69,  1) 
=  («!,  aa,  •••)  =  «. 

2.  Thus  subtraction  is  always  possible  in  Sft,  and  is  unique. 
The  result  of  subtracting  ft  from  a  we  represent  by  a  —  /?  ;  we 
have  then  ,,  ,  ,  , 


3.    We  represent  0  —  a  by  —  a. 

Evidently,  , 

-as=t(-a1,  -«2,  -as, 

We  observe  that         «  +  (  —  a)  =  0  ; 
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72.    1.    If  '«  is  positive,  —  a  is  negative;  and  if  a  is  negative,  —  a 
is  positive. 

For,  if  a  =  (ap  a2,  •••)  >  0,  we  have,  by  65,  3, 

aa>A>Q.         n>m. 
Now 

—  «=  (—  fll,  -  a2,  •••),  by  71,  3. 

Hence,  by  1), 

—  «„<  —  A<0.          w>ra. 
Hence,  by  65,  4, 

—  a<0, 

which  proves  the  first  part  of  the  theorem.      The  second  part  is 
proved  similarly. 

2.    All  the  numbers  of  9?  3=  0  are  of  the  form  a  or  —  «,  where  a  is 
a  positive  number. 

Let  IB  be  a  number  =£  0.      We  need  to  consider  only  the  case 
that  /3  is  negative. 


and  by  1),  —  /3  is  positive. 

73.    1.    Multiplication. 

The  product  of  «  by  /3  we  define  by 


We  have  to  show  that 

«!#!,  «252,  •••  (2 

is  a  regular  sequence. 

Let  e  be  a  positive  rational  number,  small  at  pleasure. 
Then,  by  59,  there  exists  a  positive  M,  such  that, 

aB|,     \bn  <M.         n>m.  (3 

Also,  since  the  sequences  \an\,  \bn\  are  regular,  we  can  suppose 
m  in  3)  is  taken  so  large  that 

n,  v>m.  (4 
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dn  =  anbn  -  aj)v  =  an(bn-bv-)  +  bv(an-aJ. 
-••  \dn  ^\an\bn-bv  +  bv  an-av\,  by  37, 


and  2)  is  regular. 

2.  li  «,  /3  are  rational,  say  a  =  a,  /3  =  6,  we  show  that  «/3  as 
defined  in  1)  is  ab. 

For,  since  a  and  /8  are  rational, 

lim  an  =  a,  lim  6rt  =  5,  by  60. 
But  then,  by  50, 

lim  a,f>n  —  lim  an  lim  bn  =  a6, 

which  states  that  a/3  =  ab. 

74.  1.  The  formal  laws  for  addition  and  multiplication  are 
readily  proved.  We  illustrate  this  by  establishing  the  associative 
law  of  multiplication. 

We  wish  to  show  that 

We  have,  by  73,  1), 
Hence 


=  (a:  •  JjCj,  a2  •  62c2,   •••)•  (2 

Similarly, 

a/3  -j  =  (rt/j  •  Cj,  a252  •  c2,   •••)•  (3 

Since  multiplication  is  associative  in  R,  the  two  numbers  repre 
sented  by  2),  3)  are  identical,  which  proves  1). 

2.    As  a  consequence  of  the  associative  law,  we  have,  w,  n  being 
positive  integers, 

«'"«"  =  «"i+n, 

which  expresses  the  addition  theorem  for  integral  positive  exponents. 
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75.    1.   The  properties  of  products,  relating  to  greater  than,  less 
than,  are  readily  established  for  numbers  in  9?. 

If  a  >  /3,  and  7  >0,  then  ay  >  /3<y. 
For,  since  a  >  /3,  we  have,  by  62,  2, 

a»—  &»>r>0.         n>m. 

Since  7  >  0,  there  exists  a  positive  rational  number  c,  by  65,  3, 
such  that 

cn>c.         n>m. 

By  taking  m  sufficiently  large,  we  may  take  the  same  m  in  both 
these  inequalities. 
They  give 

ancn  -  bncn  >cr>0. 
Then,  by  62,  2, 

2.    From  1  follows  : 


then  an  >  /?«.      n  positive  integer. 

3.    From  2  we  conclude  : 

If  «,  /9  >  0,  and  an  =  &n,  n  being  a  positive  integer,  then 


4. 

For,  from 

we  have 

Also 

a3  <  a2. 
Hence 


Hence,  in  general, 

an<a. 


76.  1.  72^^Ze  of  signs:  The  product  of  two  positive  or  two  negative 
numbers  in  9?  is  positive.  The  product  of  a  positive  and  a  negative 
number  is  negative. 
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Leta>0,  /3>0;   then  a/8  >0. 

By  65,  3,  there  exist  two  positive  numbers  A,  B,  and  an  index 

m,  such  that 

an>A,         bn>B.         n>m. 
Hence 


Thus 

«/8  =  (a161,  «262,  •••)>0,  by  66. 

Let  a  >  0,  /3  <  0  ;   then  a/3  <  0. 
For,  by  65,  3,  4, 

an>A,         bn<-B.         n>m. 

.-.  anbn<-A£<0. 
Thus,  by  66, 

In  a  precisely  similar  manner,  we  can  treat  the  other  cases. 

77.  1.    The  product  of  any  two  numbers  in  9?  vanishes  when,  and 
only  when,  one  of  the  factors  is  zero. 

In  the  product  a/3,  suppose  a  =  0  ;  then  a/3  =  0. 

Then 

«  =  (0,  0,  0,  •••>     £  =  (&!,  62,  •••)• 

...  «/3  =  (0-61,  0^  62,  ...)  =  (0,  0,  ...)  =  0. 

Conversely,  if  «/S  =  0,  either  a  or  ft  =  0. 
This  is  proved,  as  in  25. 

2.    If  a  ^  0,  and  a/3  =  #7,  £Aera  /3  =  7. 
Proof  same  as  that  for  26,  3). 

78.  1.  Division. 

The  quotient  of  a  by  /3  is  the  number  or  numbers  f,  in  91?,  which 
satisfy 


There  are  two  cases,  according  as  /3  =  0,  or  =£  0. 
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Case  I;  0  =£  0. 

Since  ft  =£  0,  we  may  suppose,  by  68,  2,  that  in 

all  bn  9<=  0.     To  find  a  solution  of  1),  consider  the 
It  is  regular.     For, 
Hence 


sequence 


^2     ... 


By  59, 

By  65,  5,  we  have 


IMI*. 


(4 


—  —       ~-*    |  ~  71  |        "-  — -"  •  *^   *'*>  ?%•  (   O 

By  taking  m  sufficiently  large  we  may  suppose  it  to  have  the 
same  value  in  4),  5). 
Then  4),  5)  gives  in  3), 

M\bv-ln  +  Bav-an\ 


< 


Since  the  sequences  {an|,  \ln\  are  regular,  w 
m  taken  so  large  that  also 


- 


Then  6)  gives 


we  may  now  suppose 
w,  V>m. 


Since  2)  is  regular,  it  defines  a  number 


V 


Since 


=  («!,  aa,  •••)  =  «,  by  73,  1), 

satisfies  1). 

That  this  is  the  only  solution  of  1)  follows  as  in  30,  1,  from  77,  2. 
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Case  II;  £=  0. 

We  can  reason  precisely  as  we  did  in  30,  2.  Hence,  when  the 
divisor  ft  =  0,  division  is  either  impossible  or  entirely  indetermi 
nate.  For  this  reason  division  by  0  is  excluded. 

2.  We  have  thus  this  result :  in  the  system  9?,  division  is  always 
possible  and  unique,  except  when  the  divisor  is  0,  when  division  is 
not  permissible. 

3.  The  result  of  dividing  «  by  ft,  we  represent  by  a/ ft  and  have 

therefore  , 

«_(«i   <h 

Since  i  —  n  i  i   ...^ 

*   =  V1!     J-)     *5  )•> 

1/1  1 

e~\R*i' 

This  is  called  the  reciprocal  of  ft. 

79.  1.  The  system  9?  is  now  completely  defined  ;  its  elements 
have  been  ordered,  and  the  four  rational  operations  upon  them 
have  been  defined.     As  a  perfect  analogy  exists  between  the  sys 
tems  H  and  9J,  we  are  justified  in  calling  the  elements  of  9?  num 
bers.     In  the  future,  when  speaking  of  numbers,  without  further  j  f^ 
predicate,  we  shall  mean  the  numbers  in  9t.     As  already  stated,  ( 
they  are  called  real  numbers. 

2.    In  the  e,m  test,  given  in  t>7,  we  were  obliged  at  that  stage 
to  take  e  rational.     This  is  now  quite  unnecessary,  and  we  shall 
therefore,  in  the  future,  suppose  e  is  any  positive  number  in  9?,    / 
small  at  pleasure. 

80.  1.   We  have  shown  in  61  that  9?  contains  all  the  numbers 
of  R ;  but  we  have  not  shown  that  it  contains  other  numbers. 

To  this  end,  we  show  that  there  is  a  number  a  which  satisfies 

ra  _  9  (\ 

*   —  ^'  v-1- 

This  is  easily  done.  For  in  54  we  determined  a  rational 
sequence  ^  =  ^  ^  =  l ^  ag=1.41?  ...  (2 

SUchthat  lima.^2.  (3 
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The  sequence  2)  is  regular  by  58,  1. 

Hence 

a  =  (a1,  a2,   •••) 

is  a  number  in  3t. 

But,  by  73,  1),  2,22 

a2  =  («!*,  a22,  •••). 

Hence  3)  shows,  by  60,  that 

«2  =  2. 
Hence  a  is  a  solution  of  1). 

2.  As  we  saw  in  52  that  a  is  not  rational,  we  have  shown  there 
is  at  least  one  number  in  9?  not  in  R. 

But  the  reasoning  we  have  just  applied  to  V2  applies  equally 
to  A/a,  when  this  latter  is  not  rational.  There  are  thus  an  infinity 
of  numbers  in  ffi.  not  in  R, 

Some  Properties  of  9? 

81.  If  a  >  0,  tJtere  are  an  infinity  of  positive  rational  numbers 
<  «,  and  also  an  infinity  of  rational  numbers  >  «. 

If  a  is  rational,  the  theorem  is  obviously  true  by  33. 

Let 

a  —  (av  av   •••). 

Then,  by  65,  3, 

0  <  A  <  an  <  B.         n>m.  (1 

But  from 

an>A, 

we  have,  by  66,  1,  _ 

a-^A. 

Since  there  are  an  infinity  of  rational  numbers  between  0  and 
the  positive  rational  number  A,  the  first  half  of  the  theorem  is 
established. 

Using  the  other  part  of  the  inequality  1),  we  prove  similarly 
the  rest  of  the  theorem. 

82.  Betiveen  «,  /3,  lie  an  infinity  of  rational  numbers. 

For,  let  «</3;  then,  by  81,  there  exist  positive  rational  num 
bers  A,  B,  d,  such  that 

A  <  «, 
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Let  D  =  B  -  A  ; 

we  can,  by  34,  2,  determine  the  positive  integer  n  so  great  that 

*«». 

n 
Then,  at  least  one  of  the  numbers 

X  +  f'    A+*-~n>   ~^  +  (»-Df 
falls  between  a  and  /3. 

83.    1.    T7ig  system  9?  is  Archimedian  ;  i.e.  /or  eacA  j9az'r  of  posi 
tive  numbers  a  <  /3  there  exists  a  positive  integer  w,  such  that  na  >  /3. 

For,  by  81,  there  exist  positive  rational  numbers 


Since  the  system  JF2  is  Archimedian  [34,  1],  there  exists  an 

integer  n.  such  that  , 

na>b. 

But  T    ,       o 

wa>na,    and    o>/3. 

Hence 


2.    ^or  am/  jsazV  o/  positive  numbers  a  <  /3  Mere  exists  a  positive 
n  such  that  „ 

£-<«. 

w 
Proof,  as  in  34,  2. 

84.   Between  a  and  yS,  a  <  /3,  Zze  aw  infinity  of  irrational  numbers. 
That  irrational  numbers  exist,  we  have  shown  in  80. 
Let  i  be  an  irrational  number,  r  a  rational  number,  and  n  a  posi 
tive  integer. 

Then  .?=-»  &  =  *'  +  r 

w 
are  irrational. 

For,  if  j  were  rational,  i=w;  is  rational.     This  is  a  contradiction. 
Similarly,  if  k  were   rational,  i=k  —  r  is  rational,  which  is  a 
contradiction. 
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This  established,  suppose  first  that  a  is  rational  and  positive. 
Let  i  be  any  positive  irrational  number. 
Then,  by  83,  2,  we  can  take  n  so  large  that 


But  then 

9 

n 

and  «  H — 

n 
is  irrational. 

Suppose  now  that  a  is  irrational  and  positive. 

By  81,  there  exists  a  positive  rational  number  r,  such  that 

Then 

and  a  +  r 

is  irrational. 

The  cases  when  a,  &  are  one  or  both  negative  are  now  easily 
treated. 

85.  The  system  9J  is  dense,  i.e.  between  any  two  numbers  of  9? 
lie  an  infinity  of  numbers. 

This  follows  at  once  from  82  or  84. 

Numerical  Values  and  Inequalities 

86.  We  have  seen,  72,  2,  that  any  number  «^tO  can  be  written 

a  =  ±  «0, 

where  «0  is  a  positive  number. 

We  define  now,  as  in  36,  the  numerical  or  absolute  value  of  a  is 

+  «0,  and  denote  it  by 

lal. 
Then  by  definition 

1       |   

We  set  also 
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87.    1.   We  have  now  the  following  fundamental  relations  : 

|«|  =  |-«|;  (1 

(2 
(3 

|«.±/3  ^||«|-|/8|;  (4 

(6 


|«1  '  fVam!==!«ll   •  l«2 

la 


"•m   9 
|«J. 


(8 


-  A  <  a  <  A ; 


2. 

folloU'S 

and  conversely. 
3.    .From 

follows 

or  if  A  =  B, 


4.  As  the  demonstration  of  these  relations  is  exactly  the  same 
as  in  37,  38,  we  do  not  need  to  repeat  it. 

5.  If  ice  knoiv  of  two  numbers  «,  /3,  that  [«—  /3\  <e  however  small 

€  >  0  is  taken  ;  then 

a=  ft. 

The  demonstration  is  the  same  as  in  46. 


88.    If  «  =  (ar  a2,  •••),  then 

a= 


,    a2, 


Since  the  sequence 


ar  «2,  ••• 


defines  a  number,  it  is  regular. 

Hence 

e>0,  m,     \an  —  avl<e. 
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From  this  we  conclude  that  the  sequence 


is  regular. 

For,  by  87,  4), 

Hence  1)  defines  a  number. 
Set 


(1 


<  I  «„  — 


£H« 

First  suppose  a  =  0. 
Then 

Hence 
Therefore 


Km  an  =  0. 
lim|aB|=0. 
/3  =  0,  and  £  = 


Suppose  a  =£  0.     Then,  by  65,  6,  the  constituents  an  of  «  are  of 
one  sign,  for  n>m. 

If«>0,  an  =  \an\.         n>m. 


Hpn  PP  ft  —  C   n 

I  1  1 ,  1 1  LU  ^J  V^    "l 

=  «  = 
If  «<0, 
Hence  yS  =  ( |  ax 


H  am+2'> 


«|,  by  67,  3. 


n>m. 


*•».!»   ^m+H   a«i+2i  "V 


=  -  o,  by  67,  3 


89.    In  the  following  articles  we  give  certain  equalities  and 
inequalities  which  are  often  useful. 


Let  0  <  «<  1 ;  then 


!TL 


(1 
(2 
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To  prove  1),  let  us  suppose  the  contrary,  viz. : 

1 
<  1  —  a. 

1  +  a 

Clearing  of  fractions, 

1  <  1  —  «2,  or  a2  <  0, 

which  is  a  contradiction. 
Similarly,  we  may  prove  2). 

90.    1.   Let  av  «2, ...,  am> 
Then  n    ^  1 


2. 

In  fact, 
P2  =  (1  +  ttl)  (1  +  «2)  =  1  +  («x  +  «2)  4.  Wl«2  >  1  +  (f<i  +  a2)  ; 

A  =  AC1  +  «3)  =  1  +  («j  +  «2  +  «3)  +  «!«2  +  «!«3  +  «2«3  +  «!«2«3 
>  1  +  (Wj  +  «2  +  «3)  +  «!«2  +  «i«3  +  «2a3 
>l+(«1  +  «2  +  «3). 

In  this  way  we  can  continue. 

2.   Similarly,  we  can  prove  : 
Let  0<  «j,  «2,  •••  «m< 


ZYten  ^w>  !-(«!+•  ••+««).         w  >  1. 

«2  +  «1«8  +  '  "  +  «m  -!«„»)  •     ™  >  2. 


91.    The  demonstration  of  the  following  identities  is  obvious  : 

_L_  =  1  +  «  +  «2  +  ...+  rt»-i  +  -^L.  (1 

1  —  «  1—  a 

cc  +  g  __  «   ,     @e  —  u8 
13  +  8     /^/SOS  +  S)' 
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92.    Let  1^1,  |82|<8,  and  /3^=0;  let 


Let  e>0  I 

For,  by  91,  2, 
Hence 

taking  S  so  small  that 
Let 

Then  2)  gives 

Hence,  if  we  take 
we  have  1). 


at  pleasure  ;  we  can  take  &  >  0  so  small  that 

<T\<€.  (1 


«a) 


0-     0\-  S\ 


by  37, 


\/3 


h>Q. 


93.    ie^  «r  «2,  •••  «„  be  n  arbitrary  numbers. 
Let  &...£.;  7i-7»>0. 


then 


l 


«« 

_ 


For,  from 

we  have 
Adding, 

which  gives  the  first  half  of  1).      The  rest  of  1)  follows  similarly. 
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94.    1.   Let  a  >  /3  ^  0  ;   and  n  >  1,  a  positive  integer. 
Then 


For,  by  direct  multiplication,  we  verify 

a"  -  /3"  =(«-£)  (a""1  +  «"-2/3  +  «"-3/32  +  •  •  •  +  /3"-1)  .        (2 
In  the  second  parenthesis,  replace  «  by  £.     Then,  since  «  >  /3, 
«»  -/g»>(«  -  ySX/S"-1  +  /3"-1  +  —n  terms), 


or  a-na 

which  is  a  part  of  1). 

If  in  2)  we  replace  (B  by  a,  we  get  the  other  half  of  1). 

2.  In  1),  set  a  =  1  +  8,  8  >  0,  /3  =  1,  we  get 

(1  +  8)"  >  1  +  wS. 

If  we  set  a  =  1,  £  =  1  —  8,  1)  gives 

(1  _  g)»  >  1  _  nS. 
We  have  thus 

(1  +  «)»  >  1  +  wa,  a  ^=  0  and  >  —  1,  n  positive  integer.        (3 

3.  We  observe  that  1)  can  be  written 

aB>/3"-1[/3  +  M(«-/3)],  (4 

/8B>a"-1[a-  n(«-/3)].  (5 

95.    Let  «j  •••  «„  be  any  n  numbers. 


'l  W 

is  called  their  arithmetic  mean. 

Let  ttj  •••  «„  6e  positive,  and  Pn=  a\'  ai'"  an- 

Then  Pn  <  Ann,  unless  the  as  are  all  equal,  when  Pn  =  Ann. 

If  «1  =  «2  =...  =  «„,  An=al  and  Pn  =  aln. 

Hence  P«  =  ^nn- 

Suppose  now  the  a's  are  riot  all  equal. 
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Let  n  =  2. 
We  have 


Hence  P2  <  A£. 

Let  n  =  2m. 

Since  the  a's  are  not  all  equal,  at  least  two  of  them,  say  av 
are  unequal. 


and 

«    4- 
t4 

Hence 


On  the  other  hand,  applying  our  theorem  to 

«1  +  «2     «3-f-  a4 

2     '        2     ' 
we  have 

ai  +  «3  .  «8  +  «4^  A«i  +  s  +  «a  +  «;\a  ,0 

2       a  "V      4        • 


Hence  1)  and  2)  give 


In  the  same  way,  we  may  continue  for  any  power  of  2. 
Let  2m~l  <n<2m.     Set  ^  =  2m,  •  2m  -  w  =  i/. 
We  have,  by  the  preceding  case, 


(3 

V  JUV  J 

Set  here 
Then  3)  gives 

fa.  4-  '••  A-  n.    4-  i>  A  \n 

(4 


snce 


A*  ^  /» 

Dividing  in  4)  by  Avn,  we  get 

P 
* 


B  ^ 

' 
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96.    From  algebra  we  have  the  Binomial  Theorem, 
(a  '  -           *  '  2     ' 


where  w  is  a  positive  integer. 
The  binomial  coefficients 

n  •  n  —  1  •  M  —  2  -»n  — 


1-2 

we  denote  by 


We  have  obviously, 

,n 


^m/ 
If  we  set  «  =  fi  =  1  in  1),  we  get 


If  we  set  a  =  1,  ft  =  -  1  in  1),  we  get 


It  is  often  convenient  to  set 


and 

/  ..\ 

if  m>n. 


fwN)  =  0,  ii 
W 


97.  We  extend  now  the  terms  sequence,  regular  sequence,  limit, 
etc.,  to  numbers  in  9?.  This  is  done  at  once  ;  for  the  definitions 
given  in  40,  42,  and  57  may  be  extended  to  9?,  by  simply  replacing 
the  term  rational  number  by  number  in  $R. 
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For  example,  the  sequence  of  numbers  in  9? 


is   regular  when,  for  each  positive  e  (not  necessarily  a  rational 
number  now)  there  exists  an  index  m,  such  that 


for  every  pair  of  indices  n,  v>m. 
Or  in  abbreviated  form,  when 

e  >  0,    m,    j  «„  —  «„  <  e.     n,  v>m.  (2 

This  definition,  we  see,  is  perfectly  analogous  to  that  given  in 
]    57,  1  for  regular  rational  sequences.     Evidently  the  reasoning  of 
57,  3,  4,  can  be  applied  to  the  sequence  1).      Thus  the  e,w  test 
given  in  2  may  also  be  stated  in  the  form  : 

e  >  0,    w,     an  —  am  <  e,    n>m.  (3 

Similarly,  X  is  the  foVwiY  of  the  sequence 


!,     2?     35     •• 
when 

e  >  0,    m,    |  X  —  an  <  e,    w  >  w.  (4 

As  before,  we  write 

X  =  lira  «ra,    or    X  =  lim  «n. 

71  =  00 

We  say  also  «„  converges  to  X  or  approaches  X  as  limit. 
This  may  be  indicated  by  the  notation 

«»  =  >-• 

98.    £e£  lim  «„  =  a  and  lim  /3re  =  /3. 

lim  («„  ±  £„)  =  «  ±  /3  ;  (1 

lim  «w/3ra  =  a/3.  (2 

,  /Sj,  /32,  ---^O,  we  A«ve  a?so 

lhn«-  <8 

The  demonstration  is  precisely  similar  to  those  of  49,  50,  51  ; 
and  thus  does  not  need  to  be  repeated  here. 
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99.    We  prove  now  the  important  theorem  : 

Let  «  =  (ar  aa,  -••),  the  a's  rational;  then  lim  an  =  a. 

We  must  show  that 

e>0,    m,    \a-an\<€,   n>m.  O 

Since  the  sequence 

#j,     #2'     ^3'     ' 

is  regular,  we  have 

<r>0,    m,    \an  —  av\<<r,   n,v>m.  (2 

Now  we  can  write,  by  60, 


Hence,  by  71,  supposing  n  to  be  fixed  for  the  moment, 

«  —  an=(al~  a«'    a2"~a«'    a3~an'     '")• 

By  88, 


a—a 


V- 


Hence,  by  2)  and  66,  2, 

|«  —  aM|<<r. 

Thus  if  we  take  o-<e,  we  have  1). 

100.  If  a  sequence  . 

A  =  «j,   «2'    ' 

has  a  limit  \,  Jl  is  regular. 
For,  by  definition, 

e>0,   m,    |X-«n|<€/2, 

|X  —  «„!<€/  2,    v>m. 
Adding,  by  87,  3, 

«»  -  ofv  <  e.     w,  v  >  m. 

Hence  A  is  regular,  by  97. 

101.  1.   Conversely,  if  A  =  av  «2,  •••  is  a  regular  sequence-,  there 
exists  one,  and  only  one,  number  a,  such  that 

lim  an  =  a.  (1 

To  show  that  A  cannot  have  two  limits,  we  need  only  to  repeat 
the  reasoning  of  47. 
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We  show  now  A  has  a  limit. 
Let  Bv  Bv  S3,  ...  (2 

be  a  sequence  of  positive  numbers  whose  limit  is  0.     We  choose 
the  S's  now,  such  that 

an=an  +  8n,     w=l,  2,  ...  (3 

are  rational.     This  is  evidently  possible  by  82.     The  sequence 

av  a2,  az,  ••-  (4 

is  regular. 

For,  «»-«,=  «.-«„+(«»  -8,).  (5 

Since  A  is  regular, 

e>0,  m,  K-  «J<|,    n,v>m.  (6 

& 

Since,  by  100,  the  sequence  2)  is  regular, 

\8n-8v\<e/2.         n,v>m.  (7 

In  the  inequalities  6),  7),  we  may  take  m  the  same.     Then  5), 

6)'7)give 


Hence  4)  is  regular. 

We  set  «=(«!,  a2,  ...). 

Then,  by  97, 

lim  an  =  a. 
But,  by  3), 

an  =  an  —  Sn. 
Hence,  by  98, 

lim  an  =  lim  an  —  lim  Bn 

=  a-0 


2.  As  a  result  of  1  and  100,  we  have  : 

In  order  that  a  sequence  av  «2,  •••   has  a  limit,  it  is  necessary  and 
sufficient  that  it  is  regular. 
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102.    Let  A  =  «!,  «2,  •••  be  a  sequence.     Let  us  pick  out  of  A  a 

sequence  n 

•B  =  "v   «lfi  "' 

where  il<  i2<  i3,  ••••     We  call  B  a  partial  sequence  of  A 

EXAMPLES 


.4 

'       '       ' 


1     i    1     i 

2'    3'    4'    5' 


B-l 

lf  3'    5'    7' 

r-i  a     l    1 

-1'  22'    2*'    2*' 


-'    23'    2'    2.7 
Here  5,  C,  J>  are  partial  sequences  of  A. 

2. 


~2'    3'    4' 

JS  and  C  are  partial  sequences  of  A. 

103.  1.  Among  the  symbols  given  in  42,  to  indicate  the  limit  of 

a  sequence 

i  —  ft     ct     •  •  . 

•ft-  —  W11     "j! 

one  was 

lim  «„. 

^i 

Analogously,  we  shall  denote  the  limit  of  a  partial  sequence 

-B  =  «,1»  V  — 

of  ^1,  by 

lim  «„. 
^ 

2.  We  have  then,  obviously  : 

If  A  is  regular,  so  is  every  partial  sequence  B  ;  and 

lim  «„  =  lim  «„. 
A  a 
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3.  From  this,  we  conclude  at  once  : 

The  sequence  A  cannot   be   regular,  if  it  contains   two  partial 
sequences  B,  C,  such  that 


m  a  . 
c 


4.  The   sequence  A    cannot  be  regular,  if  it  contains  a  partial 
sequence  B  which  is  not  regular. 

5.  It  is  sometimes  a  difficult  matter  to  show  that  a  sequence  A 
is  or  is  not  regular.     The  theorems  3,  4  enable  us  often  to  show 
with  ease  that  A  is  not  regular. 

Thus,  in  Ex.  2,  102, 

lim  an  =  1,  lim  «„  =  0. 
B  c 

Hence  A  is  not  regular. 

6.  Unless  the  contrary  is  stated,  it  is  to  be  understood  that 

lim  an 
has  reference  to  the  whole  sequence  A. 

104.    1.  From  98,  we  conclude  the  following  theorems,  which 
are  often  useful: 

If  lim  («„  ±  /3n)  =  o-,  and  lim  an  =  «  ;  then  lim  /3n  exists  and  equals 
±  a  =F  «. 

2.  If  lim  anftn  =  TT,    and   liman  =  a^0;    then  lim/3n  exists  and 
equals  IT  /a. 

3.  If  lim  -j-  =  p,  and  lim  @n  =  /3  ;  then  lim  an  exists  and  equals  fip. 

4.  If  lim  ~-  =  p  •=£  0,  and  lim  «n  =  a  ;  then  lim  /3n  exists  and  equals 
a/p. 

The  demonstration  of  these  theorems  we  illustrate  by  proving  1. 

We  have  &  =  ±  fo  ±  £»)  T  «». 

Applying  98,  1), 

lim  fin  =  ±  lim  («„  ±  £„)  T  lim  «„  =  ±  o-  T  «. 
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105.    1.  Let\\man=a;   let  ft,  7  be  two  numbers,  such  that  /3<«<7- 
Then 


<7.          n>m. 
The  demonstration  is  the  same  as  in  48. 

2.   Let  lim  «„  =  «,  awe?  «„<  «.      Let  ft  be  any  number  <a. 

Then 

p<an<a.          n>m. 

106.    1.  Let  lira  «B  =  «  ;  if  X  <  «n  <  /A  /or  n>m;  then 

X  <  «<  /A. 
For,  suppose  «  >  /u..     Let  yS  be  chosen  so  that 


,     Then,  by  105,  1,  «„  >  0.         n>m. 

Hence  «ra  >  /x, 

wliich  is  a  contradiction. 

2.  /f  **<*•<  &, 

and  if  lim  «„  =  lim  @n  =  p  ; 

X  =  /a. 

For,  by  1,  /u  <  X,  /*  >  X. 

Hence  /*  =  X. 


107.      // 

lim  «n  =  lim  7n  =  X  ; 
lim  /3ra  =  X. 
For,  subtracting  «„  in  1),  we  get 

0</3B-««<7»-«n.  (2 

Now          lira  (7n—  «„)=  Iini7n  —  lim«n  =  X  —  X=  0.  (3 

But  3)  states  that      e>0,  w,  7,,  —  «n<e.          n>m. 
Then,  by  2),  &~*.<« 


68  IRRATIONAL  NUMBERS 

This  relation  states  that 

lim(/3n  -«„)  =  (). 
As  lira  an  =  X,  we  have,  by  104,  1, 

lim  /3n  =  X. 

108.    1.  A  sequence  A  =  av  «2,  •  •-,  whose  elements  satisfy  the 
relations 

««  <  ««+i»    w  =  1,  2, 

is  called  an  increasing  sequence. 

If 

«»>«„+!,   w  =  l,  2,  •  •. 

it  is  a  decreasing  sequence. 

If  it  is  either  one  or  the  other,  but  we  do  not  care  to  specify 
which,  we  may  call  it  a  univariant  sequence. 

If,  on  the  other  hand, 


-4  is  said  to  be  a  monotone  increasing  sequence. 
If 

««>«»+i,   w  =  l,  2,  ... 

it  is  a  monotone  decreasing  sequence. 

If  A  is  either  one  or  the  other,  but  we  do  not  care  to  specify 
which,  we  may  call  A  a  monotone^e^uence. 

Univariant  sequences  are  special  cases  of  monotone  sequences. 

2.  If  there  exists  a  fixed  positive  number  #,  such  that 

K  <#,   w=l,  2,  - 
^4.  is  said  to  be  jiwiited,  otherwise  unlimited. 


109.   .A  limited  monotone  sequence  is  regular. 

For  clearness,  let  A=uv  «2,   •••    be   an  increasing  monotone 
sequence,  and  let 

an<Gr.         w=l,  2,  ...  (1 

To  show  that  A  is  regular,  we  must  show  that 

e>0,    m,    0  <  an  —  um  <  e,          n>m.  (2 
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Since  A  is  monotone  increasing, 

0<an-am. 

To  show  the  rest  of  2),  take  mQ  at  pleasure.    Either  there  exists 
an  infinite  sequence  of  indices 

W0</m1<m2<  •••  (3 

such  that  ,A 

O^-a™,,^     ««,-««,>€,    ' 

or  there  does  not. 

Suppose  such  a  sequence  3)  exists.     Then,  however  small  e  has 
been  taken,  we  can  take  the  integer  p  so  large  that 

m>#.  C5 


Adding  the  first  p  inequalities  4),  we  get 

amp  ~  a>n0  >  P€' 

Hence,  by  5),  a 

amp  -^  **  1 

which  contradicts  1). 

We  thus  conclude  that  there  exist  but  a  finite  number  of  indices 
w,,  such  that  4)  holds.     Thus  we  can  take  m  so  large  that 


which  proves  the  other  half  of  2). 

110.   1.  A  limited  increasing  sequence  of  great  importance  is 


To  show  that  1)  is  increasing,  i.e.  that 

an  >  an_i,  (2 

we  employ  the  relation  94,  5),  viz.  : 

/8f»>aB-1[«-w(a-/9)].  (3 

Set 


w  —  1 

in  3)  ;  we  get  2)  at  once,  for  w  ^  2. 


2m 
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To  show  that  1)  is  limited,  we  set 

a=l+    *       /3=1,        n  =  m 
2m 

in  3);  we  get 
or  squaring, 
Thus 

«2m  <  4.  (4 

But,  by  2), 

As  all  positive  integers  are  of  the  form 

2m  or  2  m  —  1, 
4)  and  5)  give 

aw<~  ^«  n  —  L,  4,   •' 

2.  Since  the  sequence  1)  is  limited  and  monotone,  it  has  a  limit 
by  109.     We  set 

(       IV 
g  =  lim   1  +  -)  •         n=l,  2,  3,  ••• 

w=o>\        ny 

As  the  reader  already  knows,  e  =  2.71828  •••,  and  is  the  base  of 
the  Napierian  system  of  logarithms. 

^i  ^  111.    I-  Let  A  =  av  «2,  ...  be  a  regular  sequence,  ivhose  limit  is  «. 

In  A  exist  partial  monotone  sequences  B  ;  and  for  each  such  sequence, 

lim  an  =  a. 
B 

Then  are  two  cases:    1°  «  — «„,  n>m  has  one  sign,  when  not 
zero  ;    2°  «  —  an  may  have  both  signs,  however  large  m  is  taken. 

Case  I.     To  fix  the  ideas,  suppose 

« —  «„  ^  0.         n>m.  (1 

In  this  relation,  it  may  happen  that  for  some  m'  >  m 

a  —  a,,  =  0. 
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In  this  case, 


m'+l 

=  «,  a,  ... 

is  a  sequence  required  in  the  theorem. 

Let  us  suppose  now  that  there  are  in  1)  an  infinite  number  of 

indices  nt,  such  that 

«-«„,>(). 

Let  v1  be  one  of  the  indices  nK  ;   then 

\  <  a- 

Let  /3j  lie  between  these,  so  that 


Then,  by  105,_  1,  and  103,  2,  there  are  an  infinity  of  elements  «„  ,       A    • 
lying  between  ^1  and  a.   ^Let  a    be  one  of  these,  so  that 

&  <  «„  <  «. 

j.       --2 

Let  /92  lie  between  av>  and  a  ;  then  for  some  index  v3  we  have 

AJ  <  «„,  <  «• 
In  this  way  we  find  an  increasing  sequence 

^  =  <V  V  a"3'  '" 

which  is  a  partial  sequence. 

Then,  by  103,  2, 

lim  aVn  =  a. 

n=» 

The  number  of  sequences  B  of  this  type  is  obviously  unlimited. 

.  Case  II.     Since  there  are  an  unlimited  number  of  indices  for 

which 

«-«„><>,  (2 

let  us  denote  those  values  of  n  for  which  2)  holds,  by  nr  nv  ny  •••. 
Then  the  partial  sequence  of  A, 
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belongs  to  Case  I.     Hence  in  A'  lie  an  infinity  of  sequences  of  the 
type  B. 

2.  The  demonstration  of  1  shows : 

If,  in  the  regular  sequence  A  =  av  «2,  ••-,  the  an  do  not  finally 
become  all  equal,  there  exists  in  A  an  infinity  of  partial  univariant 
sequences  B  which  have  all  the  same  limit  as  A. 

The  Measurement  of  Rectilinear  Segments.     Distance 

112.  In  39,  43,  44,  we  have  made  use  of  the  graphical  representa 
tion  of  the  numbers  in  R,  by  points  of  a  right  line.     We  wish  now 
to  extend  the  considerations  to  numbers  in  9?.     With  this  end  in 
view,  we  proceed  to  develop  the  theory  of  measurement  of  recti 
linear  segments  and  the  associated  notion  of  distance. 

113.  1.  Let  AB,  CD  be  two  rectilinear  segments.     We  say  AB 
is  greater  than  CD,  when,  if  superimposed,  AB  contains  CD  as  a 
part ;  while  CD  is  said  to  be  less  than  AB.    If,  when  superimposed, 
AB  and  CD  coincide,  we  say  AB  and  CD  are  equal. 

2.  We  assume,  with  Archimedes,  that  if  the  segment  AB  is  laid 
off  a  sufficient  number  of  times  on  the  line  L,  we  can  obtain  a 

c  D       Dr  r 


segment  CD'  greater  than  any  given  segment  CD.    And  conversely, 
that  it  is  possible  to  divide  a  segment  CD  into  a  sufficient  number 


of  equal  parts,  so  that  one  of  them,  as  CE,  is  less  than  any  given 
segment  AB. 
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114.    1.  Let  S  =  AB  be  a  segment  we  wish  to  measure  ;  and  let 
£7_  Qj)  be  a  segment  which  we  take  as  a  unit  of  comparison. 
If  we  can  divide  S  into  I  equal  segments,  equal  to  Z7,  i.e.  if 


we  say  I  is  the  measure  of  S,  or  I  is  the  length  of  S. 

2.  If  it  is  impossible  to  do  this,  it  may  happen  that  n  segments 
S  are  equal  to  m  segments  U;  i.e. 

n  .  S  =  m  •  U. 
We  say  then,  that 

i-5 

n 
is  the  measure  or  length  of  S. 

3.  In  both  cases  we  say  S  is  commensurable  with  U. 

The  segment  AB  being  commensurable,  we  say  its  length  I  ex 
presses  the  distance  of  A  from  B,  or  B  from  A.     We  write 

I  =  Dist  (_A,  5), 

or  more  shortly 

l  =  AB. 

115.  We  show  now  that  the  number  I,  just  determined,  is  unique. 
This  is  evident  when  I  is  an  integer.     We  suppose,  therefore,  that 

nS=mU,  (1 

and  n,S=miU.  (2 

Multiplying  these  equations  respectively  by  rcr  n,  we  get 
nn^  =  n^n  U,   nn^S  —  nm^  U. 
.-.  nlmU=nmlU. 


or  mt 

n~  n' 

Thus,  the  two  equations  1),  2)  lead  to  the  same  value  of  I. 
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116.    1.   Let  

n 
be  the  measure  of  S. 


Then  nS—mU.         (1          v 

Let  us  divide  U  into  n  equal  parts,  and  call  V  one  of  them. 
Then 

nV=U. 
This  in  1)  gives 

nS=mnV. 
Hence 

#=™F: 

This  shows  that  by  taking  a  new  unit  V,  whose  length  is  l/n  of 
the  old  unit,  the  length  of  S  can  be  expressed  as  an  integer. 

2.  The  above  considerations  also  give  us  a  new  way  for  denning 
the  length  of  S.  In  fact,  suppose  it  possible  to  divide  U  into  s 
equal  parts  V,  such  that 

S=rV.  (2 

Then 

'-;•  (3 

For, 

hence,  multiplying  2)  by  s,  we  get 

sS=rsV=rU; 
so  that  the  length  I  of  S  is  indeed  given  by  3). 

117.    Let  S=AB,    T  =  BO  be  two   segments  whose   lengths 
are  respectively 


Ti 

o 


«,  5,  c,  d  being  positive  integers      ~ ^ ^ 

If  we  put  them  end  to  end,  we  get  a  segment  W=  AC  whose 
length,  we  show,  is 

n~  I  +  m- 
By  definition  we  have 
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Multiplying  these  equations  respectively  by  d,  b,  and  adding,  we 
get  bd-S+bd.  T=adU+bcU=(ad  +  bc-)U.  (1 

But  bd'S+bd-T=bd'W.  (2 

Hence  1),  2)  give 
Hence 


bd          b      d 


118.  1.  We  turn  now  to  the  measurement  of  segments  which 
are  incommensurable  with  the  segment  chosen  as  unit.  An 
example  of  such  segments  is  the  diagonal  of  a  square,  the  side 
being  taken  as  unit. 


A  i,    ... 

1  '"  A,  J3, 


To  measure  AB,  we  begin  by  marking  off  points  on  the  right 
line  L,  at  a  unit  distance  apart,  starting  with  A.  By  the  axiom 
of  Archimedes,  113,  2,  B  will  fall  between  two  consecutive  points 
of  this  set,  say  between  Av  Br 

Let  ?!  =  Dist  (A,  AJ). 

On  the  segment  AlBl  we  mark  off  points  at  the  distance  1/ro 
apart,  where  n  is  an  arbitrary  positive  integer. 

Then  B  will  fall  between  two  of  these  points  which  are  con- 
'secutive,  say  between  Ay,  B2. 

Let 


We  may  continue  in  this  way,  subdividing  each  interval  Am,  Bm 
into  n  equal  parts,  without  end.  The  point  B  will  never  fall  on 
the  end  point  of  one  of  these  intervals,  for  then  AB  would  be 
commensurable.  The  sequence  of  rational  numbers 


*» 


so  determined  is  monotone  increasing,  and  limited.     In  fact,  all 
its  elements  are  <Zj  +  1.     Thus,  by  109,  the  sequence  1)  is  regu- 
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lar,  and  so  defines  a  number  X.    We  say  X  is  the  measure  or  length 
of  AB,  and  we  write  as  before 


X  =  Dist  (4,. 
2.  If  we  had  taken  the  numbers 


where  ^  denotes  the  right-hand  end  of  the  interval  in  which  B 
falls,  instead  of  the  numbers  1K,  we  would  have  got  a  monotone 
decreasing  limited  sequence 

7  '     7  '     7  ' 
*1  '    *2  '    *8  » 

whose  limit  X'  =  X. 

For,  1 

"        K  =  ^' 
whose  limit  is  0. 

119.  We  have  defined  the  length  X  of  AB  by  a  process  which 
subdivides  each  interval  AK,  BK  into  n  equal  parts.  The  question 
at  once  arises  :  would  this  process  lead  to  the  same  number  X,  if 
we  had  divided  each  interval  into  m  instead  of  n  equal  parts  ? 

We  prove  the  following  general  result  :  Let  us  modify  the  above 
process  so  as  to  divide  the  first  interval  into  TOJ  equal  parts,  the 
second  interval  into  n2  equal  parts,  etc.  This  system  of  sub 
division  leads  to  a  sequence  which  we  denote  by 

7  '    7  '    7  '  f^ 

<1  '    62  '    63  '  ± 

where 


The  limit  of  1)  being  X',  we  show  it  exists  and  X  =  X'. 

For,  each  point  Am'  will  fall  in  a  certain  interval  Alm,  Blm  of  the 
old  system  of  subdivision,  where  im  is  the  lowest  index  for  which 
this  is  true. 

rpi 

Dist  (AA^  ^  Dist  (A,  4.')  <  Dist  (AB,  J. 
But,  by  118,  2, 

lira  Dist  (A,  Alm)  =  lim  Dist  (A,  Blm)  =  X. 

Hence,  by  107, 

*  lim  Dist  04,  4,')  =  X. 
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120.  The  process  explained  in  118,  119  is  obviously  applicable 
to  the  case  when  AB  is  commensurable.     The  only  difference  is 
that  after  a  certain  number  of  steps  the  point  B  may  fall  on  one 
of  the  end  points  of  the  little  segments  Am,  Bm.     In  this  case  the 
corresponding  sequence 

'V      2»    '"      "      s'      "    ' 

would  have  all  its  elements  the  same  after  a  certain  one. 

121.  We  have  now  two  methods  for  measuring  a  commensurable 
segment  ;  viz.  those  given  in  114  and  120. 

Let  I  be  the  length  of  AB  as  given  by  114  ;  and  X  its  length, 

according  to  120.     We  show 

l  =  \. 

Since  AB  is,  by  hypothesis,  commensurable,  we  have,  by  117, 
preserving  the  notation  already  employed, 

I  =  Dist  (AAin)  +  Dist  (AmB} 
<  Dist  (AAJ  +  Dist  (4A>  0 

Dist(A,A)  =  -^i, 

At* 

we  have,  from  1),  -, 

o<*-**<±ihs' 

nm-l 

where  lm  =  Dist  (  A,  Am~). 

Passing  to  the  limit,  we  have,  since 


122.    1.  Let  AC,  CB  be  any  two  segments  ;  we  show  that 

Dist  (01  J3)  =  Dist  (ACT)  +  Dist 
This  is  a  generalization  of  117. 


We  begin  by  supposing  that  one  of  the  segments,  AC,  is  com 
mensurable,  while  the  other,  CB,  is  not.      Then  AB  is  not  com- 
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mensurable.  In  our  process  of  subdivision,  suppose  that  after  the 
mth  step,  B  falls  in  the  segment  Bm,  Sm'.  Then  A  O  and  CBm  are 
commensurable.  Hence,  by  117, 

Dist  (ASm)  =  Dist  (AC)  +  Dist((75m). 
In  the  limit,  we  get 

Dist  (AB)  =  Dist  (AC)  +  Dist  (CS). 

2.  We  pass  now  to  the  general  case. 
After  the  mth  subdivision, 


let  C  fall  between  Cm  and   Cmr.     Then  ACm  is  commensurable. 
Hence,  by  1, 

Dist  (AS)  =  Dist  (ACm)  +  Dist(CmS). 
Passing  to  the  limit,  we  have 

Dist  (AS)  =  Dist  (A  C)  +  Dist  (  OS). 

Correspondence  between  <ft  and  the  Points  of  a  Eight  Line 

123.  1.  On  the  indefinite  right  line  L  mark  a  point  0  as  origin. 
Let  P  be  any  point  on  L,  and  let 

X=Dist(0,  P). 

If  P  lies  to  the  right  of  (9,  we  associate  with  P  the  number  +  X  ; 
if  P  lies  to  the  left  of  0,  we  associate  with  it  —  X.  With  the 
origin  we  associate  the  number  0.  Thus  to  any  point  on  L 
corresponds  a  number  in  ffi,  and  to  different  points  correspond 
different  numbers. 

2.  We  ask  now  conversely  :  does  there  exist  for  each  X  in  $R, 
a  point  P  such  that 

X  =Dist(0,  P)? 

For  all  rational  numbers  this  is  true  by  virtue  of  the  axiom  of 
Archimedes,  113,  2. 

Whether  it  is  true  for  every  number  in  W,  cannot  be  demon 
strated.  We  therefore  assume  with  Dedekind  and  Cantor  that 
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there  shall  exist  one  and  only  one  point  P  which  shall  lie  to  the 
right  of  0,  if  \  >  0,  and  to  the  left  of  0,  if  X  <  0,  and  such  that 

|X|  =  Dist(<9,  P). 

This  we  shall  call  the  Cantor- Dedekind  axiom  or  the  axiom  of  con- 
tinuity  of  the  right  line.  As  we  proceed,  it  will  be  made  evident 
that  many  apparently  simple  geometric  ideas  are  extremely  subtle 
and  complex.  One  of  the  most  elusive  of  these  is  the  notion  of 
continuity.  To  say  the  right  line  is  continuous  because  it  has  no 
breaks  or  gaps,  is  simply  to  replace  one  undefined  word  by  another. 

3.  We  have  now  established  a  one  to  one  correspondence  between 
the  numbers  of  9?  and  the  points  on  L.  We  may  consider  the 
points  as  images  or  representations  of  these  numbers. 

124.  1.  The  correspondence  which  we  have   just  defined  is  a 
generalization  of  that  given  in  35  for  R.     The  considerations  of 
39,  43,  44  can  now  be  extended  to  SK  without  any  further  com 
ment.     The  graphical  interpretation  of  sequences  and  their  limits 
which  we  thus  obtain  will  illuminate  greatly  the  section  on  limits, 
97-111.     We  recommend  the  student  to  go  over  the  demonstra 
tions  which  we  gave  there,  employing  graphical  representations 
as  an  aid  to  the  reasoning.     Indeed,  some  of  the  theorems,  when 
interpreted  geometrically,  seem  almost  self-evident. 

2.  Consider,  for  example,  the  theorem  of  107. 

We  have  there  three  sequences,  A=  \an\,  B  =  f/3J,  C=  {7^}. 

The  relation 

an<0n<Vn 

states  that  the  point  /3n  lies  in  the  interval  In=  («„,  7n). 

Since  now  both  end  points  of  /„  converge  to  the  point  X, 
evidently  any  point  in  /„,  as  @n,  must  also  converge  to  the 
point  X. 

125.  As  another  example,  consider  the  theorem  of  109. 

To  fix  the  ideas,  let  A=  \ctn\  be  a  monotone  increasing  sequence. 
The  points  in  the  figure  represent  ctv  0%,  •••  We  have  drawn  a 
curve  through  them,  as  the  eye  seizes  more  easily  the  law  of 
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increase  or  decrease  of  a  sequence  when  such  a  curve  is  drawn. 
The  reader  will  observe  that  since  the  sequence  is  monotone,  this 
curve  can  have  segments  parallel  to  the  axis  X.  As  A  is  limited, 

all  the  points  of  A  lie  be- G 

tween  a  certain  line  6r, 
and  a  line  E  drawn 
through  the  first  point  «j 
of  the  sequence.  To  see 
now  that  A  must  have  a 
limit,  let  us  suppose  the 
line  G-  moved  parallel  to 
itself  toward  X.  Evi 
dently  there  is  a  line  F  below  which  G  cannot  move  without 
getting  below  points  of  A,  and  which  the  points  of  A  approach 
as  an  asymptote. 

If  X  is  the  distance  of  F  from  X,  evidently 

lim  an  —  \. 


FIG.  i. 


126.    As  a  final  example  of  the  helpfulness  of  graphical  repre 
sentation,  let  us  consider  the  theorem  of  111. 

The     two     cases    we 

j 

considered  there  are 
represented  in  Figs.  1 
and  2.  The  heavy 
curves  represent  the 
law  of  increase  and 
decrease  of  the  sequence 
A.  The  points  «j,  «2, 
•••  lie  on  these  curves, 
but  are  not  indicated. 
The  straight  lines  A 
represent  the  limit  a  of 
A.  The  light  curve 
in  Fig.  1  indicates  an 
increasing  sequence  which  one  could  pick  out  of  A. 

By  the  aid  of  such  a  representation  the  theorem  becomes  almost 
self-evident. 


FIG.  2. 
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127.   1.  Let  A=\an\,  5={&l,  C  =  \^n\. 

Let  A  be  monotone  increasing,  and  C  monotone  decreasing. 

Let 


and  lim  (7n  -«„)=().  (2 

Then  A,  B,  C  are  regular,  and  have  the  same  limit  X. 
Also 


Graphically,  the  theorem  is  obviously  true. 
The  points  «„,  yn  determine  a  set  of  intervals 

-£»  =  («»>    7n)> 

such  that  each  In  lies  in  the  preceding  !„_!,  and  hence  in  all  pre 
ceding  intervals. 

By  2)  the  lengths  of  these  intervals  converge  to  0.  Geometri 
cally,  it  is  evident  that  the  end  points  an,  jn  of  these  intervals  con 
verge  to  the  same  limiting  point  X,  and  that  any  sequence  of  points 
/8B,  where  @n  is  any  point  in  /„,  must  also  converge  to  X. 

Arithmetically,  the  demonstration  is  as  follows  : 

By  hypothesis, 


From  1), 
Hence,  by  4), 


=:l,  2, 


Thus  A  is  limited.     Similarly,  C  is  limited. 
Thus  A  and  0  are  regular,  by  109. 

Let 

lim  an  =  X. 

Then  2)  and  5)  give,  by  104,  1, 

lim  7n  =  X. 

Then,  by  107, 

lim  £  =  X. 
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2.  The  preceding  theorem  may  be  put  in  geometrical  language, 
and  gives  : 

Let  /„  =  («,„  7n)  be  a  sequence  of  intervals  n=  1,  2,  3,  ••-.  Let 
In  lie  in  /„_„  and  let  the  lengths  of  these  intervals  converge  to  0.  Let 
j3n  be  any  point  in  In  (including  end  points').  Then  the  sequence 
\@n\  is  regular,  and  all  such  sequences  have  the  same  limit  \.  The 
point  \  lies  in  every  I. 

3.  The  reader  should  avoid  the  following  error  : 
Let  \an\,  f  AJ  be  two  sequences,  such  that 


an-/J=0.  (6 

Then  lira  «n,  Km  /3n  exist  and  are  equal. 

That  this  conclusion  is  false  is  shown  by  the  following  example  : 


Here  neither  limit  exists,  although  6)  is  satisfied. 

Dedekind's  Partitions 

128.  We  proceed  now  to  establish  the  notion  of  partition,* 
introduced  by  Dedekind,  to  found  his  theory  of  irrational  numbers. 

Let  a  be  any  number  of  $1  ;  we  can  use  it  to  throw  all  numbers 
of  9?  into  two  classes  A,  B.  In  A  we  put  all  numbers  <  «  ;  in  B 
all  numbers  >«.  The  number  «  we  may  put  in  A  or  B.  This 
division  of  the  numbers  of  9?  into  two  classes  we  call  a  partition, 
and  say,  a  generates  a  partition  (A,  B}.  Geometrically,  the  point 
a  may  be  used  to  throw  all  points  of  a  right  line  into  two  classes. 
In  class  A  we  put  all  points  to  the  left  of  a  ;  in  B  all  points  to 
the  right  of  a.  The  point  a  we  put  in  either  A  or  B  at  pleasure. 

Example. 

Let  a  =  V2.     In  A  put  all  numbers  <  v/2  ;  in  B  put  the  numbers  ^  V2. 
This  partition  may  also  be  generated  as  follows  :  in  A  put  all  numbers  whose 
square  is  <  2  ;  in  B  all  numbers  whose  square  ^  2. 

*  The  German  term  is  Schnitt. 
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129.  1.  More  generally,  we  shall  say  that  any  separation  of  the 
numbers  of  9?  into  two  classes  A,  B,  such  that 

1°  Any  number  of  A  is  <  any  number  in  B, 
2°  Any  number  of  B  is  >  any  number  in  A, 
constitutes  a  partition  {A,  .5). 

2.  The  condition  2°  is  really  redundant,  as  it  follows  at  once 
from  1°. 

In  fact,  suppose  2°  did  not  follow  from  1°  ;  i.e.  suppose  there 
were  a  number  /3  in  B,  ^  some  number  «  in  A.  Then  there  is 
an  «  in  A  which  is  not  <  any  number  in  B,  for  «  is  not  <  /3. 
This  is  a  contradiction. 

3.  Two  partitions  (J.,  #)  and  (<7,  D)  are    the  same  or  egwaZ 
only  when  A  and  (7  contain  the  same  set  of  numbers;   or  only 
when  B  and  D  contain  the  same  numbers,  excepting  possibly  the 
end  numbers. 

130.  1.  We  consider  now  this  question  :  suppose  a  law  given 
which  throws  all  numbers  into  two  classes  A,  B,  such  that  every 
number  in  A  is  less  than  any  number  in  B,  and  every  number  in 
B  is  greater  than  any  number  in  A.     Is  there  a  number  X  in  ft 
which  will  generate  this  partition  (  A,  5)  ?     We  show  there  is. 

To  this  end  we  construct  two  sequences 

S=al,    «2,    «3,   ••• 
T  =  /3V  /32,  /33,  ••- 

S  being  monotone  increasing,  and    T  monotone  decreasing,   as 
follows  : 

Let  «!  be  any  number  at  pleasure  in  A,  and  /^  a  number  in  B. 

Their  arithmetic  mean 

lies  between  «r  @r 
If  it  lies  in  A,  we  set 


if  it  lies  in  5,  we  set 
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We  build  now  the  arithmetic  mean  of  «2,  /32,  and  reason  with 
this  as  before.  Continuing  this  process  indefinitely,  we  get  the 
sequences  S  and  T. 

By  127,  2,  the  sequences  S,  T  have  a  common  limit,  which  we 
call  \, 

Let  X  generate  the  partition  (^4/,  J9'). 

We  show  that  (A>  J0=(4,>  ^ 

by  showing  1°  that  every  number  in  A'  lies  in  A  ;  and  2°  that 
every  number  of  A  lies  in  A  . 

1°.  Let  a!  ^\  be  any  number  of  A'.  By  105,  2  there  are  an 
infinity  of  numbers  an  lying  between  «'  and  X.  But  an  is  in  A,  by 
hypothesis.  Hence  a'  <  an  is  in  -4. 

2°.  Let  «  be  any  number  of  A.  We  have  to  show  that  a^X. 
Suppose  the  contrary,  X  <  «. 

Then 

e  =  a  —  X>0. 

We  can  take  n  so  great  that 


On  the  other  hand,  by  supposition, 

«»  <  X  < 
Hence 

£»  -««>  «-*-=£, 
which  contradicts  1). 

2.   We  have  thus  this  theorem  : 

Every  partition  can  be  generated  by  a  number  in  1ft. 

131.  1.  A  partition  (J.,  jB)  cannot  be  generated  by  two  different 
numbers  X  and  /*. 

To  fix  the  ideas,  let  X  <  /-i. 

In  the  partition  (  C,  Z>)  generated  by  p,  C  contains  all  numbers 
<  /i.  It  therefore  contains  numbers  >  X,  and  hence  numbers  not 
in  A.  Hence  (^1,  1?),  (<7,  D)  are  different. 

2.  Since  each  number  generates  one  partition,  and  each  partition 
is  generated  by  one  number,  we  can  establish  a  uniform  or  one  to 
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one  correspondence  between  the  numbers  of  9?  and  the  aggregate 
of  all  possible  partitions. 

In  fact,  to  the  number  a  shall  correspond  the  partition  (A,  5), 
that  «  generates.  To  the  partition  (F,  6r)  shall  correspond  the 
number  X,  which  will  generate  (I7,  6r). 

Infinite  Limits 

132.  Let  A  =  ttp  «2,  •••  be  an  unlimited  sequence  [108,  2].  The 
following  cases  may  occur  : 

1°.  For  each  positive  number  6r,  arbitrarily  large,  there  exists  an 
m,  such  that  an  >  Cr,  for  every  n>m.  In  symbols 

6r  >  0,     m,     an  >  6r,     n  >  m. 

We  say  the  limit  of  A  is  plus  infinity  ;  and  write 

lira  an  =  +  oo  ,     lim  an  =  +  GO  ,     an  =  +  oo  . 

n=oo 

Such  sequences  are        100 

1,  z,  o,  • 

1!,  2!,  3!,  - 
2°.  For  each  negative  number  (7,  arbitrarily  large,  there  exists 


an  TW,  such  that  «„<  Gr,  for  every  w>m.     In  symbols 

6r  <  0,     wi,     «„  <  6r,     w  >  TW. 
We  say  the  limit  of  J.  is  minus  infinity  ;  and  write 

• 

lim  «re  =  —  GO,     lim  an  =  —  oo,     «„ 

n=« 

Such  a  sequence  is 

-10,     -100,      -1000,     ... 

In  both  these  cases,  we  say  the  limit  is  definitely  or  determinately 
infinite. 

3°.  The  elements  an  do  not  finally  all  have  one  sign,  but  still 

lim  |«n  =  +  oo. 

We  say  the  limit  of  A  is  indefinitely  or  indeterminately  infinite. 
Such  a  sequence  is 

1,     -2,     +3,     -4,     +5,     .» 
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133.  1.   Case  3  is  of  little  importance.     We  shall  therefore  in 
the  future,  when  using  the  terms  the  limit  is  infinite,  or  certain 
variables  become  .infinite,  always  mean  definitely  infinite,  unless  the 
contrary  is  expressly  stated. 

The  symbol  +  GO  is  frequently  written  without  the  +  sign. 

The  symbol  ±00  means  that  the  limit  is  either  +  GO  or  —  oo, 
and  one  does  not  care  to  specify  which. 

The  limits  defined  in  the  previous  sections  are  called,  in  contra 
distinction,  finite  limits. 

The  symbols  +00,  —GO  are  not  numbers;  i.e.  they  do  not  lie 
in  9?.  They  are  introduced  to  express  shortly  certain  modes  of 
variation  which  occur  constantly  in  our  reasonings. 

2.  Finally,  we  wish  to  state,  once  for  all,  that  the  terms,  the  limit 
exists,  the  limit  is  X,  etc.,  or  an  equation  as 

lim  an  =  X, 

always  refer  to  finite  limits,  unless  the  supplementary  phrase,  "finite 
or  infinite,'1''  is  inserted. 

134.  A  sequence  cannot  have  both  a  finite  and  an  infinite  limit. 
For,  if  A  =  \an\  has  a  finite  limit,  the  numbers  an  lie  between 

two  fixed  numbers,  by  105,  1.     It  is  thus   limited.     It  cannot 
therefore  have  an  infinite  limit. 

135.  Let  A  =  \an\,  and  let  B  be  any  partial  sequence  of  A.  m  If 

lim  an  =  ±  oo, 


A 


then  lim«n  =  ±oo. 

B 

The  demonstration  is  obvious. 

136.  If  the  limit  of  a  sequence  A=  \an\  is  indefinitely  infinite, 
its  positive  and  negative  terms  each  form  sequences  whose  limits  are 
respectively  +  GO  and  —  GO  . 

For,  let  B=  \fin\  be  the  sequence  formed  of  the  positive  terms 
of  A;  and  O  =  \<yn\  the  sequence  formed  of  the  negative  terms. 
By  hypothesis, 

G-  >  0,    m,     an  >  G-,    n^.  m. 
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But  then,  for  a  sufficiently  large  m', 

fin>  &   7n<-#»   n>m'. 
Hence 

lira  /8H  =  +  20,    lini  yn  =  —  oo. 

137.  .Let  lira  «„  =  «,    lira  &,  =  ±  <x>  ; 

.  lim  («ra  ±  &)  =  ±  ao,     lim  |*  =  0. 

P» 

2.  -//"«=£  0,  lim  «,,^B  =  ±  GOO 

3.  Ifaj-.Q,  —  >0,  awrf  lim^w  =  0; 

Pn 

then  lim^=+oo. 

Pn 

The  demonstration  is  obvious. 

138.  Let          nv    «2,    «8,    •••          /Sr    /82,    ^3,    — 

6e  f?^o  sequences. 

Let  £»>««•          w  =  l,  2,  ••• 

Jf  lim  «w=  +  oc, 

fAew  lim  /3,4=  +  oo. 

For,  by  hypothesis, 

6r  >  0,    ?>?,    an  >  Gr,    n>m, 

Since  fi,,  >  «„, 

we  have,  a  fortiori, 

Pn>G-' 

Hence 

lim  /3tt  =  +oo. 


139.    ie#  J.  =  «r  «9,  •••  be  a  monotone  increasing  sequence.     Let 


a  partial  sequence  of  A. 

If          lim«,i=+oo,  then  lim  «„  =  '+  ao. 

H  A 
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For,  by  hypothesis, 

Gr  >  0,    w,    a    >  6r.          n>m. 
But  since  A  is  monotone  increasing, 

ar  >  <V         r  >  lm- 
Hence  ar>  G-, 

and  lim  ar  =  +  GO  . 

140.   Let  mv  w2,  •••  be  a  sequence  of  integers  whose  limit  is  +  00. 

Then 

lim  a™n  =  0,  if  0  <  «<  1.  (1 

-V(r«-i  (2 

=  +co,  if  «>1.  (3 

For,  Ze£  «>1. 

We  set  1  ,  fi           s  ^  n 

a=  1  +  6.          o>0. 

Then,  by  94,  3),  (4 


We  apply  now  138. 
Since 


we  have,  from  4), 

lim  aK=  +00. 


We  set 


Then 
Also 


As  by  3),  .. 

lira  pmn  =  +  30, 

we  have,  by  137, 

hm  a™*  =  0, 

which  proves  1). 

The  truth  of  2)  is  obvious. 
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141.    We  consider  now  a  few  examples  involving  infinite  limits. 
Example  1.  .,       1  1 


Here  ,  . 

lim  an=  +  co. 

For,  let 

/i  =  2m  —  1.         m  =  l,  2,  -• 

Then 


+  ...+(_L.+...+__L_). 

Each  parenthesis  is  >-• 

For, 

1,1     1.1      1 


45678888     2 
Thus 


As  ,. 

lim  m  =  +  oo  , 


we  have,  by  138, 


lim  «  =  +  GO  . 


But  fa^}  is  a  partial  sequence  of  the  increasing  sequence  {«„} 
Hence,  by  139,  we  have  1). 

142.   Example  2. 


where  «=£(),  —  1,  —2,  —3,  ••• 

Then  r  ,-, 

lim  «,t  =  +QO.  (J 

iei  <x>  0. 

Then  there  is  a  positive  integer  m,  such  that 

w—  1 


90  IRRATIONAL   NUMBERS 

Then  1  x 

> 


a+p      m+p 
Hence 


But,  by  135,  141, 

Hence,  by  138, 

Let  «<0. 

Then  there  exists  a  positive  integer  m,  such  that 

0  <  a  +  m  <  1. 


Hence 


1  1  1  1 

"l" 


Then,  by  141  and  138, 

lira  7^  =  -f  3c . 

But  l7nl  is  a  partial  sequence  of  \un\.     Hence  we  have  again  1), 
by  139. 

143.   Example  3.  ,        .. 

^  =  /8(/8  +  l).'.(i8  +  »)' 
where  /S^O,  —  1,  —  2,  ••• 


1°.    «>/8,  yS>0.     Let  8  =  a-  /S. 

Then 

a  + 


0+m  fi+m 

Hence 


- 

=  I  +  7:  --         m  =  0,  1,  •••  n. 


/3A        /3+17      V     '  /8  +  n. 


by  90,  1.     Hence,  by  142, 

Lim  <?„==  +  ao. 


2°.    «>/3,  /3<0. 

If  a  is  a  negative  integer  or  0,  Qn  finally  becomes  and  remains  0. 
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Hence  lim  <?„  =  ().         «=0,  -1,  -2,  -. 

Otherwise,  let  the  positive  integer  m  be  taken  so  large  that 

/3  +  m  >  0. 
Then 

«(«  +  !)•••(«  +m  —  1)       («  +  m'--(a  +  n 


The  iirst  factor  R  is  a  constant.     In  Sn,  set 


As  a'  >  /Q'  >  0,  #„  falls  under  case  1°. 

Hence  ,.      ., 

lim  ^.  =  ±  QO, 

the  sign  being  that  of  R. 

3°.    «</3.     If  «  =  0,  -1,  -2,  -,  evidently  QH  =  0. 

Let 


«  not  zero  or  a 


«(«  +  !)•••(«  +  %)          negative  integer. 


Then  Pn  falls  under  cases  1°  or  2°. 
But  1 

<?.-4 

••  n 

Hence  lim       =  0. 


4°.    «  =  /3*=0,  -1,  -2,-.. 
Hence 


hm  QH  =  1. 


Different  Systems  for  Expressing  Numbers 

144.    1.   Let  a  be  a  positive  integer,  and  m  any  integer  >1. 
Then  we  can  give  a  the  form 

a  =  anm"  +  «/i_1m"~1  H  -----  h  «0,  (1 

where 

<wi-l,         /c  =  0,  1,  2,  ••• 


and  w  is  a  positive  integer. 
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The  number  m  is  called  the  base  of  the  system.  The  base 
being  given,  the  numbers  a0,  av  •••  an  completely  define  the 
number  a,  and  1)  may  be  written  more  shortly 

a  =  anan_1  —  aQ. 
When  w  =  10,  we  have  the  decimal  system.      For  example,  we 

3-104  +  1.10'+7.  102  +  7-10  +  9 
more  shortly 


When  m  is  used  as  base,  the  numbers  a  are  said  to  be  expressed 
in  an  m-adic  system. 

2.  Let  0  <  «<  1.  With  a  is  associated  a  point  on  a  right  line  L, 
whose  distance  from  the  origin  of  reference  is  «.  To  measure  this 
distance,  let  us  divide  the  unit  interval  into  m  equal  parts,  each  of 
these  parts  into  m  equal  parts,  and  so  on.  Then,  as  shown  in 
118,  120, 

•  -III,  lv  ?8,  •••?,  (2 

where 


m 

m2      m 
L  = 


m     nr     m 


i 

3 


The  numbers  lv  lv  •-•  are  completely  determined  when  the  num 
bers  av  av  •••  are  given.  Thus  «  is  determined  when  these  latter 
numbers  are  given,  and  instead  of  representing  a  by  the  system 
of  equations  2),  3),  we  may  employ  the  shorter  notation 


«= 


For  example,  let  a  =  1  and  m  =  10. 

Here 

aj=d,  a2  =  3,  «3=3,  ••• 

J..8888... 

which  is  the  familiar  decimal  representation  of 
If  we  take  m  =  5,  we  get  the  representation 


».  1818181 
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3.  Thus  every  positive  number  can  be  written  in  the  form 

where  the  a's  and  6's  are  ^  0  and  ^  m  —  1. 

4.  Certain  numbers  admit  a  double  representation,  in  an  w-adic 
system ;  viz.  those  numbers  in  which  the  6's,  after  a  certain  stage, 
all  equal  0  or  all  equal  m  -  1.     In  this  case  we  have 


For  example,  when  m  =  10, 

23.5650000  - 
and  23.5649999  ... 

represent  the  same  number.     In  the  future  we  shall  suppose  that 
all  such  numbers  are  represented  by  the  form  4),  which  we  shall 
call  the  normal  form. 
5.  Numbers  of  the  type 


all  digits  after  bv  being  0,  are  usually  written  more  shortly,  by 
omitting  these  zeros.  Such  numbers  are  said  to  admit  a  finite 
representation. 

145.  The  expression  of  a  positive  number  N  in  normal  form  in  an 
m-adic  system  is  unique. 

1°.  Let  Nbe  an  integer.     We  show  first  that 

mn>a()  +  alm+---  +  an_lmn-1.  (1 

This  is  obviously  true  for  w=  1.  We  apply  now  the  method 
of  complete  induction.  Supposing  1)  is  true  for  n  =  *,  we  show  it 
is  true  for  n  =  s  +  1.  Let,  then, 


m 
Then,  since  both  numbers  on  the  left  and  right  are  integers, 

ms  -  O0  +  alm+---+  a.-X"1)  ^  1- 
Hence 
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Subtracting  an  integer  b  =  0,  1,  ...  m  -  1,  from  both  sides, 

ms+l  -  (b  +  aQm  +  a^i2  -\  -----  1-  a.^m')  >  0. 
Hence,  changing  the  notation  slightly, 

ms+l  >  a0'  +  a/w  -f  -----  h  a;V,  (2 

if  the  a'  are  ^ra  —  1. 
This  established,  let 

M  =  aQ  +  a^m  +  a2w2  -\  -----  \-  armr, 


where  ar  ^  0,  bs^0. 

Then  1)  shows  that  if  r>s,  then 

Hence,  if  Mis  to  equal  jV",  it  is  necessary  that  r  =  s. 

ltr  =  s,  then  1)  shows  that  M^N,  according  as  ar>br.  Thus, 
if  M  =  N,  it  is  necessary  that  a,.  =  br.  In  this  way  we  may  con 
tinue,  and  so  show  that  when  M  =  JV, 

aK  =  5K,     /c=  0,  1,  ...  r. 

° 


Suppose 


where  ar  ^  br.     To  fix  the  ideas,  let  ar  >  br.     Then 
For, 


Since  P  is  written  in  the  normal  form,  there  exists  an 

such  that 

os<  m  —  1. 

Then 


But  since  ar  >  5r,  J^  >  p 

Hence  N1  +  N3>Nl  +  P2, 

and  a  fortiori, 


CHAPTER   III 
EXPONENTIALS   AND  LOGARITHMS 

Rational  Exponents 

146.  Having  developed  now  the  number  system  $  with  suffi 
cient  detail,  we  shall  in  this  and  the  subsequent  chapters  represent 
numbers  in  ft  indifferently  by  Greek  and  Latin  letters. 

147.  Up  to  the  present  we  have  defined  the  symbol 


only  for  positive  integral  values  of  the  exponent  p.  We  proceed 
to  define  it  for  any  value  of  /a,  supposing  a  >  0.  We  begin  with 
rational  values.  The  numbers  1)  are  then  called  roots  or  radicals. 

148.  1.  Let  a>0,  and  let  n  be  a  positive  integer.  There  exists 
one  and  only  one  positive  number  satisfying 

xn  =  a.  (1 

Let  (5,  (7)  be  a  partition  such  that  B  contains  all  positive 
numbers  b  such  that  bn  <  a. 

Let  p  be  the  number  which  generates  (#,  (7),  130,  2.  By  130, 
1,  we  can  pick  out  of  B  a  monotone  increasing  sequence  \bm\  and 
out  of  0  a  monotone  decreasing  sequence  \cm\  such  that 

lim  bm  =  lira  cm  =  p. 

As  6»  <  «  <  C* 

we  have,  by  106,  2, 

lim  6",  =  a. 

m=ao 

95 
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As,  by  98, 

lima»=p", 

Wl=«> 

we  nave 

pn  =  a.  (2 

Hence  p  satisfies  1). 

There  is  but  one  positive  solution  of  1).     For  if 

crn  =  a,  (3 

we  have,  from  2),  3), 

Pn  =  (Tn. 

Hence,  by  75,  3, 

p  =  cr. 

2.  We  write  l 

p  =  ^a  =  an- 

3.  When  n  is  odd,  1)  has  only  one  solution  in  ft,  viz.,  x  =  ^a. 
When  n  is  even,  it  has  two  and  only  two  solutions  in  $ft,  viz., 


149.  1.  From  the  preceding  we  have  readily  : 

Let  a  <  0.      Then 

xn  =  a 

has  no  solution  if  n  is  even,  and  if  n  is  odd,  it  has  one  and  only  one 
solution,  viz.,  —  3/—a. 

For  brevity  we  often  write,  when  n  is  odd  and  a  <  0, 

^/a     for     —  -\/—  a. 

When,  however,  a  >  0  the  radical  Va  shall  always  be  a  positive 
number. 

2.    The  equation  xn  =  0   admit*  one  and  only  one  solution,  viz., 
x  =  0,  in  9?.      We  write  1 

VO  =  0»  =  0. 

150.  1.  Ifm,nare  positive  integers,  and  a>0,  then 


Set  i 

p  —  a" 
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Then  p«  =  a, 

and  i 

p™  =  (a")"1 ;  (2 

also  m  _    nm  _(  m^n  so 

The  equation  3)  shows  that  pm  is  the  positive  solution  of 

xn  _  amf 

Hence,  by  definition,  i 

p>»  =  (amy>.  (4 

Comparing  2)  and  4),  we  have  1). 
2.  We  write  i 


We  have  now  the  definition  of 

a*4,         a  >  0 
for  positive  rational  exponents. 

151.    Let  /i,  be  a  positive  rational  number.     We  define  the  symbol 
a"*  by  the  relation  .. 


We  also  set  n     ., 

au  =  1. 


152.    Let  r,  s  be  rational  numbers,  and  a  >  0.      Then 


aras  =  ar+s. 


(1 

This  equation  expresses  the  addition  theorem  for  rational  ex 
ponents.     It  is  a  generalization  of  74,  2. 
To  fix  the  ideas,  suppose  r,  s>0.     Let 


_  _m 

r  —  — ,      s  —     , 
n  n 


where  I,  m,  n  are  positive  integers. 

P  =  ar;    then  p»  =  a'.  (2 

Let  o-  =  a*;    then  a»  =  am.  (3 
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Multiplying  2),  3),  we  get 

O<r)"  =  al+m. 
This  shows  that  p  •  cr  is  the  positive  root  of 

xn  _  al+mt 

Hence  i+m 

pa  =  a  "  . 
But  2),  3)  also  give 

pa-  =  aras. 

Comparing  4),  5),  we  get  1),  since 

l  +  m 

,  _     -     /¥.         I          O 

-    /    -|-   S. 

M 

153.    Let  n  be  a  rational  number,  and  a  >  0. 
Thm 


771 

For  let  fj,  =  —  >  0  ;  TW,  n  positive  integers. 

IV 

148,  i 

a"  >  0. 

11         i 
a"  —  an  •  a"  •••  a"  >  0.     m  factors. 

//><0,  let  /*  =  -»;,  v>Q. 

Then  i 

a^  =  i, 
av 
and  as  a"  >  0,  so  is  a*  >  0. 

If  /A  =  0,  we  have  aM  =  1,  by  151. 

154.    Let  jj.  be  a  positive  fraction  and  a>0.      Then 
a*  =  1  according  as  a  -=  1. 

77i 

Let  /*  =  —  ;  w,  w  positive  integers. 

i 

If  a  >  1,  then  a"  >  1. 
For,  suppose  the  contrary,  i.e.  let 

i 
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Raising  to  the  nth  powers,  by  75,  2, 

a<l, 

which  is  a  contradiction.     Hence 

i 
If  a>l,  a">l. 

m 

Hence  an  >  1,  by  75,  2. 

The  other  cases  are  similarly  treated. 

i_ 
155.    Let  n  be  a  positive  integer  and  a  >  0.      Then  an  =  a  according 

as  a  =  \. 

Let  a  <  1  and  suppose  i 

an^a. 
Then,  by  75,  2, 

a  ^  a".  (1 

But  when  a  <  1, 

an<a, 

by  75,  4.     This  contradicts  1). 
i_ 

Thus,  when  a<l,  ara>a. 

The  other  cases  are  easily  treated  now. 


156.    1.  ie£  a>0  and  let  p  be  a  positive  fraction.     If 

a*  >  b  >  0, 

then  - 


For,  let  fji  =  —  ;  m,  n  positive  integers. 
n 

From  m 

an  >b 
follows,  by  75,  2, 

am  >  bm.  (2 

Suppose  now  1)  were  not  true,  i.e.  suppose 


Then 
which  contradicts  2). 


100  EXPONENTIALS  AND  LOGARITHMS 

2.  Let  a  >  0  and  let  p  be  a  negative  fraction. 
If 


i 

then  a<b".  (3 

We  can  set  n  =  —  v,  v  >  0. 

Then  1 

a"  =  —  • 
a" 
This  reduces  2  to  1. 

157.  Let  //.  <  v  be  two  rational  numbers  ;  let  a  >  0. 

Then 

a^a"  according  as  a^l.  (1 

We  can  set 

r          s 

"=?•'-? 

where  r,  s,  f  are  integers  and  t  >  0. 

To  fix  the  ideas,  let  a  >  1,  and  /u,  z/  >  0. 
Suppose  for  this  case,  1)  were  not  true,  i.e.  that 

a*  ^  a". 
Then 

ar  ^  a',  by  75,  2, 
which  is  absurd,  since  r<  s. 

Thus  1)  is  true  for  this  case.     In  the  same  way  we  may  treat  the 
other  case. 

158.  Let  [Jibe  a  rational  number,  and  let  an  >  0,  n  =  1,  2,  ••-. 

If  lim  an  =  1,  (1 

then  lim  <  =  1.  (2 

To  fix  the  ideas,  let 

r 

/*  =  -  ;  r,  s  positive  integers. 
s 

I 

If  «„<!,     «B<an'<l; 

i 

if  «„>!,      1  <«/<«„, 

i 
by  154,  155.     Thus  in  either  case  ara*  lies  between  1  and  an.     Ap 

plying  107,  we  have,  using  1), 

i 

lim  a  *  =  1. 
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Since  r         i     i         i 

an*=ans  ans  •••«„*,         r  factors. 
we  have,  by  98, 

lim  ans  =  lim  a£  =  1. 
The  other  cases  are  now  easily  treated. 

159.   Let  n  be  a  rational  number;  let 

lim  an  =  cc  >  0,         an  >  0. 

T/*ew  ,  .  /-i 

lim  a£  =  o^.  C1 

For, 

(2 


But,  by  hypothesis, 

=l,          by  98. 


If  we  apply  now  158  to  2),  we  get  1). 

Irrational  Exponents 

160.    Let  R  =  rv  rv  -"be  a  sequence  of  rational  numbers  whose 
limit  is  0.      Then,  if  a  >  0, 

limar»  =  l.  (1 

We  show: 


(2 

which  is  the  same  as  1). 

Let  a  >  1,  rn  >  0  ;  then,  by  154, 


Since  rn  >  0  and  as  small  as  we  please,  n  being  sufficiently  large, 
we  can  take  m  so  large  that 

->ff,         n>m, 

Tn 

however  large  the  positive  integer  g  be  chosen. 
But,  by  94,  3), 
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We  can  also  take  g  so  large  that 


Then 

(l+e)">a.  (3 

On  the  other  hand,  by  157, 

j^ 

(1  +  e)  "»>(!  +  €)*.  (4 

Hence  3)  and  4)  give 

j_ 

(l  +  e)r">a.         n>m. 

This  gives,  by  156,  1), 

1  +  e  >  arn. 

Hence  2)  holds  in  this  case. 
Let  a  <  1,  rn  >  0.     We  set 

.    «  =  £; 

then 

6>1. 

By  the  preceding  case 

brn  <  1  +  e. 
Hence 


J'»      1  +  e 
by  89,  1).     This  gives 

1  -  ar«  <  e. 

Hence  2)  holds  in  this  case. 

Let  rn  <  0.     This  case  reduces  to  the  case  that  rn  >  0,  by  observ 
ing  that 


We  consider  now  the  case  that  the  rn  do  not  all  have  one  sign. 
We  divide  R  into  three  sequences,  R0,  R+,  R_.  In  the  first,  we 
throw  all  rn=  0;  in  the  second  all  rra>0;  in  the  third  all  rn<0. 
Should  any  of  these  sequences  contain  only  a  finite  number  of 
elements,  it  can  be  neglected.  For  we  have  only  to  consider  a 
partial  sequence  of  E,  obtained  by  omitting  the  terms  of  R  up  to 
a  certain  one. 
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Consider  .72+.  We  have  seen  there  exists  in  it  an  index  m'  such 
that  2)  holds  for  every  n  >  m'  . 

Similarly  in  R_,  there  exists  an  index  m"  such  that  2)  holds 
for  every  n>m"  . 

Consider  finally  EQ.     As  rn  =  0,  2)  holds  for  every  n  of  R^. 

Thus  if  m  be  taken  >m',  w",  2)  holds  for  every  n>m  in  R. 

161.    Let  A  =  ar  a2,  •••  be  a  regular  sequence  of  rational  numbers, 

and  let  b  >  0.      Then 

&"«,  ba*,  •••  (1 

is  regular. 

We  have  to  show  : 

€>0,  m,   \ban-bam  <e,         n>m.  (2 

Set 

rfn=  &"«  -  6«»  =  6«»(ft«»-«»  _1).  (3 

Since  .A  is  regular,  we  have 

8  >  0,  m,    an  —  awl  <  B.        n>m. 

But  if  B  is  taken  small  enough,  by  160, 

(4 


where  77  >  0  is  arbitrarily  small. 

Since  A  is  regular,  there  exist,  by  65,  5,  two  rational  numbers, 

0,  R.  such  that  ,c 

Q<an<R.         n=l,  2,  ...  (5 

Then  3)  gives,  by  4)  and  5), 

|dw  <bsr,,  if  ft>l; 

(6 

<^T;,   if  ft<l,   by  157. 

If  6  >  1,  we  take  77  =  7^  ; 

6 

if  6  <  1,  we  take  r;  =  —  . 

Then  in  either  case  2)  holds. 

The  case  that  b  =  1  requires  no  demonstration. 
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162.  Let  av   «2,  ...   and  av  «2,  ...  be  two  sequences  of  rational 
numbers  having  the  same  limit.      Then,  if  b  >  0, 

lim  ban  =  lim  ban.  n 

By  161,  both  limits  in  1)  exist. 

Let  dn  =  ba*  —  ba«  =  ba*(l  -  £«»-«*).  (2 

We  have  only  to  show  that 

lim<=0.  (3 

But 

lim  (an  —  «„)  =  0. 
Hence,  by  160, 

lim  (1  —  6a«-«n)  =  0.  (4 

Hence,  2),  4)  give  3). 

163.  We  are  now  in  the  position  to  define  irrational  exponents 
Let 

p~<rii  rv  •••) 

be  a  representation  of  /u.     We  say 

a*  =  lim  arn.  n 

By  161,  the  limit  on  the  right  of  1)  exists ;  by  162,  it  is  the 
same  whatever  representation  of  /-t  is  taken. 

164.  1.  Let  rv  r2,  •••  be  a  sequence  of  rational  numbers  having  a 
rational  limit  r.      Then,  if  b  >  0, 

lim  brn  =  br.  n 

In  fact,  the  sequence 

r'v  r'v  r'3,   •••;         r'n  =  r,         n=l,  2,  ... 

has  r  as  limit. 

By  162, 

lim  brn  =  lim  brn  ,<* 

But 

lim  brn  =  Km  br  =  br. 
This  in  2)  gives  1). 

2.  The  object  of  1  is  to  show  that  the  definition  of  a"  given  in 
163  does  not  conflict  with  that  given  in  150,  151,  in  case  ^  is 
rational. 
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165.   1.    Let  p  be   an  arbitrary  number,   and  r,  «,  two  rational 
numbers,  such  that  r<p<s.      Then  for  b  >  0, 

br  ^  b*  ^  b*,  according  as  b  ^  1.  (1 

For,  let 

/i  =  (Wlj,  W12,   •••)> 

the  w's  being  rational. 

Then,  by  105,  1, 

r  <  mn  <  s.         n>v. 
Hence,  by  157, 

br  <  bmn  <bs,     if     b  >  1. 

Then  passing  to  the  limit,  by  106,  1, 

br<b»<  bs.  (2 

Here   the  equality  sign   must   be   suppressed.     For,  let  r'  be 
another  rational  number  such  that 


r<r' 
Then,  as  in  2), 

br  <  b».  (3 

But 

br  <  br\  (4 

by  157.     From  3),  4)  we  have 

br  <  P. 

Thus  the  equality  sign  in  2)  must  be  suppressed. 

The  truth  of  1),  when  b  <  1,  follows  in  a  similar  manner. 

2.  As  a  corollary  of  1,  we  have  : 
Let  a  >  0  ;  then  a*  vanishes  for  no  value  of  p. 
In  fact,  the  relation  1  shows  that  a*  always  lies  between  two 
positive  numbers,  by  153, 

166.  1.  The  properties  given  in  the  preceding  articles  for 
rational  exponents  hold  for  irrational  exponents  also.  We  illus 
trate  the  demonstration  in  a  few  cases. 

Let  \  <  p,  and  b>0.      Then 

b^  ^  6^,  according  as  b  ^  1  .  (1 
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To  fix  the  ideas,  suppose  b>l.     Let  r  be  a  rational  number, 
such  that 

Then,  by  165, 
Hence 


2.   As  corollary  we  have  : 
If  b  >  1,  we  conclude  from 


> 

whereas,  if  0  <  b  <  1,  we  conclude  that 

,.  < 

> 

3.  In  1)  let  X  =  0.     Since 

we  have : 

/*  >  0,  and  b  >  0  ; 


^  =  1,  according  as  b  =  1. 


167.  J-.- 

oa 
For,  let 

«=(«i«2  •••)• 
Ihen 

-«  =  (_ai,  _«2,  ...),  by  71,  3. 
Since,  by  151, 

6-».  =  l, 

6«» 

we  have 

b-a  =  lim  6-«»  =  —  -  _  =  — 
lim  J«»      6«' 

since  5«=^0,  by  165,  2. 
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168.   If  a>0, 


This  is  the  addition  theorem  for  any  exponents,  and  is  a  generali 
zation  of  152. 

Let 

X  =  lim  XM,  /A  =  lim  /XM. 

Then 

a*  =  lim  aA",  a^  =  lim  a*n. 
Hence 

«*<#*  =  lim  aAn  lim  #>*"  =  lim  aAw 

=  lim  aA»+'t»,  by  152, 


169.    Let  \r  X2,  •••  6e  a  sequence  whose  limit  is  + 

/a>0, 

+  GO,  zj  a>l, 


lim  aA«  =  -i         A     .  x. 

0,  if  a<  1. 

For,  Ze^  a>l. 

Let  Zn  be  the  greatest  integer  in  Xw. 

Since  limXra=  +  co,         lim  ?„  =  +«. 

Then,  by  140, 

lim  al>i  =  +  oo. 
As 

axn  >  a?», 

lim  axn  =  +  GO, 
by  138. 

Let  a<  1. 

Set  J  =  i.          Then  5>1. 

a  • 

The  demonstration  follows  now  at  once. 

170.    Let  av  a2,  •••  be  a  sequence  of  positive  numbers  whose  limit 
is  1. 

Then 

lim  «A  =  1. 
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Let  r,  s  be  rational  numbers,  such  that 

r<\<s. 
Then,  by  166,  1, 

<<«»*<«»',        «„>!;  (1 

«»'  <  a»A  <  «»r,         aB  <  1.  (2 

Let  us  apply  now  107.     Since,  by  158, 

lim  anr  =  lim  an*  =  1, 
we  have,  from  1),  2), 

lim  «A  =  1. 


171.    Ze*  ax,  aa,  •••  be  a  sequence  of  positive  numbers  whose  limit 
is  a  >  0.     Then 

lim  awA  =  «\  /-j 

For'  A/«»Y 

s     "A    )•  (2 

Since,  by  170,  V' 


/-/ 

1)  follows  from  2)  at  once. 

172.    ie£  Xr  X2,  ...  le  a  sequence  whose  limit  is  \.     If  a  >  0, 

lim  a^n.  =  a\  /  1 

For,  let 

ri»   r2'    "••>         *i,   *2'    '" 

be  two  sequences  of  rational  numbers  whose  limits  are  X,  and  such 
that 

r»  <*•»<*„,        w  =  l,  2,  ... 
To  fix  the  ideas,  let  a  >  1  ;  then,  by  166, 

drn  <  a*n  <  as».  (c> 

By  162, 

lim  arn  =  lim  a*™. 

The  application  of  107  to  2)  gives  1). 
The  case  that  a  ^  1  is  now  readily  treated. 
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Logarithms 


173.    Let  a,  b  >  0,  and  6  =£  1.      2%e  equation 


7ias  owe,  and  0wZ#  owe,  solution. 

To  fix  the  ideas,  let  b  >  1.    We  form  a  partition  ((7,  Z>)  in  which 
(7  contains  all  numbers  c,  such  that 


while  Z>  contains  all  numbers  c?,  such  that 


This  separation  of  the  numbers  of  $R  into  the  classes  (7,  D  is 
indeed  a  partition.    For  every  number  of  C  is  <  any  number  of  D. 
In  fact,  from  ^c     jd 

follows,  by  166,  2,  c<^ 

Let  |  be  the  number  which  generates  ((7,  D)  ;  let 


be  the  monotone  sequences  of  130,  whose  common  limit  is  |. 

Then                                        6*=  a.  (2 

For,  by  171,                    lim  ^  =  Km  6rf»  =  ^.  '(3 

On  the  other  hand,           ^  <  ^  <  ^  (4 

From  3),  4)  we  have,  by  106,  2, 

lira  bcn  =  a.  (5 

From  3),  5)  we  have  2). 

The  equation  2)  shows  that  £  is  a  solution  1).      Let  T;  be  also  a 
solution,  so  that  .   _  /-g 

From  2),  6)  we  have 

&*-*», 
Hence,  from  166,  2, 

f-f- 
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174.    1.   As  we  have  just  seen,  the  equation 

IF  =  a,         a  >  0  ;         b  >  0  and  *  1, 

admits  one,  and  only  one,  solution.      This  uniquely  determined 
number  £,  we  call  the  logarithm  of  a,  the  base  being  b;  and  write 

£  =  Iog6  a, 
or  when  we  do  not  care  to  indicate  the  base, 

£  =  log  a. 

2.  We  shall  suppose,  once  for  all,  that  the  base  b  is  &  1  ;  also 
that  the  numbers  whose  logarithms  we  are  considering  are  >  0. 

3.  From 

log  u  =  log  v, 
follow* 

u  =  v. 
The  demonstration  is  obvious. 

175.  log  #6  =  log  a  +  log  b. 

This  is  the  addition  theorem  of  logarithms. 
Let  the  base  be  c.     If 

«  =  loga,    £=log&, 
then 


=  a     c*3  = 


Multiplying,  we  have 

From  the  equation 

c*+0  =  ab, 
we  have 

log  a£  =  a  +  /3  =  log  a  +  log  5. 

176.  By  using  the  properties  of  exponentials  we  may  deduce  in 
a  similar  manner  all  the  ordinary  properties  of  logarithms.  As 
this  presents  nothing  of  interest,  we  pass  on.  We  note,  however, 
the  following  important  relation. 

Let  a  >  0,  and  b  be  the  base  of  our  logarithms.      Then 
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For,  by  definition,  £iog^_a,i.  (2 

But  log  a*  =  fi  log  a. 

This  in  2)  gives  1). 

177.    Let  av  a2,  •••  be  a  sequence  whose  limit  is  1.      2%ew 

lira  log  aw  =  0.  (1 

To  fix  the  ideas,  let  6,  the  base  of  our  logarithms,  be  >1. 

Let  e  >  0,  then,  by  166,  3, 

6€>1.  .  (/ 

Hence  -i 

g  =  l_l>0.  (3 

b£ 

Since  lima,  =  l, 

we  have  g>0>   ^    4-|<^-l<*   ^>m; 

which  gives  !-§<«„<  1  +  8.  (4 

From  3)  we  have  -. 

l-8  =  i- 
6e 

This  in  4)  gives  -• 

^>p-  <5 

On  the  other  hand, 


by  3),  2). 

This  gives  l  +  8<6«.  (6 

Then  6)  and  4)  give  ^<6^  (7 

From  5),  7)  we  have  finally 

b~f<an<b<. 

This  may  be  written,  by  176,  1), 


Hence,  by  166,  2, 

—  e  <  log  an  <  e,         w  >  w, 

which  is  another  form  of  1). 
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178.   Let  lim  an  =  a  >  0.      Then 

lim  log  an  =  log «.          a  >  Q.  n 

For, 

Hence 

I0g#re  =  loga  +  log^.  /2 

As 


we  need  only  to  apply  177  to  2)  to  get  1). 

179.    Let  a^2  —  be  a  sequence  whose  limit  is  +  oo  .      Then 


0    if  b  < 
Letb>l.     Let  mn  be  an  integer,  such  that 

bmn  <an<  bmn+l. 
Then,  by  176, 

But  !<*«.>«,, 

lim  mn  =  4-  oo, 

since  lima,  =  +  oo. 

Hence,  by  138,  using  1), 

lim  log  an  =  +  oo. 
The  case  that  b  <  1  follows  at  once  now. 


Some  Theorems  on  Limits 

180.  Let  A  =  av  a2,  ...  be  any  sequence,  such  however  that  its  limit 
is  ±00  when  it  is  not  limited;  let  B=lv  ^...fo  an  increasing 
sequence  whose  limit  is  +  oo.  If 


n 

.-.  H-I-fl. 

^  or  infinite,  then 

limr  =  ^  (2 

t>  v 
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Proof.    1°.   I  finite. 
Set 


ll~~     I  7         '  ¥«,P~7  7        • 

°n+l  ~~  °n  °n+p  ~~  °n 

From  1)  we  have  : 

8>0,     m,     \l  —  qn<8,     n^.m. 
Hence 

l-B<qm 


To  these  inequalities  apply  93,  setting  the  y's  equal  1.     Then 


or 

qm,p-S<l<qm,P  +  &-  (3 

If  A  is  limited; 


since,  by  hypothesis,  bn  =  +QO. 

In  3,  pass  to  the  limit  p  —  GO  ;  we  get 


Hence 

But  on  the  supposition  that  A  is  limited, 

lim  ^  =  0. 
Thus  2)  holds  in  this  case. 

If  A  is  not  limited  ; 
S  >  0  being  small  at  pleasure,  and  m  fixed,  we  have,  by  92, 

1       *>m 

(4 
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Now  ^  p  = J ^4.  (5 

Also,  by  3), 

From  5)  we  get,  using  4),  6), 


Hence 
and 


7         <*r, 

V     ~~*       . 


7)  gives  2). 

2°.  I  infinite.     To  fix  the  ideas,  suppose  I  =  +  oo. 
Then 

#>0,  M,  #„>#.         n>m. 
Hence 

Applying  93,  we  get 

qm,P>9-        p  =  l,2,  •-• 
This  shows  that 

lim  an  =  +  ao . 
Then  5)  shows  that,  taking  77  such  that  0  <  77  <  1, 

by  92.     Hence 

CL~, ,  n  n 

*~m+p */ m,  p     ^^        .V 

A  i    T     r  -^  i    I 


(6 


),  (7 

supposing  S<1. 

If  now  we  take 
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If  we  take 


where  (r  is  arbitrarily  large,  we  have 

%*>&.          n>m+p, 
°n 

This  proves  2)  for  this  case. 

181.    Let  av  a2,  •••  be  a  sequence  whose  limit,  finite  or  infinite,  is 
«.     Then 


Let 

A*  =  «!  +  •••  +  an. 
Then 


«   -W-O-1) 

Hence,  by  180, 

lim  ^5=  a. 
n 

182.   £e£  av  «2,  •••  fo  a  sequence  whose  terms  are  positive,  and 
whose  limit,  finite  or  infinite,  is  a  >  0. 
Then  n  _ 

lim  •\/a1a2  •  •  •  an  =  a.  (1 

1°.  a  finite.     Consider  the  auxiliary  sequence 

™  •••;  base>l. 


By  178, 

lim  log  an  =  log  a.  (2 

By  181  and  2), 

lim  _  (log  ^H  -----  h  log  aw)  =  log  a.  (3 

But 

-  (log  «!+•••+  log  «„)  =  Iog-v/a1a2  •  •  •  an.  (4 

/i 

From  3),  4)  we  have  1). 

2°.  a  infinite.     To  fix  the  ideas,  let  a  =  +  oo. 

%1T9, 

lim  log  an  =  +  oo. 


> 


116  EXPONENTIALS  AND  LOGARITHMS 

By  181, 

Thus 


n  __ 
lim  logv'a^  •  •  •  an  =  a  =  -f-  oo. 

lim  \/a1---an  =  +  oo. 


Hence  1)  is  true  in  this  case. 

183.    Let  «j,  a2,  •  ••  be  a  sequence  of  positive  numbers. 
Let 


Then 
For, 


lim  —2-  =  a  ^  0  ;   finite  or  infinite. 

an-l 

lim  -vXJ"  =  «. 


Apply  now  182. 


184.    Ze£  ffj,  «2,  •-.  6e  «  sequence  whose  limit  is  0. 

j,  J2,  ...  be  a  decreasing  sequence  whose  limit  is  0. 


Let 


km  j~ j~  =  I ;  finite  or  infinite. 

°n  ~  vn-l 


1°.  I  finite.     As  in  180,  we  have 

m.         ~    dm 


e>0,  wi;, 
Since  by  92, 

we  have 


-I 


l+p 


am        am+p 


Adding  2),  3),  we  get 

am 


m>mf. 


(1 


~;  p  —  1,  2,  ».         m>mr.        (2 


(3 
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2°.  I  infinite.     Let  I  =  +  oo. 
Then 


m  rn+p 

But  for  sufficiently  large  p, 

?m,p  =  7*  + 

®m 

Hence 


Hence 

m>m'. 


and  ^r  is  large  at  pleasure,  since  6r  is. 

185.  EXAMPLES 

l  lim  logra  _  0 

n=«       ^ 

For, 

logn  -los(n  -  1)  _  ]o 
' 


n  —  (»  —  1)  '°  n  —  1 


For, 


3. 

For, 


— (w  — 1) 


n 


4.  m  -vn    =  + 

n=oo 


n-1 

lim 
For, 

tt-1! 


=  1. 


CHAPTER   IV 

THE  ELEMENTARY  FUNCTIONS.     NOTION  OF  A  FUNCTION 
IN  GENERAL 

FUNCTIONS  OF  ONE  VARIABLE 

Definitions 

186.  The  functions  of  elementary  mathematics  are  the  following : 
Integral  rational  functions.  Exponential  functions. 
Rational  functions.                            Inverse  circular  functions. 
Algebraic  functions.  Logarithmic  functions. 
Circular  functions. 

The  reader  is  already  familiar  with  the  simpler  properties  of 
these  functions,  which  we  may  call  the  elementary  functions.  We 
wish,  however,  to  restate  some  of  them  for  the  sake  of  clearness. 

187.  In  applied  mathematics  we  deal  with  a  great  variety  of 
quantities,  as  length,  area,  mass,  time,  energy,  electromotive  force, 
entropy,  etc.     In  a  given  problem  some  of  these  quantities  vary, 
others  are  fixed  or  constant. 

The  measures  of  these  quantities  are  numbers. 

In  certain  parts  of  pure  mathematics  we  study  the  relations 
between  certain  sets  of  numbers  without  reference  to  any  physical 
or  geometrical  quantities  they  may  measure.  In  either  case  we 
find  it  convenient  to  employ  certain  letters  or  symbols  to  which 
we  assign  one  or  more  numbers,  or  as  we  say,  numerical  values. 

A  symbol  which  has  only  one  value  in  a  given  problem  is  a 
constant. 

A  symbol  which  takes  on  more  than  one  value,  in  general  an 
infinity  of  values,  is  a  variable. 

118 


DEFINITIONS  119 

188.  The  set  of  values  a  variable  takes  on  is  called  the  domain 
of  the  variable. 

It  is  often  convenient  to  represent  the  values  of  a  variable  by 
points  on  a  right  line  called  the  axis  of  the  variable,  as  explained 
in  123.  The  domain  of  a  variable  may  embrace  all  the  numbers  in 
9?,  or,  as  is  more  often  the  case,  only  a  part  of  these  numbers.  Very 
frequently  the  domain  is,  speaking  geometrically,  an  interval ;  i.e. 
the  variable  x  takes  on  all  values  satisfying  the  relation 

a<x<b. 

Such  an  interval  we  shall  represent  by  the  symbol 

(a,  5). 

Frequently  one  or  both  the  end  points  a,  b  are  excluded. 
Then  we  use  the  symbols 

(a*,  6)   for  a<x<b; 
(a,  5*)  for  a<x<b', 

(a*,  i*)  for  a<x<b. 
Similarly, 

(a,  +  ao)  includes  all  x^a\ 

(  —  co,  a)  includes  all  x  ^  a ; 
(-co,  +  QO )  includes  all  x  in  ftx. 

A  point  of  the  interval  (a,  5)  which  is  not  an  end  point  is  within 
the  interval. 

189.  Let  z  be  a  variable,  whose  domain  call  D.     Let  a  law  be 
given  which  assigns  for  each  value  of  x  in  D  one  or  more  values 
to  y.     We  say  y  is  a  function  of  x,  and  write 

y=f(x),  or  #  =  </><»,  etc. 

If  y  has  only  one  value  assigned  to  it  for  each  value  of  x  in  D, 
we  say  y  is  a  one-valued  function,  otherwise  y  is  many-valued. 
The  variable  x  is  called  the  independent  variable  or  argument;  y  is 
called  the  dependent  variable. 
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We  must  note,  however,  that  y  may  be  a  constant. 

The  domain  of  the  independent  variable  x  which  enters  in  the 
law  defining  a  function /(a:)  is  also  called  the  domain  of  definition 
of  the  function. 

The  above  very  general  definition  of  a  function  is  due  to 
Dirichlet. 

190.  The  reader  is  already  familiar  with  the  graphical  repre 
sentation  of  a  function,  by  the  aid  of  two  rectangular  axes. 

Let  «  -, 

y=/00 

be  a  given  function  whose  domain  of  defini 
tion  call  D. 

The  graphical  representation  of  D  is  a  set      

of  points  on  the  #-axis. 

Let  a  be  a  value  of  x  to  which  corresponds 
the  value  b  of  y.     The  point  P  in  the  figure 
whose  coordinates  are  a,  b  represents  the  value  of  the  function 
for  x  =  a. 

As  x  runs  over  the  values  of  its  domain  D,  the  point  P  runs 
over  a  set  of  points,  which  we  call  the  graph  of  /(#). 

191.  1.  Another  representation  of  a  function  is  the  following  : 
We  take  two  axes  as  in  the 

figure  ;  one  for  x,  one  for  y.  x £ 

In    this    representation,    the 

graph  of  f(x)  is  a  set  of  points  r [o P_ 

on  the  y-axis. 

2.  The  reader  will  observe  this  important  difference  between 
the  two  modes  of  representation  just  given.  In  the  first  we  know 
for  each  point  P  of  the  graph  the  corresponding  values  of  loth  x 
and  y.  In  the  second  mode  of  representation,  we  do  not  know 
in  general  the  value  of  x  corresponding  to  a  point  P  of  the 
graph,  and  conversely.  In  spite  of  this  deficiency,  we  shall  find 
that  this  second  representation  is  extremely  useful.  This  is 
especially  the  case  when  we  come  to  consider  functions  of  n 
variables. 
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192.    Ex.  1.     Let  D  be  given  by 

while  y  is  given  by 


D       \ 


FIG.  1. 


T)       i 


FIG.  2. 
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The  graph  of  y  in  the  first  mode 
of   representation  is   the  arc  of  the 

parabola  given  in  Fig.  1.     The  do-     x 

main  of  definition  D  is  the  segment 
(0,  1)  on  the  x-axis,  drawn  heavy  in 
the  figure. 

In  the  second  mode  of  representa 
tion  the  graph  of  y  is  the  segment  marked  heavy  on  the  ?/-axis 
(Fig.  2). 

193.    Ex.  2.    As  in  Ex.  1,  let 


Let,  however,  the  domain   of  definition  D  embrace  only  the 
values  of  _  -i     i     i     i 

In  the  first  representation  the  graph  of  y 
is  a  set  of  points  lying  on  the  arc  of  the 
parabola  of  Ex.  1. 

In  the  second  representation  it  is  the  set 
of  points  1111 

-1'    I'     9'    T6»    "' 

on  the  ?/-axis. 

In  both  modes  of  representation,  the  representation  of  D  is  the 
set  of  points 

iiiii  o    iii  -i        ~~r~ 

•H    2'    3'    '4'    3'  ?       ,    .    "f  *     ' L_ 

on  the  x-axis.  o  $    {  i 

Integral  Rational  Functions 
194.    These  functions  are  of  the  type 

y  =  a0  +  a^x  +  a2z2  +  •  •  •  +  amxm,  (1 

where  the  a's  are  constants,  and  m  is  a  positive  integer  or  0. 
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Such  functions  are  called  polynomials  in  algebra. 

The  number  m  is  called  the  degree  of  the  polynomial  y. 

When  m  =  1,  we  have 

y  =  a0  +  ttjz.  (2 

The  graph  of  2)  is  a  straight  line.     For  this  reason  an  integral 
rational  function  of  the  first  degree  is  called  linear. 
When  m  =  0  or  when  al  =  0  in  2),  we  have 

y  =  «0,  a  constant.  (3 

We  still  say  y  is  a  function  of  x.  In  fact,  3)  states  that  for 
each  value  of  x,  the  corresponding  value  of  y  is  a0. 

The  graph  of  3)  is  a  line  parallel  to  the  ar-axis.  Since  the 
equation  1)  assigns  to  y  a  value  for  each  value  of  ar,  the  domain  of 
definition  of  y  embraces  all  numbers  of  9?.  Speaking  geometrically, 
as  we  often  shall  in  the  future,  it  includes  all  the  points  of  the 


:r-axis. 


Since  1)  assigns  only  one  value  to  y  for  each  value  of  ar,  y  is  a 
one-valued  function. 


195.    In  algebra  we  learn  that  if  a  polynomial 

Pm  =  «o  +  «i*  +  '  '  '  amx'n 
vanishes  for  x  =  «,  we  can  write 


where  Pm_^  is  a  polynomial  of  degree  m  —  \.  We  learn  also  in 
algebra  that  a  polynomial  of  degree  m  cannot  vanish  more  than  m 
times,  without  being  identically  0,  in  which  case  all  the  coefficients 
in  1)  are  0. 

Should  1)  vanish  for 

X=UV   O.J,   -..  «M,  (2 

we  have 

Pm  =  «/«<>  -  «i)<>  -  «2)  •••  (x  —  a,,,). 

The  numbers  2)  are  called  roots  or  zeros  of  Pm. 
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Rational  Functions 

196.    The  quotient  of  two  integral  rational  functions  of  x  is 
called  a  rational  function. 

Their  general  type  is  given  by 

__  a(]  +  a-lx+  •••  +  amxm  ^ 

=  ' 


where  the  a's  and  6's  are  constants  and  m,  n  are  positive  integers 
or  0. 

The  expression  1)  involves  division  by  zero  for  those  values  of 
x  for  which  the  denominator  vanishes.  The  domain  of  definition 
D  of  a  rational  function  includes  therefore  all  points  on  the  z-axis 
except  the  zeros  of  the  denominator.  These  zeros  we  shall  call 
the  poles  of  y.  Since  1)  assigns  only  one  value  to  y  for  each  point 
of  D,  a  rational  function  of  x  is  one-valued. 

The  degree  of  y  is  the  greater  of  the  two  integers  m,  n  ;  suppos 
ing,  of  course,  that  aOT,  bn^Q. 

When  y  is  of  the  first  degree,  it  is  called  linear.  The  type  of  a 
linear  rational  function  is,  therefore, 

_  a0  +  a-^x 


The  rational  function  includes  the  integral  rational  function  as 
a  special  case. 

In  fact,  let  the  numerator  be  divisible  by  the  denominator,  then 
1)  reduces  to  a  polynomial.  This  takes  place  in  particular  when 
the  denominator  reduces  to  a  constant. 

Algebraic  Functions 

197.  We  say  y  is  an  algebraic  function  of  x  when  it  satisfies  an 
equation  of  the  type 


where  n  is  a  positive  integer,  and  the  R"s  are  rational  functions 
of  x. 

The  degree  of  y  is  n. 
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Let  us  give  to  x  a  definite  value  x  =  a.  If  a  is  a  pole  of  any  of 
the  -B's,  the  equation  1)  has  no  meaning  for  this  point,  and  it  does 
not  lie  in  the  domain  of  definition  of  y. 

Suppose  a  is  not  a  pole  of  any  of  the  RJs. 

Then  each  Rm  takes  on  a  constant  value,  say  Am,  and  1)  goes 

overiuto  ,  +  4r*+~-  +  A~*  +  ±-*,  (2 

an  equation  with  constant  coefficients  of  degree  n. 

Equation  2)  may  have  no  real  roots.  In  this  case  a  does  not 
belong  to  the  domain  of  definition  of  y.  On  the  other  hand,  2) 
cannot  have  more  than  n  real  roots  for  x  =  a. 

These  considerations  show  that  y  is  at  most  an  n-valued  function 
whose  domain  of  definition  embraces  all  or  only  a  part  of  the  z-axis. 

If  we  clear  of  fractions  in  1),  we  may  write  it 

P*y*  +  p^yn~l  +  -  +  Pn^y  +  Pn  =  Q,  (3 

where  now  the  coefficients  of  y  are  polynomials  in  x.     Evidently 
either  1)  or  3)  may  be  used  as  definition  of  an  algebraic  function. 

198.  The  algebraic  functions  include  the  rational  functions  as 
a  special  case. 

For,  if  n  —  1,  the  equation  1)  of  197  takes  on  the  form 


or  y  =  -  Rv 

But  —  Rl  is  any  rational  function. 

199.  An  expression  which  can  be  formed  from  x  and  certain 
constants  by  the  four  rational  operations  and  the  extraction  of 
roots,  each  repeated  a  finite  number  of  times,  is  called  an  explicit 
algebraic  function. 

Such  a  function  is 


Obviously  1)  can  be  obtained  from 

x,  a,  b,  c,  d 
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by  the  aid  of  the  five  operations,  addition,  subtraction,  multiplica 
tion,  division,  and  the  extraction  of  roots,  each  repeated  only  a 
finite  number  of  times. 

It  is  known  that  every  explicit  algebraic  function  y  satisfies 
an  equation  of  the  type  197,  1).  Hence  every  explicit  algebraic 
function  is  an  algebraic  function,  by  197. 

The  converse  is,  however,  not  true ;  every  algebraic  function  y 
cannot  be  brought  into  the  form  of  an  explicit  algebraic  function. 

This  is  due  to  the  fact  that  equations  of  degree  n>4  cannot,  in 
general,  be  solved  by  the  extraction  of  roots,  or,  as  we  say,  do  not 
admit  of  an  algebraic  solution. 

200.  All  functions  which  are  not  algebraic  functions  are  called 
transcende^ita^f unctions . 

The  terms  algebraic  and  transcendental  may  also  be  applied  to 
the  numbers  of  9t. 

Any  number  «  which  satisfies  an  equation  of  the  type 

xn  +  a^'-1  +  a^c"-"  -\ h  an_iX  +  att  =  0,  (1 

where  n  is  a  positive  integer,  and,  the  a's  are  rational  numbers,  is 
called  an  algebraic  number.  All  other  numbers  of  $R  are  transcen 
dental  numbers. 

When  n  =  1,  the  equation  1)  defines  a  rational  number ;  the 
rational  numbers  are  special  cases  of  algebraic  numbers. 

Circular  Functions 

/ 

201.  As  the  reader  already  knows,  the  circular  functions  may 
be    defined   as    the   lengths    of    certain   lines 

connected  with  a  circle  of  unit  radius. 
Thus,  in  the  figure 

sin  x  =  CE,  cos  x  =  OE,  tan  x  =  AB, 

etc.  We  have  shown  in  Chapter  II  how  the 
rectilinear  segments  AB,  CE,  etc.,  are  meas 
ured.  It  has  not  yet  been  shown,  however, 
how  to  measure  arcs  of  a  circle,  i.e.  how  to 
each  arc  as  AC,  a  number  x  may  be  attached,  as  its  measure. 
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This  will  be  given  later.  No  inconvenience  can  arise  if  we  assume 
here  a  knowledge  of  this  theory  inasmuch  as  the  reader  is  perfectly 
conversant  with  its  results,  which  are  all  we  need  for  the  present. 

Arcs  measured  in  the  direction  of  the  arrow  are  positive ;  those 
measured  in  the  opposite  direction  are  negative. 

If  we  suppose  the  point  C  to  move  around  the  circle  in  a  positive 
direction  starting  from  a  fixed  point  A  as  point  of  reference,  it  has 
described  an  arc  whose  measure  is  2  TT, 

TT  =  3. 14159265-.. 

when  it  reaches  A  again.  If  it  still  continues  moving  around  the 
circle,  it  has  described  an  arc  =  4  TT  when  it  reaches  A  for  the 
second  time.  On  reaching  A  for  the  third  time  the  arc  described 
is  6  TT,  etc.  Thus  to  each  positive  number  in  9?  corresponds  an 
arc;  also,  conversely,  to  each  arc  measured  in  the  direction  of  the 
arrow  corresponds  a  positive  number  in  9?. 

With  arcs  measured  in  the  negative  direction  are  associated  the 
negative  numbers  of  9?,  and  conversely. 

202.  From  this  mode  of  denning  the  circular  functions  we  con 
clude  at  once  the  following  properties  : 

The  domain  of  definition  of  sin  x,  cos  x  embraces  all  the  numbers 
of  ft. 

The  domain  of  definition  of  tan  x  embraces  all  numbers  of  9? 
except 

I  +  W7T,  (1 

where  in  —  0,  ±1,  ±  2,  .... 

In  fact,  for  these  arcs,  the  secant  OB  is  parallel  to  the  tangent 
line  AB,  and  therefore  cuts  off  no  segment  on  it.  Thus  for  these 
values  of  the  argument  x,  tan  x  is  not  defined. 

Similarly,  sec  x  is  not  defined  for  these  same  values  1);  while 
cosec  x  is  not  defined  for 

x=mir.         w=0,  ±1,  ±2,  ...  (2 

From  similar  triangles  we  have  for  all  x,  except  these  singular 
values  in  1)  or  2), 

sin  x  1  1 

tan  x  =  -  — ,  sec  x  =  -  — ,  cosec  x  = 


cos  x  cos  x  sin  x 
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We  observe  that  these  relations  involve  division  by  0,  for  the 
singular  values  1)  or  2). 

From  the  above  definition  of  the  circular  functions  we  see  that 
they  are  one-valued  functions  of  x. 

203.  The  graphs  of  the  three  principal  functions  sin  a:,  cos  a;, 
tana;,  are  given  below. 


-7T 

"2 


tail  x 


204.  The  next  most  important  property  of  the  circular  function 
is  their  periodicity. 

In  general  we  define  thus : 

Let  to  be  a  constant  =£0.  Let  f(x)  be  a  one-valued  function 
whose  domain  of  definition  D  is  such  that,  if  x  is  any  point  of  D, 
so  is 


x+wcw, 


m=±l,    ±2, 


If 


for  every  x  in  D,  we  say  /(#)  is  periodic,  and  admits  the  period  <o. 
If  a)  is  a  period  of  /(#),  so  is  ?n&>. 

ra  =  ±l,   ±2,  ••• 
For, 

f(x  +  2  »)  =/[(*  +  «)  +  «]  =/(a;  +  «)  =/(»), 

hence  2o>  is  a  period.     Similarly,  3a>,  4  eo,  •••  are  periods. 
On  the  other  hand, 

/(*-  w)  ==/((*-  «)  +  to)  =/(ar). 
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Hence  f(jK)  admits  the  period  —  &>,  and  so  —  2  &>,  —3  to,  etc. 
If  all  the  periods  that  f(x)  admits  are  multiples  of  a  certain 
period  S>,  this  is  the  primitive  period  of  /(#),  or  the  period  of  /(V). 
From  trigonometry  we  have  : 

The  period  of  sinx,  cosx,  is  2?r;  the  period  of  tanx  is  TT. 

205.    1.  //"/(a;),  g(x)  admit  the  period  &>,  then 

/O)  ±  g(x\  (1 

' 


)*0,  (2 

admit  also  the  period  CD. 
For  example,  let 

K*)  -/ 

We  have 


h(x  +  ft>)  =/(a;  +  ui)  +  g(x  +  o>)  =/(x)  +  #(V)  =  A  (a:). 

2.   T/"  the  period  of  f(x)  is  eu,  the  period  of  f(ax)  is  ~  .     Here  a 
is  any  number  3=  0. 

For,  let 

#O)=/<>*0> 

and  let  T  be  any  period  of  g(x). 
Then 


This  gives,  setting 


Thus  ar  is  a  period  of  /(z) ;  and  therefore 

ar  =  ma.         m  an  integer. 
Hence 

T  =  m  -  (3 

m  a' 

As  -  is  obviously  a  period  of  g(x},  it  is  the  period  of  g(x),  by  3). 

O/ 
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8.  Suppose  in  1,  that  w,  instead  of  being  any  period  of  /  and  g, 
is  the  period  of  these  functions.  It  is  important  to  note  that  we 
cannot  infer  that  therefore  &>  is  the  period  of  the  functions  in  1),  2). 


Ex.  1.  Let 


f(x)  =  sin  x,    g(x~)  =  4  sin  x  cos2  x. 


The  period  of  these  functions  is  2  TT. 

Yet  the  period  of 

7t(z)  =  g(x}  -f(x)  =  sin3z 


Ex.  2.    Let 

f(x)  =  sin  a;,   g(x)  =  cos  x. 

Then 

*(z)  =/(*)?(*)  =  fife  2* 

The  period  of  /  and  gr  is  2  TT  ;  the  period  of  h  is  ir. 
Ex.  3.    Let  /(x),  (/(x),  be  as  in  Ex.  2.     Let 


000 

The  period  of  h  is  again  IT. 

T?Y     4        T^pf 

/(x)  =  sin2  x,    g(x)  =  cos2  x. 

The  period  of  /,  g  is  IT. 

But  ]  c  \  —  ff  \  i     r  -\  —  1 

which  has  no  primitive  period. 

206.    From  the  periodicity  of  the  circular  functions  we    can      [/ 
prove  that 

The  circular  Junctions  are  transcendental. 

Consider,  for  example, 

y  =  sin  x. 

If  this  is  algebraic,  let  it  satisfy  the  irreducible  equation 

(*/  IVxt/  '  *  N.        X 

Replace  here  x  by  x  +  2  WTT,  m  an  integer. 

If  we  set  N      m  ,  , 

EK(x  +  2  WITT)  =  ^(z), 

1)  gives,  since  y  is  unaltered, 

un  +  T,  (x~)  w'1-1  +  •  •  •  +  Tn(x)  =  0.  (2 

y       i         1  \     y  t/ 
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As  y  satisfies  both  1)  and  2),  it  satisfies  their  difference 


Thus   y   satisfies  an  equation  of  degree  <  n,  which   is   not   an 
identity.     As  we  assumed  1)  is  irreducible,  this  is  a  contradiction. 

207.  Another  important  property  of  the  circular  function  is 
their  addition  theorem,  which  is  expressed  in  the  formulae 

sin  (x  +  y~)  =  sin  x  cos  y  +  cos  x  sin  y, 
cos  (x  +  y~)  =  cos  x  cos  y  —  sin  x  sin  y, 

tan  x  +  tan  y 

tan  (x  +  y)  =  -  —  -  sL., 
1  —  tan  x  tan  y 
etc. 

208.  1.   Let  /(#)   be  a  one-valued  function  whose  domain  of 
definition,  D,  is  such  that  if  x  is  any  point  of  D,  so  is  —  x. 

Let  /(-*)«/(*), 

for  every  ar  in  Z>.     We  say,  then,  that  f(x)  is  an  even  function. 
If 


we  say  /(a;)  is  an  odd  function. 
Obviously, 

The  functions  sin  x,  tanx  are  odd,  while  cos  x  is  even. 

2.  Letting  0,  Ov  02  represent  odd  functions,  and  E,  J8V  U2  even 
functions,  we  have: 


°-o          E 

E~°v  O 

For  example  : 
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The  Exponential  Functions 

209.  Let  a  >  0  be  a  constant ;  the  exponential  functions  are 
defined  by  x 

The  domain  of  definition  of  y  is  9?,  and  y  is  a  one- valued 
function. 

When  a  =  1,  the  corresponding  exponential  function  reduces  to 
a  constant,  viz. : 

The  graphs  of  y  fall  into  two  classes,  according  as  a^l. 

y  y 


a<\ 


col 


An   important   exponential   function  is  that  corresponding  to 

e  =  2.71818  - 

210.  1.   The  only  properties  of  the  exponential  functions  which 
we  care  to  note  now  are  the  following  : 

The  exponential  function  is  nowhere  equal  to  0,  or  any  negative 
number. 
See  165,  2. 

2.  The  addition  theorem  is  expressed  by 

QXQV  =  ax+v. 

One-valued  Inverse  Functions 

211.  1.  The  two  remaining  classes  of  functions,  viz.  the  logarith 
mic  and  inverse  circular  functions,  are  inverse  functions.      Before 
considering  them,  we  wish  to  develop  the  notion  of  inverse  func 
tions  in  general. 
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2.  Let  /(«)  be  a  one-valued  function  defined  over  a  domain  D* 
If  /O")>/O') 

I     for  every  pair  of  values  x">x!  in  D,  we  say  /(*)  is  an  increasing 
function  in  D.     w   -rW>cV    iwvt"    «y   H«^Si\ 
If  on  the  contrary 

/(*")</«>,         *">^, 

/      we  say/(V)  is  a  decreasing  function. 

If/  is  either  an  increasing  or  a  decreasing  function  in  D,  but  we 
j     do  not  care  to  specify  which,  we  say  it  is  univariant. 

These  definitions  are  extensions  of  those  given  in  108.  The 
corresponding  extension  of  the  terms  monotone,  monotone  increas 
ing,  monotone  decreasing  to  function  is  obvious. 

3.  Ex.1.  For  the  domain  />=(_  |  ,    l),  sin  *  is  an  increasing  function. 
For  the  domain  D  =  ('     *£.],  sin  x  is  a  decreasing  function. 

V*         -s    / 

Ex.  2.  For  the  domain  Z>  =  ft,  a*  is  an  increasing  function  if  a  >  1  ;  it  is  a  de 
creasing  function  if  a  <  1.  Thus  whether  a  >  1,  a*  is  a  univariant  function  in  ft. 

212.    Let 

y=/CO  (i 

be  a  one-valued  univariant  function,  defined  over  a  domain  D. 
Let  E  be  the  domain  over  which  the  variable  y  ranges. 

We  put  the  points  of  D  and  E  in  correspondence  with  each 
other  as  follows  :  two  points  x,  y  shall  correspond  to  each  other, 
or  be  associated,  when  they  satisfy  1). 

Then  to  a  given  x  corresponds  only  one  y,  since  /(»  is  one- 
valued.     On  the  other  hand,  to  a  given  y  corresponds  only  one  x,    \ 
since  f(x)  is  univariant. 

Thus  to  any  a;  of  D  corresponds  one,  and  only  one,  y  of  E  ; 
conversely,  to  any  y  of  E  corresponds  one,  and  only  one,  x  of  D.  ' 

213.  The  considerations  of  the  last  article  have  led  us  to  one 
of  the  most  important  notions  of  modern  mathematics,  that  of 
correspondence. 

*  Such  an  expression  as  this  will  be  constantly  employed  in  the  future.  It  does  not 
mean  that  D  includes  all  the  values  for  which  /(z)  may  be  denned,  but  only  such  values 
as  one  chooses  to  consider  for  the  moment. 
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Let  A  and  B  be  two  sets  of  objects.  Let  us  suppose  that  A 
and  B  stand  in  such  a  relation  to  each  other,  that  to  any  object 
a  of  A  correspond  certain  objects  b,  6',  b",  •••  of  B  ;  and  to  any 
object  b  of  B  correspond  certain  objects  a,  a',  a",  •••  of  A. 

Then  JL  and  i?  are  said  to  be  in  correspondence. 

If  to  each  a  corresponds  only  one  6,  and  conversely,  the  corre 
spondence  is  one  to  one  (1  to  1),  or  uniform. 

If  to  each  a  correspond  m  objects  of  B,  and  to  each  b  correspond 
n  objects  of  A,  the  correspondence  is  m  to  n.  tf  -+  -^ 

In  many  cases,  to  each  element  of  A  correspond  an  infinity  of 
objects  of  B,  or  conversely. 

214.  Let  us  return  to  212.  The  correspondence  we  established 
between  the  points  of  D  and  E  is  uniform.  This  fact  may  be  used 
to  define  a  one-valued  function  g(y},  over  the  domain  E.  In  fact, 
let  x  correspond  to  y.  Then  g(y")  shall  have  the  value  x,  at  the 
point  y.  Then 


The  function  g,  just  defined,  is  called  the  inverse  function  of  f. 
Evidently  g  is  a  one-valued  function  in   E.     It  is  also  uni- 
variant. 

In  fact,  to  fix  the  ideas,  suppose /is  an  increasing  function. 

Then,  if  ,        „ 

x'  <  x  , 

we  have  yt<ylt 

Suppose  now  g  were  not  an  increasing  function.     Then  for  at 
least  one  pair  of  points, 

we  would  have 


We  cannot  have  x'  =  x"  ;  for  then  y'=y",  which  contradicts 
1).  We  cannot  have  x'  >x"  ;  for  then  y'  >  y"  ,  which  again  con 
tradicts  1). 

We  have  thus  the  theorem  : 

Let  y  =  f(x)  be  a  one-valued  univariant  function,  defined  over  a 
domain  D.  Let  E  be  the  domain  of  the  variable  y.  Then  the 
inverse  function,  x  =  #(j/),  is  one-valued  and  univariant  in  E. 
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215.  The  notion  of  inverse  functions  developed  in  212  and  214 
is  quite  general.  It  will  perhaps  assist  the  reader  if  we  take  a 
very  simple  case. 

For  the  domain  7>  let  us  a 

take  an  interval  /=(a,  5). 
For  /(#),  let  us  take  an 
increasing  function,  with 
graph  as  in  the  figure.  The 
domain  of  y  is  then  the  in 
terval  J"=(«,  /3).  That  the 
correspondence  between  the 
points  of  /  and  J,  as  defined 
in  212,  is  uniform,  is  seen 
here  at  once.  For,  to  find 
the  points  y  corresponding  to  a  given  x,  we  erect  the  ordinate  at 
x.  This  cuts  the  graph  but  once,  viz.  at  P.  There  is  thus  but 
one  point  y  in  J  corresponding  to  the  point  x  in  I. 

Similarly,  to  find  the  points  x,  corresponding  to  a  given  y,  we 
draw  the  abscissa  through  y.  This  cuts  the  graph  but  once, 
viz.  at  P. 

There  is  thus  but  one  point  x  in  /corresponding  to  a  given  y  in  J. 

That  the  inverse  function  is  one-valued,  and  is  an  increasing 
function  in  J",  is  at  once  evident  from  the  figure. 

The  Logarithmic  Functions 
216.    1.   We  saw  in  209  that  the  exponential  functions 


are    one-valued   univariant    functions  for    the    domain   3t      The 
domain  of  the  variable  y  is  the  interval  1=  (0*,  +  cc).     See  188. 

Then,  by  214,  the  inverse  of  the  exponential  functions  are  one- 
valued  univariant  functions,  defined  over  I.  By  174,  these  inverse 
functions  are 


and  are   called   logarithmic  functions  with  base  a.       In  higher 
mathematics  it   is   customary  to  take  a  =  e=  2.71818  •••     When 
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no  ambiguity  can    arise,   we   may  drop   the    subscript  a  in   1). 
Unless  otherwise  stated,  we  shall  suppose  the  base  is  e. 

2.    The    graph    of     the    logarithmic 
function 

y  =  log  x 

is  given  in  the  figure. 


3.  The  only  other  property  of  logx 
which  we  wish  now  to  mention  is  their 
addition  theorem, 

log  xy  =  log  x  +  log  y. 


Many-valued  Inverse  Functions 

217.  The  circular  functions  give  rise  to  many-valued  inverse 
functions.  It  is  easy  to  extend  the  considerations  of  212  and  214 
so  as  to  arrive  at  the  notion  of  many-valued  inverse  functions  in  all 
its  generality. 

Let 


be  a  one  or  many  valued  function,  defined  over  a  domain  D.  Let 
the  domain  of  the  variable  y  be  E.  We  put  the  points  of  D  and 
E  in  correspondence  as  follows  :  two  points  #,  y  shall  correspond 
to  each  other  or  be  associated  when  they  satisfy  1).  Then,  to 
each  y  of  E  correspond  one  or  more  values  of  x,  say 

or   r'    r"    •  (2 

•*"!     •*'     1      '^         1  l« 


We  define  now  a  function  #(//)  over  E  by  assigning  to  g  the 
values  2)  of  x  associated  with  each  point  y  of  E. 
Then 


is  the  inverse  function,  defined  by  1). 

The  equation  3)  may  be  considered  as  the  solution  of  1)  with 
respect  to  x. 
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218.    To  illustrate  the  rather  abstract  considerations  of  the  last 
article,  let  us  consider  the  following  simple 
case,  from  a  geometric  standpoint. 

Let  the  graph  of 

y=/O) 

be  that  in  the  figure. 

Then  D  =  (a,  5),  and  E  =  («,  /3). 

The  greatest  number  of  values  of  y  for  a  given  x  in  D  is  3. 
Hence  y  is  a  three-valued  function.  Let  y  be  a  point  of  E.  To 
find  the  points  of  D  associated  with  it,  we  draw  the  abscissa 
through  y.  Let  it  cut  the  curve  in  the  points  _P,  P',  P",  ••• 
The  projections  z,  a/,  x" ,  •••  of  these  points  P  on  the  o>axis  are 
the  points  sought. 

The  greatest  number  of  values  x  corresponding  to  any  y  of  E 
is  4.  Hence  the  inverse  function 


is  a  four- valued  function. 


219.    Let  us  consider  the  function  y=f(x)  defined  by 


or 


Its  graph,  given  in  the  figure,  is  a 
hyperbola. 

To  a  value  of  #>!,  or  x<  —  1,  correspond  two  values  of  y, 
marked  y  and  y'  in  the  figure.  The  domain  D  of  x  is  marked 
heavy  in  the  figure,  and  embraces  all  the  points  of  the  z-axis, 
except  (—  1*,  1*).  The  domain  E  of  y  is  the  whole  y-axis. 

To  any  point  y  of  E  correspond  two  values  of  #,  falling  in  D. 

The  inverse  function  x  =  g(y),  thus  defined,  is  a  solution  of  1) 
or  2)  with  respect  to  #,  viz. : 

x  —  ± 

The  correspondence  which  the  equations  1)  or  2)  establish 
between  the  points  of  D  and  E  is  a  2  to  2  correspondence. 
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220.   The  preceding  example  illustrates  the  fact  that 
The  inverse  of  an  algebraic  function  which  is  not  a  constant  is 
an  algebraic  function, 

To  prove  this  theorem,  let  y=f(x)  be  defined  by 

z=  0,  (1 


where  the  P's  are  polynomials  in  x,  with  constant  coefficients. 
The  inverse  function 


also  satisfies  1).     Let  us  arrange  1)  with  respect  to  x.     If  m  is 
the  highest  degree  of  x  in  this  equation,  we  get 

°-  (3 


As  2)  satisfies  3),  the  inverse  function  2)  is  an  algebraic  func 
tion  also. 

In  this  example,  y=f(z)  is,  in  general,  an  w-valued  function, 
while  x  =  g(y)  is  an  w-valued  function. 

The  correspondence  that  the  equation  1)  or  3)  establishes  be 
tween  the  points  of  D  and  E,  the  domains  of  the  variables  x,  y,  is 
thus  an  n  to  m  correspondence. 

The  Inverse  Circular  Functions 
221.    These  are  the  functions 

sin"1  a:,  cos"1  a:,  tan"1  2;,  etc. 

We  prefer  to  follow  continental  usage,  and  denote  them  respec 

tively  by 

Arc  sin  x,  Arc  cos  x,  Arc  tg  z,  etc. 

We  shall  not  take  the  space  needed  to  treat  all  these  functions  ; 
we  take  one  of  them,  Arc  sin,  as  an  illustration.  The  others  may 
be  treated  in  the  same  way. 

We  start  with  the  equation 

y  =  sin  z,  (1 

whose  graph  is  given  in  203. 
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The  domain  D,  over  which  sin  x  is  defined,  is  91 ;  the  domain  of 
y  is  ^  =  (-1,1). 

Let  y  be  a  point  of  E.     If  XQ  is  one  of  the  associated  points  of 
D,  all  the  points  of  D  associated  with  y  are  given  by 

x0  +  2  mir,  (2 

w=0,   ±1,   ±2  ••• 

7T  —  XQ  +  2  7W7T,  (3 

as  is  shown  in  trigonometry. 

Thus,  to  a  given  value  of  y  there  are  a  double  infinity  of  values 
of  x. 

The  inverse  function  defined  by  1),  viz. : 

x  =  Arc  sin  j/, 

has  the  interval  .#  =  (-  1,  1)  for  its  domain  of  definition.  It  is 
an  infinite-valued  function  whose  values  for  a  given  «/  are  given 
in  2),  3). 

222.    The  graph  of 

is  given  in  the  adjoining  figure.  I/ 

The  reader  will  observe  that  this  graph  can  be  got  at 

once  from  the  graph  of  sin  x  (see  203)  by  turning  it 

around  and  changing  the  axes. 

This  property  is  obviously  true  of  the  graph  of  any     ~7 

inverse  function.  \ 

Thus,  if  the  graphs  of 

ez,  cos  a;,  tana;,  etc., 
are  given,  we  may  get  at  once  the  graphs  of 

log  a:,  Arc  cos  a;,  Arctgrr,  etc. 

223.  The  treatment  of  many-valued  functions  is  much  simplified 
by  employing  the  notion  of  a  branch  of  the  function.  This  will 
be  explained  when  we  have  considered  the  notion  of  continuity. 
For  the  present,  however,  we  wish  to  define  what  are  called  the 
principal  branches  of  the  inverse  circular  functions. 


0 

-7T 
f 
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Looking  at  the  graph  of  Arc  sin  x  given  in  222,  we  see  we  can 
define    a    one-valued   function     over     the 
interval  (—1,  1)  by  taking  those  values 
of   Arc  sin  x   which   fall   in   the   interval 


/        7T      7T 

r  2' 


-i 


+1 


The  function  so  defined  is  called  the 
principal  branch  of  the  Arcsin  function. 
We  shall  denote  it  by  arc  sin  x. 

Its  graph  is  given  in  the  adjoining 
figure. 

224.  1.  The  principal  branch  of  Arc  cos  x 
is  formed  of  those  values  of  this  function 
which  fall  in  the  interval  (0,  TT). 

The  one-valued  function  so  defined 
over  the  interval  (—1,  1)  is  denoted  by 
arc  cos  x. 

Its  graph  is  given  in  Fig.  1. 

2.  The  principal  branch  of  Arc  tg  x  is 
formed  of  those  values  of  this  function 

which  fall  in  the  interval  ( —  — ,  —  j  • 

The  one- valued  function  so  defined  over  (  —  oo,  GO)  is  denoted  by 
arc  tg  x. 


o        +1 

arc  cos  x 


FIG.  2. 

Its  graph  is  given  in  Fig.  2. 


_7T 

7 


arc  tg  x 


FUNCTIONS  OF   SEVERAL  VARIABLES 

The  Rational  and  Algebraic  Functions 

225.  In  the  list  of  the  elementary  functions  given  in  186,  the 
first  three,  viz.  the  integral  rational,  the  rational,  and  the  alge 
braic  functions,  are,  in  general,  functions  of  several  variables. 
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For  simplicity,  we  treated  them  first  as  functions  of  a  single  varia 
ble.  We  wish  now  to  define  them  in  all  their  generality.  At 
the  same  time  we  shall  consider  the  general  notion  of  functions  of 
several  variables  and  certain  related  geometric  ideas. 

226.    1.   An  integral  rational  function  of  n  variables  x±,  xz  •••  xn 
is  an  expression  of  the  type 

y  =  Ax^x^  •  •  •  x™*  +  Bx^xJ*  •  •  •  zn'n  +  ...  +  Lx^x^  •  •  •  xn*».     (1 

Here  A,  B,  •••  L  are  constants,  and  the  exponents  m,  I,  •••  e  are 
positive  integers  or  0.     Such  functions  are 


(2 

azjz*xs  +  bx£xz  +  ex/  +  dxjxfxv  (3 

We  may  write  1)  in  the  form 


where  the  summation  extends  over  all  the  terms  of  y. 
A  still  shorter  notation  is 


y  =       x1mix2m*  •  •  •  xnmn 


which  may  be  employed  when  no  ambiguity  can  arise. 
The  greatest  of  all  the  sums  of  the  exponents 


m 


is  the  degree  of  y. 

Thus  the  degree  of  2)  is  3  ;  the  degree  of  3)  is  13. 

2.   When  the  degree  of  each  term  of  1)  is  the  same,  it  is  said  to 
be  homogeneous. 
Let 


be  homogeneous  and  of  degree  m.     tf  in  F  ive  replace  x1  by  \xv 
xn  by  \xn,  and  denote  the  result  by  F,  we  have 


F=  \mF. 
For, 

F= 
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But,  for  all  the  terms  of  F, 

m1-\  -----  \-mn  =  m. 


Hence 

F=  \m^Ax^  •••  xn'""  =  \"'F. 

3.  When  y  is  of  degree  1,  we  have 

y  =  a^c^  +  <V2  +  ----  h  anxn  +  ao- 

It  is  said  to  be  a  linear  integral  function  of  the  z's.     If  «0  =  0,  it 
becomes  y  =  a^  +  --+anxn, 

which  is  the  general  type  of  a  linear  homogeneous  integral  function 

of  the  x's. 

In  algebra,  integral  rational  functions  are  called  polynomials. 

227.    1.  To  get  a  value  of 

y  =  '2Axlmt-xnm*  (1 

we  give  to  each  of  the  variables  x  a  certain  numerical  value,  as, 


(2 

J,  J,  '  it  **' 

These  values  put  in  1)  give  the  corresponding  value  of  y,  say 

y  —  b> 

When  n  =  1,  2,  3,  we  can  represent  geometrically  the  values  2) 
by  a  point  on  a  right  line,  a  point  in  a  plane,  or  a  point  in  space, 
respectively,  viz.  the  point  a  whose  coordinates  are  av  or  ar  az, 
or  ax,  «2,  rt3.  H  we  give  the  x's  different  sets  of  values,  we  get 
different  points  in  1,  2,  or  3  dimensional  space.  As  in  the  case 
of  one  variable,  we  can  say  y  has  the  value  b  at  the  point  a. 

2.  It  is  convenient  to  extend  these  and  other  geometric  terms, 
employed  when  the  number  of  variables  n  =  1,  2,  3,  to  the  case 
when  w>3.  Thus  any  complex  of  n  numbers,  av  av  •••  an,  is 
called  a  point;  ar  a2,  •••  are  called  its  coordinates.  We  denote 
the  point  by  _  s  .••«") 

The  aggregate  of  all  possible  points,  the  z's  running  over  all 
the  numbers  in  9?,  we  call  an  n-dimensional  space  or  an  n-way 
space;  and  denote  it  by  <RH.  Later  we  shall  extend  the  terms 
distance,  sphere,  cube,  etc.,  to  <&n.  Cf.  244.  The  reader  is  not  to 
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suppose  for  a  moment  that  there  really  is  an  w-dimensional  space, 
or  an  w-dimensional  cube,  in  the  ordinary  empirical  sense  of  the 
word  ;  but  to  bear  in  mind  that  these  terms  are  merely  names  for 
certain  numerical  aggregates. 

3.   Employing  this  geometrical  language,  we  may  say  that, 
The  integral  rational  function  of  several  variables,  say  n  variables, 

is  a  one-valued  function  whose  domain  of  definition  embraces  all  the 

points  of  9?rt. 

228.  As  in  the  case  of  one  variable,  the  rational  function  of 
several  variables  is  the  quotient  of  two  integral  rational  functions 
in  these  variables.  Its  general  expression  is,  therefore, 

-x;*_F 

~.Xn*n         a 

Its  domain  of  definition  embraces  all  the  points  of  9?n,  except  those 
points  at  which  G-  vanishes,  which  we  call  poles  of  R.  For  all  points 
of  this  domain,  R  is  a  one-valued  function. 

If  m'  is  the  degree  of  F,  and  m"  is  that  of  G-,  the  degree  of  R 
is  the  greater  of  the  two  integers  m'  ,  m"  . 

When  the  degree  of  R  is  1,  it  is  called  a  linear  rational  function. 
Its  general  expression  is 


We   say  R  is  homogeneous  when  F  and   Gr  are  homogeneous. 
We  have  evidently,  as  in  226,  2, 


Xa^  -.  \xn-)  =  \'R(Xl  ...  *„),  (3 

where  t  is  an  integer,  positive,  negative,  or  zero. 

229.  The  definition  of  an  algebraic  function  of  n  variables  is  an 
obvious  extension  of  that  given  for  one  variable,  in  197.  Thus 
y  is  an  algebraic  function  of  xv  x2,  ...  xn,  when  it  satisfies  an  equa 
tion  of  the  type 

y  +  R^-*  +  •  •  •  +  Rn_iy  +  XH  =  0,  (i 

where  the  coefficients  R  are  rational  functions  of  x1---xn,  and  n  is 
a  positive  integer. 


FUNCTIONS  OF   SEVERAL   VARIABLES   IN    GENERAL      143 

For  any  point  x  =  a  in  9tn,  for  which  none  of  the  denominators 
of  the  R's  vanish,  y  has  at  most  n  values. 

Thus  y  is  at  most  an  n-valued  function.  Its  domain  of  definition 
embraces  all  points  of  9?n  except  the  poles  of  the  coefficients  R,  and 
those  points  for  which  7)  has  no  real  root. 

Functions  of  Several  Variables  in  General 

230.  We  can  give  now  the  definition  of  a  function  in  n  vari 
ables.     Let  x  =  (xr  x2,  •••  #„)  range  over  the  points  of  a  certain 
domain  D,  viz.  over  9tn  or  a  part  of  it.     Let  a  law  be  given  which 
assigns  to  y  one  or  more  values  for  each  point  of  D.     We  say  y  is 
a  function  of  xv  XT  •••  xn,  and  write 

#=/Or ••*»)>  or  y=<t>(?i-Xn)i  etc- 

When  no  ambiguity  can  arise,  we  may  even  write 

y  =/(«)»  y  =  0(X),  etc., 

where  x  stands  for  the  n  variables  xl--- xn. 

The  meaning  of  the  terms  of  189,  viz.  one-valued  and  many- 
valued,  independent  variables  or  argument,  dependent  variable, 
domain  of  definition  of  the  function,  when  applied  to  several  vari 
ables,  needs  no  explanation. 

231.  We  explain  now  the  graphical  representation  of  functions 
of  several  variables. 

We  take  n  4- 1  axes,  one  for  each  of  the  variables  y,  xv  xv  •••  xn. 


*• 


y : £• 


The  representation  of  a  point  xl  =  a1  •••  xn  —  an,  is  a  complex  of 
n  points  a^---an,  as  in  the  figure.  The  value  of  y,  say  y=b,  is 
represented  by  the  point  b  on  the  y-axis.  This  representation, 
although  unsatisfactory  in  some  respects,  is  still  often  useful. 
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232.    When  n  =  2,  we  have  two  other  modes  of  representation. 
Let  the  function  be 

y  =/(*,,  afc). 

We  take  three  axes,  xv  xv  y,  as  in  ana 
lytic  geometry,  of  three  dimensions.  To  the 
set  of  values  of  the  independent  variables 


corresponds  the  point  a  =  (al,  «2),  whose 
coordinates  are  av  av  The  value  b  of  y  at  this  point  we  lay  off 
on  the  ordinate  through  a.  As  x  runs  over  its  domain  D,  y  will 
ordinarily  trace  out  a  surface  in  9?Q. 

o 

233.    The  other  mode  of  representation  is  by  means  of  a  plane 
and  an  axis. 

The  domain  of  the  independent 
variables  we  represent  by  points  in 
the  x^  plane,  while  y  is  represented 
by  points  laid  off  on  a  separate  axis, 
as  in  the  figure. 


234.    When   n  =  3,   we  may  employ 
the  following  representation. 
Let 

be  defined  over  a  domain  D. 

To  represent  D,  we  take  three  rec 
tangular  axes. 

To  the  set  of  values 


x  = 


corresponds  the  point  a,  whose  coordinates  are  av  av  «3.     The 
values  of  y  we  lay  off  on  a  separate  axis,  as  in  the  figure. 

235.  From  the  elementary  functions  of  one  variable  we  can 
build  an  infinity  of  functions  of  several  variables.  We  give  some 
examples  which  illustrate  the  various  domains  of  definition  that  a 
function  of  several  variables  may  have.  We  shall  take  n  =  2. 
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For  points  within  the  ellipse  E,  whose 
equation  is  22 


the  argument  of  z  is  negative.  For  points  on  E  the  argument  is  0. 
As  the  logarithmic  function  is  defined  only  for  positive  values  of 
the  argument,  the  domain  of  definition  Z>,  of  z,  is  the  region 
shaded  in  the  figure.  Its  edge,  or  E,  does  not  belong  to  D. 


236.    Ex.  2. 


& 


Since  log  wv  is  not  defined,  unless  uv  >  0,  u  and  v  must  be  both 
positive,  or  both  negative.  The  domain  of  definition  D,  of  z,  is 
thus  the  region  shaded  in  the  figure.  Since 
uv  =  0  on  the  edge  of  D,  these  points  do  not 
belong  to  D. 

237.    Ex.  3. 

z  =  tan  -I-  Tnry. 
Since  tan  w  is  not  defined  when 

M  =  7r  +  m7r, 

25 

m  =  0,  ±1,  ±2,  ... 

we  see  the  domain  of  definition 
of  z  includes  all  the  points  of 
the  xy  plane,  except  a  family 

of  hyperbolas 

Ji 


Composite  Functions 

238.    1.   An  extremely  useful  notion  in  many  investigations  is 
that  of  a  function  of  functions,  or  composite  functions.     Let 
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be  defined  over  a  domain  X  in  w-dimensional  space  1Rn.     Let 


be  a  point  in  an  w-dimensional  space  9?w. 

While  x  runs  over  X,  let  u  run  over  a  domain  U.     Let 


be  defined  over  U.  Then  y  is  defined  for  every  point  x  in  X. 
We  may,  therefore,  consider  y  as  a  function  of  the  xs  through  the 
us.  We  say  y  is  a  function  of  functions,  or  a  composite  function. 

2.  When  speaking  of  composite  functions,  we  shall  always  sup 
pose,  even  without  further  mention,  that  the  domain  of  definition 
of  1)  is  at  least  as  great  as  U. 

3.  When  x  ranges  over  X,  w,  as  we  said,  runs  over  the  domain 
U.     It  is  convenient  for  brevity  to  call  U  the  image  of  X. 

EXAMPLE.  £j 

Ui  =  XiX2,  u2  =  sec  xi,  n8  =  ex~i.  $ln.y  -    ~^_ 

2/  =  log«!  +  tan  —  .  C*l  V 

MI  *j 

Here  MX,  w2,  MS  are  defined  for  all  the  points  of  9J2,  for  which 
Xi  =£  0  or  |  +  mTi-,        m  =  0,   ±  1,   ±2,  ... 
while  y  is  defined  for  all  the  points  of  $3,  for  which 

«i^0,  and  ^^J  +  n7r.        n=±l,   ±2,  ... 

'  '  1  — 

239.    The  notion  of  a  composite  function  is  sometimes  useful  in 
transforming  a  function  as  follows.     Let 

y-JRGV"  *t): 

The  variable  a;  may  enter  F  in  certain  combinations,  so  that  if 
we  set 

ui  =  9i(X  -*.)     •••     Mm  =  <£„,(*!  •••  a:B) 

?y  goes  over  into 

y=^(«i—  «„). 

-t-XAMPLE. 


Let 
then 


log  M  =  »(«). 
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Limited  Functions 

240.    Let/^j  •  •  •  zm)  be  defined  over  a  domain  D.    If  there  exists 
a  positive  number  M,  such  that 


for  every  point  of  Z>,  /  is  said  to  be  finite  or  limited  in  D  ;  other 
wise  /  is  unlimited  in  D. 

/(x)  =  sin  x. 

|sinx|<l,          as  arbitrary, 
sin  x  is  a  limited  function  for  any  domain. 

/(X)  =  fflo  +  «lX  -f  ••  •  +  fflnZ",  «n  ¥=  0, 

is  ftmrted  in  any  domain  (-  G,  £),  where  £  is  some  fixed  positive  number. 
It  is  unlimited  in  the  domain  (0,  +<x>),  for  example. 

Ex.3.  /(I)  =  1 

is  denned  for  every  x  =£  0. 

It  is  limited  in  any  domain  as  («,  oo),  if  a  <  0. 
It  is  unlimited  in  (0*,  1),  for  example. 

241.    Letf(xi  •••  a?n),  ^(ajj  •••«„)  *e  limited  functions  in  a  domain 

»•     Then  '  f±g,       fy 

are  limited  in  D. 

If  \ff\>a>Q 

in  D,  then  /• 

~9 

z.s-  limited  in  D. 

Since/,  y  are  limited  in  D,  let 
Hence  /±  ^7  is  limited  in  D. 


Hence  fg  is  limited  in  D. 


Finally, 


/ 


1     If 


Hence  —  is  limited  in  D. 
y 


CHAPTER   V 
FIRST  NOTIONS  CONCERNING  POINT  AGGREGATES 

Preliminary  Definitions 

242.  In  elementary  mathematics,  the  functions  employed  are 
usually  defined  by  simple  analytic  expressions.     Their  nature  is 
simple,  and  their  domains  of  definition  receive  little  attention.     In 
the  theory  of  functions  we  take  a  higher  standpoint,  and  consider 
functions  defined  by  any  law,  as  explained  in  189  and  230.     Such 
functions  are  not  tied  down  to   an  analytic  expression;  indeed, 
we  may  not  know  how  to  form  their  analytic  expressions. 

From  this  point  of  view,  the  domain  D  over  which  the  function 
is  defined  or  spread  out  is  often  of  great  importance.  Frequently 
we  choose  first  the  domain  D,  and  then  define  a  function  for  the 
points  of  D. 

The  domain  of  definition  of  a  function  of  n  variables  may  be  any 
S6t  OP  a££re£ate  of  Points  in  $R»-     We  wish  to  treat  now  the  most 
elementary  properties  of   such   aggregates    which  we  call  point 
aggregates. 
y 

243.  1.   Two  point  aggregates  A,  B  are  equal,  when  every  point 
of  A  lies  in  B,  and  every  point  of  B  lies  in  A.     In  this  case,  we 

write 

A  =  B. 

2.  If  every  point  of  B  lies  in  A  but  not  every  point  of  A  lies  in 
B,  we  say  B  is  a  partial  or  sub-aggregate  of  A,  and  write 

A  >  B  or  B<A. 

3.  If  A  does  not  exist,  i.e.  if  it  contains  no  points,  we  write 


148 


!> 
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As  the  symbol  0  also  stands  for  the  origin,  we  shall  write,  in 
case  of  ambiguity,  ^  _ 

when  we  wish  to  indicate  that  A  consists  of  the  origin  alone. 
The  fact  that  A  contains  at  least  one  point,  we  indicate  by 

A>Q.  j 

4.  Let  A,  B  be  two  point  aggregates  having  no  point  in  com 
mon.     The  aggregate  formed  by  their  reunion  is  called  their  sum, 

and  is  denoted  by 

A+  B. 

5.  If  B  is  a  partial  aggregate  of  A,  the  aggregate  formed  by 
removing  all  the  points  of  B  from  A  is  called  the  difference  of  A, 

B,  and  is  denoted  by 

A  —  B. 

It  is  also  called  the  complement  of  B. 

6.  If  a  or  a;,  for  example,  are  general  symbols  for  the  points  of 
an  aggregate,  we  can  represent  the  aggregate  by 

\a\   or  \x\. 
Thus,  if 

*=*fi,V- 

we  can  write 


Or  if  A  =  at,  «2»  «3,-" 

we  can  write  A  —  {an}. 

244.    Definitions  of  configurations  in  n-way  space.     Cf.   227,  2. 
1.   Let  a  =  («!  •••«„),  b  =  (b1  •••  &„)  be  two  points  of  9?n.     We  say 


is  the  distance  between  a,  b  ;  we  denote  it  by 


Dist  (a,  ft)  or  a,  b. 
2.  The  points  x  satisfying 

a1*)      •••      xn  -  an  =  X(£n  -  «„)  (2 


lie  on  a  right  line  L,  viz.  the  line  determined  by  the  two  points 
a,  b.     Here  \  runs  over  all  the  numbers  of  9?. 
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When  A,  =  0,  x  =  a  ;  when  X  =  1,  a;  =  b.  Points  x,  for  which 
0  <  X  <  1,  form  a  segment  or  interval  (a,  5)  of  Z/.  Such  points  are 
said  to  lie  betiveen  a,  b. 

An  aggregate  lying  on  a  right  line  is  called  rectilinear. 

3.  If  three  points  a,  5,  c  lie  on  a  right  line,  we  have  from  2) 
that 

CL      (il  _  c       a,K  _  _  ~i    o  /'Q 

-  —  -  -—        ;         t,  K,  =  i,  ^,  •••  n.  (  o 

6t  —  at      OK  —  aK 

and  conversely,  if  3)  holds,  a,  5,  c  lie  on  a  right  line. 

4.  Let  a,  5  be  two  points  on  the  line  L,  and 

r  =  Dist  (a,  5). 


Then 


_!-!  n 

A,,  —  -     •  •  •     \.    = 


r  r 

are  the  direction  cosines  of  the  line  L.     Obviously, 

v+-+v=i. 

5.  The  points  x  defined  by 

(o:1-a1)2+"-+(^-«n)2  =  ^         r>0. 

lie  on  a  sphere  S  whose  center  is  a  and  whose  radius  is  r. 
The  equation  of  S  may  also  be  written 

Dist  («,  #)  =  r. 
The  points  #,  such  that 

Dist  (a,  x}<r 
lie  within  S.     If 

Dist  (a,  #)  >  r, 

a;  lies  without  S.     If  z  lies  o/i  or  within  /S,  it  lies  tw  $. 

6.  The  points  z,  such  that 


—  a, 


\xn-an\<\e, 


form  a  cube,  with  center  a  and  edge  «• 
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7.   The  points  #,  such  that 


form  a  rectangular  parallelopiped  or  cell  whose  edges  are  of  length 

e1  =  b1  —  a1    •• 
8.  The  cube 


=  bn-an. 


i-  nn 

V»  V  w 

is  called  the  inscribed  cube  C  of  the  sphere  *9,  of  radius  r,  and 
center  a. 

Every  point  x  of  (7  is  in  $.     For, 


9.   Let  the  cube  C  be  given  by 


*1    "1 


<£ 


<T 


The  points 


are  called  the  vertices. 
If 

"  =  Oi  •••*>») 

is  one  vertex, 

v'  =  (-vi  +  2ai' *'«  +  2«B) 

is  called  the  opposite  vertex. 

The  line  joining  a  pair  of  opposite  vertices  evidently  passes 
through  the  center  of  C.     It  is  called  a  diagonal. 

The  length  of  a  diagonal  is 


Vcr2  +  •  •  •  +  <r2  =  cr  Vw. 

10.  The  distance  between  two  points  a,  &  in  (7  is  greatest  when 
they  are  opposite  vertices.     For,  each  term  (at  —  5t)2  in  1)  has  then 
its  greatest  value,  viz.  <r2. 

11.  If  ev  ez,  "•  e,n  are  the  lengths  of  the  edges  of  the  parallelo 
piped  in  G,  we  say  the  product 

e\ '  ^2  " '  en 
is  its  volume. 

In  case  the  parallelopiped  is  a  cube  of  edge  o-,  its  volume  is  <rn. 
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12.   The  points  x  defined  by 

aixi  +  ----  1"  a»x»  +  ^  =  0  (4 

lie  in  a  plane.     The  two  planes  4)  and 

aixi  ^  -----  1~  anxn  +  «  =  0 
are  parallel. 

245.    Let  «,  5,  c  be  three  points  in  1R.n. 
Let 

A  =  Dist(6,  c),   .5  =  Dist  (a,  c),    (7=  Dist(6,  a). 

When  w  =  1,  2,  3,  we  have 

A  ^  B  +  C. 

Here   the  inequality  sign  holds  unless 
A,  B,  C  lie  on  a  right  line  L. 

We  show  now  that  1)  holds  for  every  n.* 
To  this  end,  set 

«i  =  &c  —  <?«    &  =  at  —  ct,    7t 

where  at,  6,  ct;    t=l,  2,   •••  w,  are   the    coordinates  of   a,   6,   c?. 
Then 

«i  =  A  +  7i-  (2 

Now,  ^2  =  aj2  +  .  .  .  +  az  =  2«t2  . 

^  =  /312+---  +  /3n2  =  2ySl2;  (3 

(72=7l2+...+7re2=Spyt2.  (4 

From  2),  we  have  also 

A*  =  2(&  +  7t)2  =  2A2  +  27t2  +  2  2&7l.  (5 

Thus  to  prove  1),  we  have  to  show  that 


or,  using  3),  4),  5),  that 


*  If  the  reader  finds  the  demonstration  difficult,  let  him  go  through  it,  taking 
n  =  2  or  3.  We  recommend  this  in  the  case  of  any  demonstration  which  the  reader 
finds  too  hard  for  general  n. 
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This  shows  that  it  will  suffice  to  prove  that 

(2&7t)2  <  2/3t227(C2.  (6 

To  do  this,  we  start  from  the  inequality 

(&7K-/3K7t)2>0.  (7 

By  244,  3,  the  inequality  sign  holds  for  at  least  one  pair  of 
indices  t,  «,  unless  «,  £,  c  lie  on  a  right  line. 
From  7),  we  have 

t7K.  (8 


Let  us  form  all  the  relations  of  this  type,  letting  i,  K  run  over 
the  indices  1,  2,  •••,  w,  and  keeping  i  ^  K. 
If  we  add  these,  we  get 


2&V>  2 
On  the  other  hand, 


.7,7..         nfc*.  (9 


*+* 

Hence,  by  9), 


.7*.  (10 

But  ^« 


=  2/3t  V  +  2 


This  in  10)  gives  6). 


246.  A  point  x  for  which  Dist  (a,  x)  is  small,  is  said  to  be  near 
a.  What  is  to  be  considered  as  small,  depends  on  the  problem  in 
hand. 

The  points  x,  such  that 

Dist  (a,  x)  <  p,         p  >  0. 
form  an  aggregate  called  the  domain  of  the  point  a.  of  norm  p.     It 

_   "  •  •!  1  1»«  •  nn»*"  ti  iiMMM 

is  denoted  by 


For  example,  in  9?^  Dp(a)  is  the  interval  (a  —  /o,  a  4-p). 
In  $ft2,  Dp(a)  embraces  all  points  m  a  circle  of  radius  /o,  and 
center  a  ;  in  9?3,  it  embraces  all  points  in  a  sphere  of  radius  p. 


154      FIRST   NOTIONS   CONCERNING   POINT   AGGREGATES 

We  sometimes  wish  to  exclude  the  point  a  from  its  domain. 
When  this  is  done,  the  domain  is  said  to  be  deleted;  we  denote  it 
by 

247.  Let  A  be  a  point  aggregate  in  9?w. 

Let  p  be  any  point  in  9?n.  We  say  p  is  an  inner  point  of  A  if 
every  point  in  some  domain  of  p  lies  in  A,  i.e.  if  there  exists  a 
p  >  0  such  that  every  point  of  -Z)p(jo)  lies  in  A.  The  point  p  is  an 
outer  point  of  A  if  no  point  of  -Z>p(/>)  lies  in  A,  however  small 
p  >  0  is  taken.  Finally,  p  is  a  frontier  point  of  A  if  in  every  _Z>p(jj), 
however  small  p  >  0  is  taken,  there  is  at  least  one  point  of  A  and 
one  point  not  in  A.  Every  point  of  9?n  is  either  an  inner,  an 
outer,  or  a  frontier  point  of  A.  The  frontier  points  of  a  cube  or 
parallelepiped  form  its  surface. 

P&  P\ .  P-2 

248.  Ex.1.  A=(a,p).         — « o 


Here  any  point  p^  such  that  «<j?i</3,  is  an  inner  point.    Any  point  p2,  such 
that  pz  >  £  or  p$  <  a,  is  an  outer  point. 
The  frontier  points  are  a  and  /3. 

Ex.  2.  A  embraces  the  rational  points  in  (a,  /3).  Here  all  points  p,  such  that 
p  <  a  or  p  >  /3,  are  outer  points.  The  points  of  A  are  all  frontier  points.  For,  if 
a  be  any  point  of  A,  there  are  irrational  points  in  every  Dp(a),  however  small 
p> 0  is  taken,  by  84. 

In  this  example  A  contains  no  inner  points. 

Ex.  3.    A  embraces  all  the  points  in  9I2,  both  of  whose  coordinates  are  rational. 

Here  every  point  p  of  9J2  is  a  frontier  point.  In  fact,  consider  a  little  circle  C  of 
radius  p  >  0  and  center  p.  Evidently  p  contains  points  in  A  and  points  not  in  A, 
however  small  p  is  taken. 

In  this  example  there  are  no  outer  and  no  inner  points  of  A. 

249.   Let  b  be  an  inner  point  of 


Then 

lies  within  S  if 
where 


PRELIMINARY   DEFINITIONS  155 

The  theorem  is  proved  if  we  show  that  the  points  y  of  A  satisfy 

the  relation  —  ,  ,       , 

Dist  (a,  y)  <  a.  (2 

But,  by  245,- 

Dist  (a,  y}  <  Dist  (a,  6)  +  Dist  (5,  y)  =  p  +  S. 
Thus,  by  1),  the  relation  2)  is  valid. 

250.    1.   Let  A  be  a  point  aggregate,  and  p  any  point  in  9?,t. 
The  points  of  A,  lying  in  _Z)p(jp),  form  the  vicinity  of  p,  of  norm  p. 

It  is  denoted  by  Tr.  , 

Fp<»  or 

Thus  D(_p)  embraces  all  points  near  p,  while  F"(j?)  includes  on^y      *^ 
points  of  yl,  near  p. 

EXAMPLE.     Let  A  —  1,  f,  ^,  ••• 

Here  Z>P(0)  is  the  interval  (—  p,  />),  while  FP(0)  is  the  set  of  points 

1          1  1 

m     m  +  l'    m  +  2' 

where  m  is  the  least  integer  such  that  —  ^  p- 

m  ^» 

The  point  jo  may  or  may  not  lie  in  F(j»).      We  sometimes  wish 
expressly  to  exclude  it.     When  this  is  done,  the  resulting  aggre-    « 
gate  is  the  deleted  vicinity  of  p;  it  is  denoted  by 

or   F*0>). 


251.  When  treating  functions  of  a  single  variable  a;,  we  have 
often  to  consider  the  behavior  of  the  function  on  one  side  of  a 
point  a.  This  leads  us  to  split  the  domain  and  vicinity  of  a  into 
two  parts,  forming  a  right  and  left  hand  domain  ;  a  right  and  left 
hand  vicinity  of  a. 

The  right  hand  domain  and  vicinity  we  denote  respectively  by 


The  left  hand  domain  and  vicinity  are  denoted  by 
LD(a),   LV(a). 

The  point  a  lies  in  both  the  right  and  left  hand  domain.  It  lies 
in  both  the  right  and  left  hand  vicinity  if  a  lies  in  F(a).  It 
should  be  remembered  that  these  terms  refer  only  to  rectilinear 
aggregates. 
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252.  1.  A  point  aggregate  is  said  to  be  finite  when  it  contains 
only  a  finite  number  of  points.  Otherwise  it  is  infinite. 

A  point  aggregate  A  is  said  to  be  limited  when,  all  its  points  lie 
within  a  certain  sphere  or  cube,  having  the  origin  as  center. 

This  definition  is  equivalent  to  saying  that  the  coordinates  av 
«2'  ' ' '  am  °f  every  point  of  A,  are  numerically  less  than  some  posi- 
N  tive  number  M.  If  A  is  not  limited,  it  is  said  to  be  unlimited. 
Obviously :  Every  finite  aggregate  is  limited. 

Ex.  1.  .4  =  1,  2,  3,   ... 

is  an  infinite  unlimited  aggregate. 

Ex.2.  A=l,  1,  |,  ... 

is  an  infinite  limited  aggregate. 

Ex.  3.  A  =  points  of  the  interval  (a,  0) 

is  an  infinite  limited  aggregate. 

2.  In  the  case  of  a  rectilinear  aggregate  A,  it  may  happen  that 
the  coordinates  of  all  its  points  x  are  less  than  some  number  M. 
We  say  A  is  limited  to  the  right. 

If  the  coordinates  of  all  the  points  x  are  greater  than  some 
number  N,  we  say  A  is  limited  to  the  left. 

Ex.  1.  A  =  10,  9,  .-.,  2,  1,  0,   -1,   -2,    -3,   ... 

is  limited  to  the  right. 

Ex.  2.  -4  =  -5,   -4,   -3,   -2,   -1,  0,  1,  2,  3,  ... 

is  limited  to  the  left. 

253.  1.  It  is  sometimes  convenient  to  divide  an  interval  into 
equal  subintervals  or  a  square  into  equal  subsquares,  and,  in 
general,  an  w-dimensional  cube  F  into  equal  subcubes. 

For  m  =  1,  2,  3,  this  needs  no  explanation.     When  m  is  >  3,  the 

matter  is  still  very  simple.     The  cube 

*  »i>*i 

F   is   graphically   represented   by  m     Xl~ 

equal  segments  on  the  x1  •••  x,n  axes.      x-2—    — ' — tf  '  *  ^  '   — ' — 

We  divide  F  into  cubes  whose  sides     *3~        — L- 1 ' — 

are  1/rcth  those    of    F    by    dividing  ~~o~~ 

each  of  these  segments  into  n  equal    *="• ' ' ' — 

parts.     One  of  these  subcubes  is  then  represented  by  the  points 
which  fall  in  a  set  of  m  segments  as  a1/3l  •••  «m/3m. 
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2.  Instead  of  a  cube  F  in  9?m,  we  may  wish  to  divide  the  whole 
of  9?m  into  cubes.     The  meaning  of  this  is  now  evident. 

3.  Let  A  be  any  point  aggregate  in  9£w.     Let  us  divide  9?m  into 
cubes  of  side  B.    This  also,  in  general,  divides  A  into  partial  aggre 
gates.     This  division  of  A  into  partial  aggregates  we  shall  call  a 
cubical  division  of  A,  of  norm  8. 

4.  If  instead  of  dividing  9ftm  into  cubes,  we  had  divided  it  into 
rectangular  parallelepipeds  whose  edges  are  ^  8,  we  shall  say  that 
we  have  effected  a  rectangular  division  of  9?ro,  of  norm  8. 

5.  The  partial  aggregates,  into  which  A  falls  after  a  cubical  or 
rectangular  division,  may  also  be  called  cetts^ 

Limiting  Points 

254.  1.  One  of  the  most  important  notions  connected  with 
point  aggregates  is  that  of  a  limiting  point.  Let  A  be  a  point 
aggregate  in  $RIB.  Any  point  p  of  9fc,B  is  a  limiting  point  of  A,  if 
however  small  />>0  is  taken,  -Z>p(p)  contains  an  infinity  of  points 
of  A. 

If  every  domain  of  p  contains  at  least  one  other  point,  p  is  a  limit 
ing  point  of  A. 

For,  let  a  be  a  point  of  A  different  from  p.  Let  0</><  Dist(p,  a). 
Then,  by  hypothesis,  i>p(p)  contains  some  points  al  of  A,  besides  p. 
Let  0</31<  Dist  (p,  aj).  Then  DPi(p~)  contains  some  point  «3  of 
A,  besides  p.  Continuing  in  this  way,  we  see  that  the  infinite 
aggregate  of  distinct  points 

a^,    #21    ^31    " 

all  lie  in  Dp(^>). 

2.  The  following  may  also  be  taken  as  definitions  of  a  limiting 
point : 

If  Fp(p)  is  infinite,  however  small  p  is  taken,  p  is  a  limiting  point 
of  A;  or, 

If   Fp*(jt?)>0,  however  small  p  is  taken,  p  is  a  limiting  point 


Zh    A  A 'I 
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3.  If  p  is  a  limiting  point  of  A  and  p  itself  lies  in  A,  it  is  called 
a  proper  limiting  point.     If  p  is  not  in  A,  it  is  called  an  improper 
limiting  point. 

Any  point  of  an  aggregate  A  which  is  not  a  limiting  point  is  an 
isolated  point. 

4.  Let  A  be  a  rectilinear  aggregate,  and  a  one  of  its  limiting 
points.     If  no  point  of  A  falls  in  (a*,  a  +  S)  or  in  (a -8,  a*),  8  >  0 
sufficiently  small,  a  is  called  a  unilateral  limiting  point.     Other 
wise  a  is  a  bilateral  limiting  point. 

255.  Ex.  l.  A  =  I,  i,  £,  i,... 

Here  the  origin  is  a  unilateral  limiting  point  of  A.    As  0  does  not  lie  in  A,  it 
is  an  improper  limiting  point. 

Ex.  2.  .4  =  01114... 

•**  —  "1    •*»   2i   71   ?) 

The  origin  is  a  proper  unilateral  limiting  point  of  A. 
Ex.  3.  A  =  totality  of  rational  numbers. 

Every  point  p  in  9J  is  a  bilateral  limiting  point. 

If  p  is  a  rational  point,  it  is  a  proper  limiting  point  of  A.     If  p  is  an  irrational 
point,  it  is  an  improper  limiting  point. 

Limiting  Points  connected  with  Certain  Functions 

256.  We  give  now  a  few  examples  of  point  aggregates  which 
come  up  in  the  study  of  certain  functions. 

*    .    v. 

Let  </  =  sin-. 

x 

The  domain  of  definition  of  this 
function  embraces  all  points  on  the 
a;-axis  except  x  =  0. 

It  oscillates  between  —  1  and  +  1. 

The  points 

x=  av  «2,  «3,  ••• 

for  which  y  takes  on  a  particular  value,  as  y  =  0,  form  a  point 
aggregate  whose  limiting  point  is  x  =  0. 

In  any  domain  of   this  point,  y  oscillates  from   +1  to-  1  an 
infinite  number  of  times. 
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257.    Let  1 


(1 


y 

sin  - 
or 

When  x=  0,  or  when 

sin-  =  0,  (2 

x 

y  is  not  defined,  since  for  these  points,  1)  involves  division  by  0. 
The  points  x  for  which  2)  holds  are 
11  1 

it    —  ,        X  — 1        31    g 5    *  *.  \ 

7T  2  7T  O  7T 

This  is  a  point  aggregate  whose  limiting  point  is  x  =  0. 

As  x  approaches  one  of  the  points  — ,  y  oscillates  with  increas 
ing  rapidity.  At  the  same  time  these  points,  — ,  become  infinitely 
dense  as  x  nears  the  origin.  The  domain  of  definition  of  y  is  the 
z-axis  except  the  origin  and  the  points  3). 

258.    Let  ya=sin       1       t 


sn 


sin- 
x 


This  expression  does  not  define  y,  because  of  division  by  0, 
when 

or  when  x  satisfies  ., 

sini=0,  (2 

x 

or  sin_L  =  0.  (3 

sin  - 
x 

The  points  x  defined  by  1)  and  2)  are 

1—1 

7T  2  7T 

considered  in  257. 
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It  is  easy  to  see  that  the  points  x  defined  by  3)  form  an  aggregate 
B  such  that  each  of  the  points  of  A  is  a  limiting  point  of  *B.  In 
fact,  let  x  approach  the  point  ±— .  As  it  does  so,  sin-  becomes 
smaller  and  smaller;  hence  __ 


sin  - 


larger  and  larer. 


Thus  in  the  domain  of  the  point  ±  —  * 

mr 


sin. 


sin- 
x 


oscillates  infinitely  often  between  -  1,  1,  and  in  particular  3)  is 
satisfied  infinitely  often. 

Thus,  the  domain  of  definition  of  y  includes  all  points  of  the 
z-axis  except  the  points  A  and  B. 

About  each  point  of  B,  y  oscillates  infinitely  often.  These 
points  of  infinitely  frequent  oscillation,  themselves  cluster  infi 
nitely  thick  about  each  point  of  A ;  while  the  points  A  cluster 
infinitely  dense  about  the  origin.  Let  the  reader  try  to  picture 
to  himself  how  the  graph  of  y  looks  about  the  points 


±  — ,  and  0. 

HIT 


259.    1.  The  functions  of  257  and  258  are  formed  from  that  of 
256  by  a  process  of  iteration. 

In  fact,  let 

1 


then 


.   r   i   i 

sin    - 

sin- 


Similarly, 


sin 


sin- 


.    1 
sm- 

X] 


=  0\0\0(x)-\\,  etc. 
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161 


&(x)  for 
B\x)  for  0[<92<»],  etc. 
2.  As  another  example  of  iteration,  let 

y 
Then 


260.    Let 


\x)  =  log  [log  (log  a;)],  etc. 

11—  sin-  =  0(x). 
x 


We  have  noted  the  domain  of  definition  of 


In  general,  let  Am  be  the  domain  of  definition  of  6m(x).  Each 
point  of  A»-i  is  a  limiting  point  of  Am,  and  6m(x)  oscillates  in 
finitely  often  about  each  point  of  Am. 

261.  To  get  functions  of  two  variables  having  more  compli 
cated  domains  of  definition,  we  may  apply  the  process  of  iteration 
to  the  function  of  237. 

Let  Q(xy)  =  tan  £  irxy. 


We  saw  0  was  not  defined  for  points  on  the 
family  of  hyperbolas 
Jf)  xy=2m  +  I.         w  =  0,  ±1,  ±2,  • 

Let  us  consider  the  domain  of  definition  _D2  of 
=  tan  (|  ?r  tan  \ 


Throngli  any  point  P  of  one  of  these  hyperbolas  5)  pass  an 
arbitrary  right  line  L. 

At  any  point  Q  on  the  line,  such  that 

Q(xy)  =  2n  +  1,         n  =  0,  ±  1,  ••• 
0s  is  not  defined. 

But  the  points  Q  have  P  as  limiting  point. 
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Derivatives  of  Point  Aggregates 

262.    1.   Let  A  be  a  point  aggregate.     The  limiting^  points  of 
A,  if  it  has  any,  form  an  aggregate,  which  is  called  thejirst 
ive  of  A,  and  is  denoted  by  A 

L         A=~     -     -      - 
2'    3'    4'    5' 


A  =  ±     -     1     -      1     £     1      ?          _fl      n  +  l\ 

2'    2'    3'    3'    4'    4'    5'    5'  [n'        n      j' 

t»    lA  fir    ~VVt     Jct-^N' 

2.   When  J.  is  a  finite  aggregate,      '    ^( 

'"  ^  U    A. 

But  A  may  be  infinite  and  yet  have  no  derivative. 

Ex.  3. 

A  =  1,2,  3,  4,   ... 
is  such  an  aggregate.  . 

263.  1.  The  first  derivative  A  may  have  limiting  points  ;  their 
aggregate  is  called  the  second  derivative  of  A.  It  is  denoted  by  A". 

A"  may  have  limiting  points;  these  give  rise  to  the  third  deriv 
ative  A'" ,  etc. 

EX.  i.  riii 

A  =  \ h  -  L  i       m,  n  =  1,  2,  3,  ••• 

[TO      n  j 

Let  m  be  arbitrary  but  fixed  ;  then  —  is  a  limiting  point  of  A.  For  A  contains 
the  points 

TO  m     2'    m     3'    m     4' 

whose  limiting  point  is  obviously  — . 
Thus,  m 

A'  =  j  0,  1  }  ;         m  =  1,  2,  3,  ... 

I       m  J 
while 

A"  =  (0),  (1 

and 

A'"  =  Q.  (2 

As  explained  in  243,  3,  the  equation  1)  means  that  A"  consists  only  of  the  origin, 
while  2)  indicates  that  A'"  has  no  points  at  all. 
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Ex.  2.  A  —  rational  points  in  an  interval  /; 

A'  =  I.    See  255,  Ex.  3. 
A"  =  1,   A'"  =  1,   ••• 

Thus  A  has  derivatives  of  every  order,  each  being  7. 
2.   If  A,  A',  •••  A(m)  > 0,  while  Am+1}  =  0,  A  is  of.  order  m.  — J) 

264.  Every  limited  infinite  point  aggregate  has  at  least  one  limit 
ing  point. 

1.  For  simplicity  let  us  consider  first  the  case  that  the  aggre 
gate  A  lies  in  the  interval  /=  (a,  5).     We  divide  /  into  halves. 
One  of  these  halves,  call  it  7r  contains  an  infinity  of  points  of  A. 
Divide  1^  in  halves.     One  of  these  halves  must  contain  an  infinity 
of  points  of  A.     In  this  way  we  may  continue  bisecting  each  suc 
cessive  interval,  without  end.     We  get  thus  an  infinite  sequence 
of  intervals  T    T     T  (~\ 

-LI    •*!»    J-y     ' 

each  -lying  in  the  preceding,  whose  lengths  converge  to  0. 

By  127,  2,  the  sequence  1)  determines  a  point  «.  This  point  a 
lies  in  every  interval  of  1).  Since  each  7>(«)  contains  some  /„, 
it  contains  an  infinity  of  points  of  A.  Hence  «  is  a  limiting  point 
otA. 

2.  The  extension  of  this  demonstration  to  $ln  is  now  readily 
made.     Since  A  is  limited,  it  lies  in  a  certain  parallelepiped  P, 

a1<x1<b1   •••  an<xn<bn, 
by  252.     We  divide  now  P  into  two  parts 

«1  <«i  <  K^l~rtl)'     ^^^^^     •"     «n<^n^*«'  (2 

l^-aj^x^bv    a2<:r2<62   •••  an<xn<bn. 

In  one  of  these  there  must  lie  an  infinity  of  points  of  A.  To 
fix  the  ideas  suppose  it  is  the  parallelepiped  2)  which  we  call  Qr 

Ql  differs  from  P  only  in  having  one  coordinate,  viz.  xv  restricted 
to  an  interval  half  as  big  as  the  original. 

We  now  divide  Ql  into  two  parts, 

al<xl<  K^i-ai)>    <*z<xz<%(bz-a.^,    az<x3<by  •-    (3 
and 
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In  one  of  these,  say  it  is  the  parallelepiped  $2  defined  by  3),  an 
infinity  of  points  of  A  must  lie.  Q2  differs  from  P  in  having  now 
two  of  its  coordinates  restricted  to  intervals  only  half  as  large  as 
the  original  ones. 

We  may  continue  in  this  way  restricting  the  remaining  coor 
dinates  xs  •••  £„,  to  intervals  half  as  big  as  the  original  ones. 
We  get  parallelepipeds  Q3,  Q±  •••  Qn,  in  each  of  which  lie  an 
infinity  of  points  of  A. 

Let  us  set  P1  =  Qn.  This  parallelepiped  lies  in  P  and  has  each 
edge  just  half  as  big  as  the  corresponding  edge  of  P. 

We  may  now  subdivide  P1  just  as  we  did  P.  After  n  bisections 
we  get  a  parallelepiped  P2,  which  lies  in  Pv  which  contains  an 
infinity  of  points  of  A,  and  whose  edges  are  one  half  as  big  as 
those  of  Pr 

Continuing  this  process  indefinitely,  we  get  a  sequence  of  paral 
lelepipeds 

P    P     P 
•*  i  *ii  *  §i 

which  determines  a  point  «  =  (rc^  •••  «n).    This  point  is  evidently 
a  limiting  point  of  A  by  the  same  reasoning  as  employed  in  1. 

265.  If  A  is  a  limited  aggregate  of  the  nth  order,  A(n}  is  finite. 
For  if  A(n)  were  infinite,  being  limited,  it  must  have  at  least  one 

limiting  point,   by  264.     Then  A(n+l)>0,  which  contradicts  the 
hypothesis. 

266.  Let  A  be  any  point  aggregate.      Then  A"<A,  i.e.  all  the 
limiting  points  of  A'  are  proper. 

1.   For  simplicity,  let  us  first  consider  a  rectilinear  aggregate. 


Let  p  be  any  point  of  A" ;   we  lay  it  off  on  the  A,  A'  axes  also, 
as  in  the  figure. 
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To  show  that  p  lies  in  A',  we  have  to  show  it  is  a  limiting  point 
of  A,  i.e.  in  any  little  interval  K  about  p  there  lie  an  infinity  of 
points  of  A.  Let  /  be  any  little  interval  about  p  on  the  A'  axis. 
As  p  is  a  limiting  point  of  A',  /contains  an  infinity  of  points  of  A'. 
Let  q  be  one  of  these.  Let  us  lay  q  off  on  the  A  axis.  Since  q  is  a 
limiting  point  of  A,  any  little  interval  as  J  contains  an  infinity  of 
points  of  A.  Now,  however  small  K  is  taken,  there  exist  inter 
vals  J  lying  within  K  which  contain  an  infinity  of  points  of  A. 
Hence  K  contains  an  infinity  of  points  of  A,  and  p  is  a  limiting 
point  of  A.  Thus  p  lies  in  A1. 

2.  The  extension  of  this  demonstration  to  $lm  is  obvious.     To 
show  that  p  lies  in  A',  we  have  to  show  that  D.O)  contains  an 
infinity  of  points  of  A,  however  small  e  is  taken.     To  this  end,  let 
p  <  e.     Let  q  be  a  point  of  A'  in  Dp(  jt>).     Then  D0(q)  contains  an 
infinity  of  points  of  A,  however  small  a  is.     But  if 

p  +  a  <  e, 

/>„(?) lies  in  AO>)»  by  m  Hence  D<(P)  contains  an  infinity 

of  points  of  A. 

3.  We  have  just  shown  that  A"  lies  in  A'.     It  is,  however,  not 
necessary  that  A'  lies  in  A. 

Thus,  if  A  =  1,  i,  !,  -.,  .4'  =  (0),  and  this  does  not  lie  in  A. 

267.  Extreme  values  of  a  domain.  1.  Let  the  variable  x  range 
over  a  rectilinear  domain  D  which  is  limited  to  the  right. 

We  form  a  partition  (A,  -B)  as  follows:  in  A  we  put  all  num 
bers  of  9*  which  are  ^  any  number  in  D ;  in  J5  we  put  all  numbers 
of  9?  which  are  >  any  number  of  D. 

Let  this  partition  be  generated  by  /*  [130]. 

We  call  p  the  maximum  of  x  or  o/  -D,  and  write 

/i  =  Max  a:  =  Max  D. 

The  fact  that  a  domain  E  is  not  limited  to  the  right  may  be 
denoted  by  Max  *  =  Max  J0  =  +  oo, 

where  #  ranges  over  _Z?. 

2.  Let  D  be  limited  to  the  left.  We  form  a  partition  (A  £) 
by  putting  in  A  all  numbers  of  9?  which  are  <  any  number  of  D, 
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and  in  B  all  numbers  which  are  ^  any  number  of  D.     If  the  num 
ber  \  generates  this  partition,  we  call  \  the  minimum  of  x  or  of  D, 

and  write 

X  =  Min  x  =  Min  D. 

The  fact  that  a  domain  E  is  not  limited  to  the  left  may  be 

denoted  by 

Mm  x  =  Min  D  =  —  oo, 

where  x  ranges  over  E. 

Ex-l-  D=(a,  6),   a<b. 

Min  x  =  a.        Max  x  =  6. 
We  note  that  x  takes  on  both  its  minimum  and  maximum  values  in  D. 

Ex-2-  ^=(o,  i,  i,  i,  i,  i,  j,  $,  -..). 

Minx  =  0.        Maxx  =  1. 

Here  x  takes  on  both  its  maximum  and  minimum  values. 
Ex.  3.  D=(a*,  6*). 

Min  x  =  a.        Max  x  =  b. 

Ex-4-  ^  =  (J,  !,  i,  I,  i,  !,  •••)• 

MinZ>  =  0.         MaxZ)  =  l. 
In  Exs.  3,  4,  x  takes  on  neither  its  minimum  nor  its  maximum  values. 

268.  1.  The  maximum  and  minimum  values  of  x  are  called  its 
extreme  values  or  extremes. 

Let  e  be  an  extreme  of  D.  If  the  point  e  is  an  isolated  point 
of  D,  e  is  called  an  isolated  extreme,  otherwise  e  is  a  non-isolated 
extreme. 

Evidently  an  isolated  extreme  of  D  lies  in  D. 

2.  When,  however,  e  is  a  non-isolated  extreme,  it  may  or  may 
not  lie  in  D.  In  this  case  we  have  the  theorem : 

If  e  be  a  finite  non-isolated  extreme  of  D,  it  is  an  extreme  of  D', 
the  first  derivative  of  D. 

To  fix  'the  ideas,  let 

e  =  Max  D. 

Since  e  is  not  isolated,  it  is  a  limiting  point  of  D,  and  hence 
lies  in  D'. 

Since  no  x  of  D  is  >  e,  no  x  of  D'  is  >  e.     Hence 

e  =  Max  D'. 
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3.  We  have  obviously  the  following : 

Let  every  x  of  D  be  ^  /&,  while  for  each  e  >  0  there  exists  in  D  an 
x>n-e.      Then  ^  =  Max  D. 

A  similar  theorem  holds  for  a  minimum. 

4.  Let  9ft  be  such  that 

Minz<9ft<Maxa;; 

we  call  9ft  a  mean  value  of  x,  or  a  mean  of  x,  and  write 

9ft  =  Mean  x. 

269.  1.  Let  e  be  an  extreme,  finite  or  infinite,  of  the  function 
/Oi  —  <V)  with  resPect  to-a  limited  domain  D.      Then  there  exists  a 
point  a,  not  necessarily  in  D,  such  that  e  is  the  extreme  off  in  any 
vicinity  of  a,  however  small. 

The  demonstration  is  precisely  analogous  to  that  given  in  264. 

2.  If  D  contains  its  limiting  points,  the  point  a  lies  in  D. 

Various  Classes  of  Point  Aggregates      I/ 

270.  Each  point  p  of  an  aggregate  A  is  either  an  isolated  point 
or  a  limiting  point  of  A.     Let  us  call  A,  the  aggregate  of  the 
former  points  and  AA  the  aggregate  of  the  latter  points. 

Then  A  =  At  +  A,. 

If  Ak  =  0,  then  A  =  AL,  and  A  is  an  isolated  aggregate. 

If  A.=  0,  then  A=A*,  and  A  is  dense. 

A  may  contain  all  its  limiting  points ;  it  is  then  complete. 

If  A  is  dense  anTcomplete,  itjs_  perfect.  It  then  contains  all 
its  limiting"pomti  and  every~point  of  A  is  a  limiting  point. 

A  point  aggregate  such  that  each  of  its  points  is  an  inner  point 
is  called  a  region.  Cf.  247. 

It  is  sometimes  convenient  to  consider  the  aggregate  formed  of 
a  region  and  its  frontier  points.  Such  an  aggregate  is  called  a 
complete  region. 

For  example,  the  interior  of  a  circle  forms  a  region.  If  we  add 
its  circumference  we  get  a  complete  region. 
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271.  Ex.  1.  A  =  l,  \,  I,  I  ••• 

is  an  isolated  aggregate. 

Ex.2.  yl  =  0,  1,  i,  I,  ... 

is  a  complete  aggregate. 

Ex.  3.   A  =  the  rational  numbers  in  a  certain  interval. 
A  is  dense,  but  not  complete. 

Ex.  4:.  A  =  the  interval  (a,  6). 
A  is  perfect. 

Ex.  5.   ^4  =  the  interval  («*,  6) . 
.A  is  dense,  but  no£  complete. 

Ex.  6.    A  region  is  dense,  but  not  complete. 
A  completed  region  is  perfect. 

Ex.  7.    In  the  interval  (0,  1)  remove  the  points  0,  1,  £,  $,  ••• 
The  remaining  points  form  a  region. 

^j      Ex.  8.    In  the  plane  9?2  let 

A  =  a\,   «o,    ••• 

be  an  aggregate  having  a  single  limiting  point  a.  Let  us  suppose  that  a  does  not 
lie  in  A.  About  each  an  let  us  describe  a  circle  Cn  of  radius  so  small  that  no  two 
circles  have  a  point  in  common.  The  aggregate  formed  of  the  points  of  9t2  within 
each  circle  Cn  is  a  region  rn. 

The  aggregate  formed  of  all  the  regions  Tn  is  also  a  region. 

272.  1.   An  interesting  example  of  a  rectilinear  perfect  aggre 
gate  lying  in  an  interval  21  and  yet  not  embracing  all  the  points 
of  21  is  the  following,  due  to  Cantor. 

Let 

a  =  •  a^a^a^'" 

be  expressed  in  the  triadic  system  [144],  restricting,  however,  the 
numbers  ar  «2,  •••  to  the  values  0,  2.  Then  A  =  \a\  is  such  an 
aggregate,  as  we  now  show. 

We  can  get  a  good  idea  of  this  aggregate  as  follows. 


Let  the  interval  (1,  4)  be  of  unit  length.  We  divide  it  into 
three  equal  segments,  (1,  2),  (2,  3),  (3,  4).  The  points  1,  3  are 
points  of  A.  Xo  point  of  A  falls  within  the  middle  segment 
(2,  3).  We  have  therefore  marked  this  segment  heavy  in  the 
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figure.     We   now  divide    the    segments   (1,  2)   and  (3,  4)   into 
three  equal  segments, 

(1,5),    (5,6),    (6,2),    and    (3,7),    (7,8),    (8,4). 

The  end  points  6,  8  are  points  of  A.  No  point  of  A  falls  within 
the  segments  (5,  6),  (7,  8),  which  are  therefore  marked  heavy. 

In  this  way  we  can  continue  indefinitely  subdividing  the  seg 
ments  within  which  a  point  of  A  falls.  Consider  the  end  points 
of  a  heavy  interval,  say  the  interval  (5,  6).  Its  right  hand  end 
point  is  obviously  a  number  of  A  having  a  finite  representation. 
Its  left  hand  end  point  is  a  point  of  A  whose  representation  is 
infinite. 

-   To  show  now  that  A  is  perfect,  let  us  begin  by  showing  that 
every  point  a  of  A  is  a  limiting  point. 

Let 

i\         a  — -a  a  ---a  \    Q?>  ' 

t*l"2       us 

be  a  point  having  a  finite  representation  [144,  5].    &   '       'i  ^x° 

Obviously,  a  is  the  limit  of  the  sequence,        ^ 

t**t 
a  =-a1---a4_,  r  ^r*r]  «    A 

nn n  ...n  09  <         $>k  ^  j 

S,H    V,*..'?  L, 

„»>  „         f,  fiA9 

a      =-  a1---asU01, 

Let  ^  '"  '"VC/i     H 

a  =  -a1a2«3"-  rV  • 

*fh        to 

be  a  point  whose  representation  is  infinite.     It  is  obviously  the      ,/ 
limit  of  the  sequence, 

a'  =•  a,, 


-)       v 
V  vj  V  l 


a      =•  a1a2a3, 

Hence  every  point  of  A  is  a  limiting  point.  On  the  other  hand 
A  contains  all  its  limiting  points. 

For  every  limiting  point  «  of  A  is  either,  1°,  an  end  point  of 
the  black  intervals,  or,  2°,  not  such  a  point. 
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In  case  1°,  «  is  obviously  a  point  of  A. 

In  case  2°,  if  a^O,  we  can  find  a  monotone  sequence  of  points 
in  A. 


a     = 


whose  limit  is  a. 

On  the  other  hand,  the  limit  of  this  sequence  is 


which  is  a  number  of  A.  Hence,  «  is  in  A. 
Should  a  =  0,  this  method  is  inapplicable. 
But  obviously  a  =  0  is  in  A. 

2.  It  is  easy  to  generalize  the  above  example  as  follows.     Let 


a  = 


be  expressed  in  an  w-adic  system  restricting  the  numbers  av  «2,  ••• 
to  a  part  of  the  system, 

0,  1,  2,  -m-1; 

for  example, 

0,2,4,6,.-. 


CHAPTER   VI 

LIMITS  OF  FUNCTIONS 

FUNCTIONS   OF   ONE   VARIABLE 

Definitions  and  Elementary  Theorems 

273.  1.  We  extend  now  the  notion  of  limit,  by  denning 
limits  of  functions.  We  begin  by  considering  functions  of  a 
single  variable  x. 

Let  f(x)  be  a  one-valued  function  denned  over  a  domain  D. 

Let  . 

A  =  al,  a2,  «3  ••• 

be  any  sequence  of  points  of  D,  such  that 

lim  an  =  a  ;         a  finite  or  infinite,       an  3=  a. 

If  the  sequence 

/(«i)>  /(«*)•  /(«s)    -  (2 

has  a  limit  77,  finite  or  infinite,  always    the    same,    however   the 
sequence  A  be  chosen,  we  say  i)  is  the  limit  of  f(x)  for  x  =  a  and 

write 

77  =  lim  /(V), 

x=a 

or,  more  shortly, 


We  also  say  /(a;)  approaches  or  converges  to  rj  as  a  limit,  when  x 
approaches  a  as  a  limit.     This  may  be  expressed  by  the  symbol 


2.    If  for  some  sequence  1)  the  limit  of  2)  does  not  exist,  we 
say  the  limit  of  f(x)  for  x  =  a  does  not  exist. 

171 
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3.  Since  the  limit  of  2)  must  be  77  however  the  sequences  1) 
are  chosen  (provided,  of  course,  they  have  a  as  limit  and  an  =jt  a), 
we  have  the  theorem  : 

Let  A  =  \an\,  B  =  \bn\    be  two   sequences  lying  in  D;   let  an  =  a, 

If  Km /(<)=£  Km /(£„), 

then  limf(x),for  x  =  a,  does  not  exist. 

274.  ].  It  is  sometimes  convenient  to  restrict  the  sequences 
A  =  av  «2,  •  •  •  so  that  all  the  points  an  lie  to  the  right  of  a.  In 
this  case  we  call  77  a  right  hand  limit  and  write 

77  =  lira  f(x)  or  77  =/(a  +  0)  or  77  =  R  Km  /<»  or  77  =  R  lim/(V). 

x=a+0  j.—a 

If  we  restrict  the  sequences  A  to  lie  to  the  left  of  a,  we  call  77  a 
left  hand  limit  and  write 

77  =  Km/(aO  or  V  =/(«  -  0)  or  77  =  L  Km  f(x)  or .  rj  =  L  Km /(a:). 

X-==-(t 

Obviously  if 

Km  f(x)  =  77,        /wit«  or  infinite.         (1 
then 

L  Km  /(a;)  =  7?  Km  /(a;)  =  77.  (2 

Conversely,  if  2)  AoZds,  1)  Joes 


2.  Right  and  left  hand  limits  are  called  unilateral  limits.  If 
we  do  not  care  to  specify  on  which  side  of  a  the  limit  is  taken,  we 
can  denote  it  by 


275.  1.  When  considering  infinite  limits  or  limits  for  x=  ±00, 
it  is  often  convenient  to  suppose  the  axes  terminated  to  the  right 
and  left  by  two  ideal  points  +  cc,  or  -  oo,  respectively.  We  call 
these  the  points  at  infinity. 

We  call  the  interval  (&,  +  oo)  the  domain  of  +  oo,  and  denote 
it  by 

A,(+oc).  (1 

We  call  G-  the  norm  of  Z>(+  »). 
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Let  A  be  a  point  aggregate  lying  on  our  axis.  Those  of  its 
points  which  fall  in  1)  we  call  the  vicinity  of  +  co  for  the  aggre 
gate  A.  We  denote  it  by 

F0(+oo).  (2 

Similar  definitions  hold  for 

Z>6,(-oo)  and  Fe(-  oo).  (3 

2.  When  Q-  increases,  the  intervals  (6r,  +  GO)  or  (6r,  —  co)  are, 
in  a  way,  diminishing.  It  is  convenient,  for  uniformity,  to  say 

that  D0(±a>),  r«(±.oo) 

are  arbitrarily  small  when  Gr  is  taken  arbitrarily  large,  positively 
or  negatively,  according  to  the  sign  of  co. 

276.  Corresponding  to  the  two  ideal  points  ±  oo,  we  shall  intro 
duce  two  ideal  numbers,  which  we  also  denote  by    ±  GO..     These 
numbers  are  respectively  greater,  positively  or  negatively,  than 
any  number  in  9t.     We  say  they  are  infinite. 

The  system  formed  by  joining  ±  co  to  the  system  $ft  we  denote 

byJL_ 

We  shall  perform  no  arithmetical  operations  with  these  ideal 
numbers. 

277.  1.    Most  of   the  theorems  established   in  Chapters  I,   II 
for  sequences  may  be  extended  easily  to  theorems  on  limits  of 
functions. 

For  convenience  of  reference  we  collect  the  following.  The 
reader  should  remember  that  a  theorem  relating  to  limits  for  a 
point  x  =  a  may  be  changed  at  once  into  one  relating  to  a  left  or  a 
right  hand  limit  at  a. 

lim/(a;)  =  a,    Km  //(#)  =  ft.          a  finite  or  inf. 
Then 


See  49,  50,  51,  98. 
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3.  In  F"*(a),  a  finite  or  infinite,  let 


Let 

lim  f(x)  =  lim  h(x)  =  X. 

Then 

lim  g(x)  =  \. 
See  107. 

4.  Let 

lim  /(#)          a  ^mYe  or  inf. 

z=a 

finite.     If 

</i,          wi  F*(a) 


See  106,  1. 
5. 


lim  f(x)  =  a,    lim  g(x)  =  ±  oo.     a  finite  or  inf. 

z=o  x=o 

f 

lim  (/  ±  g)  =  ±  oo,         lim  —  =  0. 
«  ^  0, 


See  137. 

6.  Let 

lim  /(V)  =^=  0,    lim  g(x)  =0.        «  finite  or  inf. 

If  g(jc)  has  one  sign  in  F"*(a), 

lim  —  =  ±  GO. 
See  137. 

7.  In  F*(a),  a  finite  or  infinite,  let 

A*)  >*(*)• 

^ 

lim  ,</(x)  =  +  GO, 


ma:)=  +  GO. 
See  138. 
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8.  In  V*(cf)  let  /(#)  be  limited  and  monotone.     Then 

/(a  +  0),        /(a-0) 

exist  and  are  finite. 
See  109. 

Second  Definition  of  a  Limit 

lim  f(x)  =  77,         a  finite  or  inf. 

there  exists  for  each  e  >  0  a  vicinity  V*(a)  such  that 

|77-/(aO|<e  (1 

in  F*O). 

For  let  D  be  the  domain  of  definition  of  f(x).  Let  A  =  f  f  j  be 
the  points  of  D,  if  any  such  exist,  for  which  1)  is  not  satisfied. 
Let  us  suppose  at  first  that  a  is  finite.  Let 

Min  |  £  —  «  =  /*• 

If  /*  >  0,  let  0  <  8  <  /A,  then  1)  holds  in  F5*<» 
If  [i  =  0,  let  &      t      fc 

61'    52'    £3'     ' 

be  a  sequence  in  A,  whose  limit  is  a.     Then 


and  this  contradicts  the  hypothesis. 

Thus,  when  a  is  finite,  there  exists  always  a  vicinity  F"6*(«)  for 
which  1)  holds. 

Suppose  a  =  +  QO  .     Let 

Max  |  =  //,. 

If  /A  is  finite,  let  6r  >  /A.     Then  1)  holds  in  Vf;(+  co). 
If  /*  =  +  oo,  let  fc      fc     & 

•  11     S2'    ?3' 

be  a  sequence  in  A  whose  limit  is  +  x>  •     Then 


and  this  contradicts  the  hypothesis. 

A  similar  reasoning  applies  when  a  =  —  oo. 

2.  We  wish  expressly  to  note  that  in  passing  to  the  limit  x=  tt.  i    )£\      P1 

IP  vm-iaVilp  T  npvpT-  fjfclrAa  nn   fTip.  vjiliiA  T.  =  n,  I  *    I 


the  variable  x  never  takes  on  the  value  x  =  a. 
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279.   The  converse  of  the  theorem  278  is  obviously  true,  viz.  : 

If  for  each  e  >  0  there  exists  a  vicinity  T^*(a),  B  >  0,  a  finite  or 
infinite,  such  that 

in  Fg*(a),  then 


280.    1.   From  278  and  279  we  see  that  we  can  take  the  follow 
ing  as  definitions  of  a  limit : 

The  limit  of  f(x)  for  x  =  a  is  77  when  for  each  e  >  0  there  exists  a 

&  >  0,  such  that 

|/O)-77|<e  (1 

in  VI*(CL). 

This  condition  we  shall  express  as  follows : 

e  >  0,    8  >  0,     /<»  -  77  <  e,    r«*(a).  (2 

Such  a  line  of  symbols  is  to  be  read  as  above. 

2.    The  limit  of  f(x)  for  x  =  +  oc  is  77,  when  for  each  e  >  0 
exists  a  G-  >  0,  such  that  1)  holds  in  F^  +  oo). 

This  condition  we  shall  express  thus : 


3.    2%e  ZtwiY  o/  /(x)  /or  a;  =  —  oo  is  i),  when  for  each  e  >  0,  there 
exists  a  G-  <  0,  swcA  that  1)  AoMs  m  F6r(—  ao). 

This  condition  we  shall  express  thus  : 

e>0,    a<0,     /(>0-7?|<e,     F^C-oo). 

281.  1.  Jf 

lim/(a;)  =  +  oc,          a  finite  or  infinite. 

there  exists  for  each  6r>0  a  vicinity  F**(a),  SMC 


.  For,  let  A  =  {||  be  the  points  of  7),  if  any  such  exist,  for  which 
1)  does  not  hold. 
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1°.  Let  a  be  finite.     Let 

Min  |f  —  a  =  /"-• 

If  p  >  0,  let  0  <  8  <  p.     Then  1)  holds  in  F5*O). 
If  /A  =  0,  let 

SI'     £2' 

be  a  sequence  in  A  whose  limit  is  a.     Then 

lira  /(£„)=£  +  00; 
and  this  contradicts  the  hypothesis. 

2°.  i«£  a=  +  cc.     Let 

Max  |  =  /Lt. 

If  /A  is  finite,  let  6r>/*;  then  1)  holds  in  VG(+  oo). 
If  /u,  is  infinite,  let  .       .. 

£l'     *2' 

be  a  sequence  in  A  whose  limit  is  +  oo.     Then 

„)  *=  +  °°  5 


and  this  contradicts  the  hypothesis. 

A  similar  reasoning  holds  when  a  =  —  oo. 

The  reader  will  observe  that  this  demonstration  is  analogous  to 
that  of  278. 

2.  The  converse  of  1)  is  obviously  true,  viz.  : 

If  for  each  Gr  >0,  there  exists  a  vicinity  F*(a),  a  finite  or  infinite, 
such  that  ,,.  n 

f(x)  >  a 

in  F*(a),  then 

lim/(a:)  =  +  oo. 

x  =  a 

282.    1.   From  281  we  see  that  the  following  definitions  of  limits 

may  be  taken:  Um/(«)  .  +  »,  if 

... 

3f>0,     S>0,    f(x)>M,     Fs«(a), 

' 


which  in  full  means:   if  for  each  3/>0,  large  at  pleasure,   there 
exists  a  B  >  0,  such  that  f(x)  >  Min  F5*(a). 
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2.  lim/(V)  =  -oo,  if 

M<0,     S>0,    f(x)<M,      F6*(a); 
i.e.  if  for  each  M  <  0  there  exists  a  5>0,  such  that  /(V)  <  ./If  in 


3.  lim/(ar)  =  +oo,  if 

*=+ao 

^f>0,     £>0,    f(x)>M, 

4.  lim/(a;)  =  —  oc,  if 

z=+oo 

Jlf<0,     #>0,    f(x)<M,      F 

5.  ]im/(x)  =  +  oo,  if 


6.  lim/(V)  =  —  oo  ; 

6?<0,    f(x)<M, 


7.  The  limit,  finite  or  infinite,  of  /(a;)  for  «=  +  oo  or  —  oo  may 
be  represented  by 

/(+«>),    /(-«), 

respectively. 

283.  By  the  aid  of  the  ideal  points,  with  their  associate  domains 
and  vicinities,  we  may  sum  up  all  the  preceding  six  cases  in  one 
general  statement  : 

t]  =  \\Uif  (sd)          a,  77  finite  or  infinite, 

when,  D(rf)  being  taken  small  at  pleasure,  there  exists  a  vicinity 
F"*(a),  such  that  f(x)  lies  in  -D(^)  when  x  runs  over  V*(a). 

See  275,  2. 

The  reader  should  observe  that  the  two  demonstrations  of  278 
and  281  are  perfectly  parallel.  It  is  easy,  by  employing  the  con 
vention  of  275,  2,  to  formulate  the  demonstration  given  in  278  so 
as  to  include  the  cases  treated  in  281,  and  so  make  the  latter 
unnecessary. 
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284.    In  order  that  lim/(z)  exists,  a  finite  or  infinite,  it  is  neces 

sary  and  sufficient  that  for  each  e>0  there  exists  a  vicinity  V*(a), 

such  that 

/(*,)-/(*,)   <e,  (1 

for  any  pair  of  points  xv  x^  in  V*(a). 
It  is  necessary.     For,  if 

77  =  lim/O), 

then  for  each  e>0  there  exists  a  V*(cf),  such  that 


for  any  x  in  V*(a).     Let  xr  x2  be  two  points  in  V*(cC).     Then 


Adding  these  two  inequalities,  we  get  1). 

It  is  sufficient.     For,  let  ax,  a2,  •••  be  a  sequence  of  points  in 
F"*(a),  having  a  as  limit.     Then  the  sequence 


is  regular  by  1).     It  therefore  has  a  limit  77. 
Then 

e>0,     m',     |77-/(an)|<|.        n>m'.  (2 

Let  J3  =  br  52,  •••  be  any  sequence  of  points  in   F"*(a)  whose 
limit  is  a.     Then,  by  1), 


|<  »>m".  (3 

Adding  2),  3),  we  have 

|  rj  —  /(£>„)  |  <  e.       n>m,    m>m',m".      (4 

But  since  B  was  an  arbitrary  sequence,  the  relation  4)  states 

that 

77  =  lim/(V). 
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Graphical  Representation  of  Limits 

285.  The  graphical  representation  of  limits  of  sequences  ex- 
plained  in  43,  44,  and  124  may  be  readily  extended  to  limits  of 
functions. 

Let  the  graph  of  /(a;)  be  referred  to  rectangular  coordinates. 

Let  D  be  the  domain  o 


Then  the  condition 


>0, 


Fi»(a), 


has  the  following  geometric  interpretation  : 

About  the  line  y  =  I  construct  a  band 
(shaded  in  the  figure)  of  width  2  e,  e  being 
small  at  pleasure.  Then  there  exists,  corre 
sponding  to  this  e,  an  interval  of  extent  2  8 
(marked  heavy  in  the  figure),  such  that  /(a-) 
falls  in  the  e-band  for  each  x^a  of  D  falling  in  the  8-interval. 
In  general,  as  e  is  made  smaller  and  smaller,  8  becomes  smaller 
and  smaller.  But  for  each  e-band,  however  small,  there  corre 
sponds  a  S-interval  of  length  >0. 


286.    Let 


=  +  GO. 


Draw  the  line  y  —  M,  where  M>  0  is  large 
at  pleasure.  Then  there  exists,  corresponding 
to  this  Jf,  a  S-interval,  marked  heavy  in  the 
figure,  such  that  f(x)  falls,  in  the  Jf-band 
(shaded  in  the  figure)  for  each  x^a  of  D, 
falling  in  the  S-interval. 

As  M  is  taken  greater  and  greater,  the  corresponding  S-interval 
becomes,  in  general,  smaller  and  smaller.  But  for  each  M,  how 
ever  large,  there  corresponds  a  8-interval  of  length  >  0. 


287.    Let 


lim/(aO  = 
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Draw  the  line  y  =  l,  and  construct  an  e-band,  as  in  figure.     For 
each  e  there  exists  a   #>0,  such  that 
/(z)  falls  in  the  e-band  for  each  x  of 
D,  falling  in  the  interval  (Gr,  +  oo). 

These  examples  will  suffice  to  illus 
trate  the  graphical  interpretations  of 
limits,  when  f(x)  is  plotted  in  rectangu 
lar  coordinates. 

i 

288.  1.  When  the  graph  of  y=f(x)  is  given  by  means  of 
two  axes,  as  explained  in  191,  the  geometric  interpretation  of 
limits  of  f(x)  will  be  made  clear  by  the  ^  s  «  8 

following  :  x     l~ 


Let  limf(x)-l.  C1       p_ 


About  y  =  I  we  mark  off  the  e-interval  ;  about  x  =  a  we  mark 
off  the  S-interval. 

Then  1)  requires  that  /(of)  falls  in  the  e-interval  for  each  value 
of  x  =£  a  in  D,  falling  in  the  S-interval. 

2'  Let  lim/(aO  =  +  «>. 

x=a 

On  the  ?/-axis  we  mark  off  at  pleasure  the  point  M  >  0.  Then 
for  each  M  there  exists  a  S-interval,  such  that  f(x)  falls  in  the 
interval  (M,  +  oo),  for  each  x  *  a  of  D  falling  in  the  S-interval. 

289.    Let  lim/O)  =  Z.          I  finite  or  infinite. 

x=n 

x  =  a  +  bu,         b^Q,  0- 

then  Yimf(x)  =  L  (2 


u=0 


For,  while  x  ranges  over  the  domain  D  on  the  z-axis,  u  ranges 
over  a  domain  A  on  the  w-axis. 

The  two  axes  x  and  u  stand  in  1  to  1  correspondence  by  virtue 
of  1).  To  the  point  x  =  a  on  the  a>axis  corresponds  the  point 
u  =  0  on  the  w-axis. 
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Let 

/(aO=/(a  +  5w)  =  </><>)•  (3 

Then  if  x  and  u  are  corresponding  points,  /  has  the  same  value 
at  x  as  <j>  has  at  u.     To  fix  the  ideas  let  I  be  finite.     From 


e>0,       >,        -a:    <e,     n 
follows 


l 

where  £  =  -  8. 
o 


|Z-0(«)|<e,    in  FSi*(0),  (4 

But  from  3),  4)  follows  2). 

290.    1.  Let 

nmj(x)=L.         I  finite  or  infinite. 

£=+00 

Let 

x  =  — 
u 
Then 

#  lira  /(*)  =  /, 

u=0 

conversely. 

9  O  G 

This  follows  at  once,  as  in  289,    x~  7»" 

by  observing  that  to  points  in  the  o     J/g 

shaded  interval  on  the  a>axis  corre 
spond  points  in  the  shaded  interval  on  the  w-axis. 

2.  Let 

lim  f(x)  =  1.         I  finite  or  infinite. 

X=--x> 

Let 

-1 

x  =  --- 
u 

Then 

R  lim  /(»  =  Z, 

«=0 

and  conversely. 

291.    1.  As  a  result  of  289  and  290,  we  may,  by  the  aid  of  the 
transformations, 

u  =  ax  +  /3,    and    u  =  —> 

transform  x 

lim   into   lim, 

x=a  u=b 

R  lim    into   R  lim,   _L  lim,    or  lim. 
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Similarly, 

lim   into   R  lim    or    L\im. 

x=±.<x)  u~a  t*=o 

2.   In  particular,  any  limit  x  —  a  or   ±00  may  be  transformed 
into  one  with  respect  to  x  =  0. 


292.    Let  w  =  <£O 

lim  u  =  b.        a,  b  finite  or  infinite.      (1 

Let  ?/  =  /(%),  and 

lim  y  =  rj.  rj  finite  or  infinite.     (2 


«=& 


Then  if  <£(V 

lim  y  =  77. 

To  fix  the  ideas,  suppose  a,  6, 77  are  finite. 
Then  since  2)  holds, 

e>0,    a>0,     \y  — 


But,  by  1), 

o->0,    S>0,    0<  M-ft|<o-,    Fi*(a). 

Hence  while  a;  ranges  over  Fs*(a),  y  lies  in  AC7?)-     Thus    . 
e>0,    S>0,     \y-ri  <  e,     Fa*(a). 

But  then  3)  holds. 

The  case  that  any  or  all  the  symbols  a,  6,  77  are  infinite  is  per 
fectly  analogous. 


293.    Let  u  =  <Kz), 

lim  u=b.          a  finite  or  infinite. 

x=a 

Let  y=f(u),  and 

lim  y  =  77. 

yflto-totk* 

lim  y  =  rj. 

x=a 

This  follows  as  in  292. 
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294.    1.  Let  y—f(x)   be  a  univariant  function  in  a  unilateral 
vicinity  V*  of  a.     If 

U\\my  =  b,  [274,2] 

z=a 

then 


»=& 


8 


y' 
To   fix   the   ideas,  suppose   y  is  increasing 

in  the  left  hand  vicinity  of  a.  

Let  e  >  0  be  arbitrarily  small,  and 

a  —  e<x'<a. 
Let  y'  correspond  to  x'.     Let  B  >  0  be  such  that 

5-S>/. 
Then,  while  y  remains  in  LVi*(b},  x  remains  in  LDf(ci). 

2.  Let  y  =f(x)  be  univar.iant  in  F"*(a),  where  a  is  a  bilateral 
limiting  point  of  V*.     If 

lim  y  =  5, 

then 

lim  x  =  a. 

The  demonstration  is  analogous  to  that  of  1. 

Examples  of  Limits  of  Functions 
295.    1.  lim  sin  a;  =0. 


x=0 


For,  however  small  e  >  0  is  taken,  there  exists  an  arc  8  >  0  such 
that 

|  sin  a; |  <  e.          \x  <8. 

2.  lim  cos:r  =  1. 

z=0 

For,  however  small  e  >  0  is  taken,  there  exists  an  arc  8  >  0  such 
that 

1  — cosa;<e.  x\<8. 
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296.  1.  lim  sin  x  =  sin  a.  (1 

gmt 

For,  let 

X  —  CL  -4-  U' 

Then 

sin  x  =  sin  (a  +  u)  =  sin  a  cos  u  +  cos  a  sin  u. 

Since 

lim  sin  a;  =  lim  sin  (a  +  w), 

x=a  «=0 

and 

lim  sin  u  =  0,  lirn  cos  u  —  1, 

«=0  t*=0 

equation  2)  gives,  on  passing  to  the  limit,  1),  by  289. 

2.  Similarly, 

lim  cos  x  —  cos  a. 

x=a 

297.  1.  .L lim  tana;  =  + oo.  U 

ae=*r/2 

For,  in  ZF*(ir/2),  tana;>0. 

sin  a; 

As  tan  a;  = •> 

cos  a; 

and  lim  sin  x  =  1,  lim  cos  x  =  0, 


we  have  1),  by  277,  6. 
2.  Similarly, 


298.    1.  \\mex=\. 


R  lim  tan  a;  =  —  oo. 


x=0 


This  follows  at  once  from  172. 

2.  limex  =  ea. 

For,  let 

x=  a  +  u. 

Then,  by  289, 


lim  ex  =  lim  ea+u  =  e"  lim 

i=a  «=0  «=0 


=  *a,  by  1. 
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3.  lim  ex  =  -f-  oo  . 
This  follows  at  once  from  169. 

4.  lim  ex  =  0. 
For,  let 


Then  Hm  ex  = 


Hm  ex  =  R  lim       by  290,  2  : 

=—  oo  u=o      i 


eu 


=  0,  by  277,  5. 
5.  Obviously,  as  in  1,  2, 


lim  ax  =  ax°. 

x=x0 

1 


6. 


R  lim/O)  =  +  1,         L  lim/O)  =  -  1. 

299.    1.  Let 

lim/O)  =n-         9  >  0. 

1  =  0 

lim 


This  follows  directly  from  171. 
2.  Jw  F*(a),  ?e«  /(«)  >  0.     Let 
lim  /(«)  =  0. 


=  +  cc  .  .        /ti  <  0. 
300.    1.  Hm  log  x  =  log  a.       a>0. 

x  =  a 

This  follows  at  once  from  178. 
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2.  lim  log  x  =  +  oo . 

This  follows  at  once  from  179. 
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3. 

For,  set 

Then 


R  lim  log  x  =  —  oo . 

2  =  0 

1 

X  =  -' 

u 


E  lim  log  x—  lim  log  -  =  —  lim  log  u  =  -  oo. 

x=o  «=»  M  »=» 

4.  Let 

lim  log/(aO  =  log  vj  =  log  ! 
This  follows  at  once  from  178. 


301.    1. 


, .      sin  x      i 
lim =  1. 


*=0        X 

From  geometry,  we  have 

Area  (M(7<Area  0£(7<  Area  OBD. 

Hence,  for  0<z<7r/2, 

i  sin  x  cos  x  <  I  x  <  $  tan  x ; 

n  FITS 

OM-IA      Ol\C  6H  1 

-p 

or  cos  x  <  — 


As 


'  sin  x      cos  z 
.72  lim  cos  x  =  R  lim =  1, 

z=0  x=o  COS  £ 


we  have,  by  277,  3, 
Set  in  1), 

Then 


#  lim  _£_»!. 

x=o  sin  x 


R\im 


x=  —u. 

X  -r  T  U 


=  L  lim  — =  1. 


x=o  sin  x          u=o  sin  w 


(2 
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From  1),  2)  we  have 
Whence,  by  277,  2, 


lim-?-=  1. 
*=o  sin  x 


~. A  /y» 

x  —  u          jb 

2.  From  1  we  have  readily 


~  _  n         rinr  A 

*  —  \J  \JJU  \J 

For, 

sin  ax  a    sin 


&c         5       ax 

_  a    sin  M 

6       u 
setting 

u  =  ax. 

qfto                                       ,•     tan  x      -, 
(jU«.  lim —  l. 

For, 


tan  x      sin 


(2 


x  x       cos  x 

But 

v     sin  x      -IT  ., 

hm =  1,  lim =  1. 

x=0        X  i=0    COS  X 

Thus,  passing  to  the  limit  in  2),  we  get  1),  by  277,  2. 

qno  i  •     sin  (x  +  A)  —  sin  x 

ouo.  iim » -*• =  cos  x.  (T 

A=0  A 

or'  sin  (x  +  A)  -  sin  x      2  cos  (x  +  4  A)  sin  1  A 

= ^ — ^. a —  C2 

A  A 

lim  cos  (x  +  ^  Ji)  =  cos  a; ; 
,..     2  sin  1  A      ,.     sin  i  A 


—— 
A=O         A  i 

Passing  to  the  limit  in  2),  we  get  1). 


304.  1. 
For, 

2. 
For, 

305.  1. 

Here 
while 
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,.     1  —  cos  x      1 

hj?— 2 — i' 
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(1 


1  —  cos  x      2  sin2  |  x 


X2 


_  l/sin^jA2 
~2\    \x   ) 


, .     tan  x  —  sin  x      1 
lim~      ~^ =  9' 

x=0  X?  £ 


tan  a;  —  sin  x      tan  a;  1  —  cos  x 
Xs  x  x* 

lim  e~x  cos£=  0. 

lim  e-z  =  0,  by  298,  4, 
lim  cos  x 


does  not  exist.     We  cannot,  therefore,  apply  the  theorem  277,  2, 
that  the  limit  of  the  product  is  the  product  of  the  limits. 
We  therefore  proceed  thus  : 

—  e~x  <  e~x  cos  x  <  e~x. 
Apply  now  277,  3.     This  gives  1). 

2.  We  may  see  the  truth  of  1)  geometrically. 
Let 


2/i  =  e~*->  2/2  =  cos 
y  =  e~z  cos  x  = 


and 


Let  us  draw  the  graphs  (7,  C'  of  ±  yr 

To  get  t/,  we  multiply  2/1  by  the 
factor  yv  which  takes  on  all  values 
between  -  1  and  4-  1.  Thus  y  oscil 
lates  between  the  curves  (7,  C". 

As  6",  C'  approach  nearer  and  nearer  the  z-axis,  the  amplitude 
of  the  oscillations  converges  to  0. 
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The  Limit  e  and  Related  Limits 
306.    1.   We  saw  in  110  that 

/        1V 
Hm(l+y  =e;          n=l,2,3,  ...  (1 

Let  us  consider  now  the  more  general  limit 

/        IV 
lim    1  +  - ). 

x=+oo    V  Xj 

Each  x  will  lie  between  two  integers  n,  n  +  1 ;  or 

n  <  x  <  n  +  1. 

Then 

l+~>l+->l+_-_, 
»  a;  w  + 1 

/•  -i  \  «j-i  /  -<  \  -r          /  "1        \  w 

+-UY-  (2 


But  x  ^\  .,^1  /  1\  /  1\re 

=    !  +  -!+,  (3 

V        nj  \        nj 

an(l  '  1       \n         f  1       \ra+l  1 

+  -rr)  =(1  +  -rr)     • — T—         ^4 

^+1;        ^+1; 


w+ 1 

Thus  3),  4)  give  in  2), 

+-Vi+1Y>(i+1Y>fi+-^TY+1  — V-  ^5 

w/  V        wy        v        a;/        \        » -t-  V          -,          L 

+  ^+l 
Now,  by  1),  1     V;+1 

lim  ( 1  +  -  )   =  lim  ( 1  +  - 
\        nj  \        n  + 

Also,  /       1\  1 

hm   1  +  -   =  lim = —  =  1. 

\        nj  1 

1  +  ^n- 


Hence  5)  gives  . 

limfl  +-  ]  =e. 
\        x) 
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307. 


For,  let 

x  =  —  u. 

Then 


where  -, 

M—  1  =  v. 

But,  when  z  =  —  oc,  u  =  +  oo,  and  hence  v  =  +  QO. 


«=+»         »/  »=+«  \ 

we  get  1),  on  .passing  to  the  limit  in  2). 

308.    From 
we  get,  setting 


liml-h-     =e, 

x=+»  \  X 


i 
E  lim  (1  4-  w)~"  =  e.  (1 

u=0 

From  , 

lim  ( 1  + 

x=-«  V       x 


we  get,  setting 

i  lim  (1  +  w)"  =  «.  (2 


1 

x  =  -i 
u 


1 

(1  +  w 

u=0 

From  1),  2)  we  have 


\\i\\  (\  +  x)x  —  e.  (3 

i=0 
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309. 


lim  (1  +  a;w)u  =  e*.  (1 


u=0 


For, 


where 

V  =  UX. 

But  I 

lira  (1  +  vy  =  «. 

»=0 

Hence,  by  299, 


310. 


x=o  a; 

For, 


z=0  X  i=0 

1 

=  log  lim  (1  +  xy,  by  300,  4) 


=  log  e,  by  308,  3) 


=  1. 


311.  lim      z_  =  log  «.          a>0. 

x=o       a? 
Set 

I*  as  «*—  1. 

Then 

lim  u  =  0, 

i=0 

by  298,  5.     Then,  by  292, 

,.     log(l  +  M)  loar  ax 

lim     8V    ^    y  =  hm     *    . 


«=o 


=  1,      by  310. 
But 

log  ax  =  a;  log  a. 
This  in  2)  gives  1). 
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312.  ,.m  (!  +  *)»-  W  (1 

z=0  X 

From  310  we  have 

Hmlog(l  +  »)  =  1.  (2 

«=0  W 

Let 

w  =  (i  +  xy  —  i. 

Then,  by  299, 

lim  u  =  0. 


Hence,  by  292,  we  get  from  2) 


or 

(l  +  a;y_l 

lim  ^  —  —f-  —  —  =  /i,  (3 

log  (1  +  re) 

since 

log  (1  +  xY  =  ^  log(l  +  z). 
But,  by  310, 

cc 
lim  ;  -  -j—  —  =  1.  (4 

iog(l-f-2!) 

Now 

(1  +  xY—  1      (l+^y-l  « 


log(l+a:)  "  x  log(l-fz) 

Passing  to  the  limit  and  using  4),  we  get  1)  for  the  case  that 
The  case  that  /*  =  0  is  self-evident. 
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Definitions  and  Elementary  Theorems 

313.  For  the  sake  of  clearness,  we  have  treated  first  the  limits 
of  functions  of  a  single  variable.  We  consider  now  the  limits  of 
functions  in  ra  variables.  The  extension  of  the  definitions  and 
results  of  the  preceding  sections  is,  for  the  most  part,  so  obvious 
that  we  shall  not  need  to  enter  into  much  detail.  Should  the  : 
reader  have  trouble  with  the  case  of  general  m,  let  him  first  sup 
pose  m  =  2  or  3,  when  he  can  use  his  geometric  intuition  as  a 
guide. 
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314.  In  the  case  of  a  single  variable,  we  have  seen  how  useful 
the  ideal  points  ±  GO  proved.  In  the  treatment  of  limits  of  func 
tions  of  several  variables,  we  shall  find  it  extremely  advantageous 
to  adjoin  an  infinity  of  ideal  points  to  9?m  as  follows : 

Let  A  =  av  «2,  a3,  ...  be  an  infinite  sequence  of  points  in  $ftm. 
Let 

?.»(<&  «V- «.«"»), 

Let 

hm  a;  =  «!,-••  hm  a/m)  =  am; 

*  =  QO  «  =  QQ 

«1?  «••  «TO,  finite  or  infinite. 
We  say  the  limit  of  the  sequence  A  is 

«  =  («!• -«»).  (1 

and  write 

a  =  lim  an. 

If  any  of  the  coordinates  of  «  are  infinite,  we  say  a  is  an 
infinite  point.  This  fact  may  be  briefly  denoted  by 

a  =  oo, 

the  symbol  oo  being  without  sign. 

There  is  no  point  in  9?TO  corresponding  to  an  infinite  a.  We 
therefore  introduce  an  infinite  system  of  ideal  points,  one  for  each 
complex, 

«n«2>  —  ««»  (2 

in  which  one  at  least  of  the  symbols,  «K,  is  ±00.     Such  ideal  points 
we  represent  also  by  1),  and                                    o 
call  the  m  symbols,  2),  their     _~<                       \o               '     ',"[" 
coordinates.       If    we    employ        * 

the  graphical  representation  ~m*  ' >+co 

of  231,  we  suppose,  according  to  275,  that  each  axis  is  terminated 
by  the  ideal  points  +00  and  —  oo. 

Thus,  any  complex  of  m  points,  one  on  each  axis,  such  that  at 
least  one  of  these  m  points  is  an  ideal  point,  is  the  representation 
of  an  ideal  point  in  9?w. 

The  system  of  points,  formed  of  $ftm  and  the  ideal  points,  we 
denote  by  9?m. 

These  ideal  points  are  also  called  points  at  infinity. 
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315.  1.  The  domain  of  an  ideal  point  a  =  (at  •••  am~)  is  the  aggre 
gate  of  points  x  =  (xl---xm),  whose  coordinates  lie  respectively  in 
the  domains 

J>fe(«iV"Ate(*>> 

It  may  be  represented  by  Z)pi...pm(a). 

EXAMPLE.     Let  m=4,  and  a=(  —  ao, 

1,2,   +00).     The  domains  in  which  the        ro  ^  < |2 *.+-<» 

coordinates   xi,   x2,    £3,   x±   range,   are  i                o 

marked  heavy  in  the  figure.  '     /T"1 "p          >  ~l"co 


Here  p\  is  an  arbitrarily  large  nega- 


0 


p.          p 
tive  number;  p2  and  p3  are  arbitrarily      _<JO< O      3       f  a       ^  {  ^ 

small  positive  numbers;  p4  is  an  arbi-  £» 

trarily  large  positive  number. 

2.  The  points  of  an  aggregate  A,  which  lie  in  Z>Pi...Pm(a),  a  being 
a  point  at  infinity,  form  the  vicinity  of  a,  for  that  aggregate.  We 
represent  it  by 


316.    1.  Let  y=f(xl-"Xn^)  be  defined  over  a  domain  D.     Let 
A  =  av  #2,  •••  be  a  sequence  of  points  in  2>,  and  let 

lim  an  =  a.          a  finite  or  infinite. 

If 

lim/(an)  =  77,         77  finite  or  infinite. 

n=» 

is  always  the  same  however  A  be  chosen,  «  remaining  fixed  and 
an  ^  «,  we  say  77  is  the  limit  of  y  for  x  =  a  ;  and  write 


or,  more  briefly, 

17  =  lim/Oj  •••£,„)>  or  77  =  lim/O); 

x=a  1=0 

or, 

/0"VO*fi  or/C^)^7?- 

2.  Just  as  in  the  case  of  a  single  variable,  we  can  show  that  this 
definition  is  equivalent  to  the  following  : 

77  =  lim/(a:1  •••a:m),         77  finite  or  inf. 

x=a 

when,  taking  D(t)~)  arbitrarily  small,  there  exists  a  vicinity  F"*(a), 
such  that  y  remains  in  -#(77)  when  x  is  in  T7'*(a).     See  278-283. 
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317.  1.   The  theorems  of  277  and  284  hold  for  functions  of 
several  variables  as  well  as  for  a  single  variable. 

2.   The  generalized  theorem  of  292  may  be  stated  thus  : 

Let  ul  =  $1(xl-.-zn),  —um=<j>m(x1'~zH)', 

and 

lira  u1  =  br  •••  lim  um  =  bm. 

x=a  x=a 

Let 

y=f(Ul~'U>m)9 

and 

lim  y  =  77. 

U=J> 

Let  u=£b  in  V*  (a).      Then 

lim  y  =  rj. 

Here  a,  5,  77  may  be  finite  or  infinite. 

The  demonstration  is  perfectly  analogous  to  that  in  292. 

A  Method  for  Determining  the  Non-Existence  of  a  Limit 

318.  To  determine  whether 

77  =  lim/X/Ej  •••  a?m),         #,  77  finite  or  inf. 

even  exists,  is  often  a  difficult  matter.  The  following  simple  con 
sideration  analogous  to  273,  2,  3  will  sometimes  show  very  easily 
that  77  does  not  exist.  Let  Wbe  some  partial  vicinity  of  a  exclud 
ing  a.  We  may  denote  the  limit,  when  it  exists,  of  f(_^1---xm)  for 
x  =  a  when  x  is  restricted  to  W  by 


Then  £  must  exist,  finite  or  infinite  ;  and  however  W  is  taken, 
we  must  have 

77  =  r. 

Thus,  in  case  £  does  not  exist,  or  is  different  for  different  TF's, 
we  know  that  77  does  not  exist. 
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We  ask,  does 


exist?    As  partial  vicinity  of  the  origin,  take  points  on  a  line 

L ;  y  =  ax.          x  J=  0. 

Then 


which  varies  with  a  ;  i.e.  with  L. 

Hence  the  limit  in  question  does  not  exist. 

320.    Ex.  2. 

Does 

lira/  a 

z,y=0 

exist  ? 

If  we  take  as  partial  vicinity  of  the  origin  points  on  the  line 

L ;  y  =  ax, 

we  get  a2 

lim/(a;,  y)  =  lira  x  •  —        —  =  0.  (2 

L  z=o       1  +  a*x'2 

Thus,  however  L  is  chosen,  the  limit  2)  is  always  the  same.  We  cannot,  how 
ever,  infer  that  the  limit  1)  exists,  since  our  method  only  shows  the  non-existence 
of  the  limit. 

Instead  of  the  family  of  right  lines  L,  let  us  take  a  family  of  parabolas 


P', 

Then 


which  varies  with  the  particular  parabola  chosen. 
Hence  the  limit  1)  does  not  exist. 

321     EX'3'  /(x,2/)  =  log^. 

d      y 

Does 

lim/ 

T,y=a 

exist  ? 

Let  x,  y  lie  on  the  line 
L;  o-z  =  X(rf-y).          \>0, 

Then 

/(*,  y)  =  log  X. 

Hence 

hm/(z,  y)  =  log  X, 
which  varies  with  X. 
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Iterated  Limits 

322.    1.   Let  /(#!  •  •  •  #m)  be  defined  over  some  domain  D;  and 
let  a  =  (al  —  am'). 

Then  lim /(*!...*„,)  =  /„ 

V*i 

will  be  in  general  a  function  of  all  the  variables  except  xti.      Also 
lira  /tl  =  /tllf  =  lim  •  lim  f(x^  •  •  • zm) 


t    lt     <1    ll 


will  be  in  general  a  function  of  all  the  variables  except  #tl,  xl3. 
Continuing,  we  arrive  at 

lim  •••lim  •  Iimf(^x1  •••  #m),          s^w,  (1 


which  is   in   general  a  function  of   all  the   m  variables   except 

Limits  of  the  type  1)  are  called  iterated  Jimits. 

In  1),  we  pass  to  the  limit  first  with  respect  to  rrtl,  then  with 
respect  to  x^  then  with  respect  to  x^  etc. 

A  change  in  the  order  of  passing  may  produce  a  change  in  the 
final  result. 

2.  Iterated  limits  occur  constantly  in  the  calculus ;  for  example, 
in  partial  differentiation,  differentiation  under  the  integral  sign, 
double  integrals,  improper  integrals,  and  double  series.  The 
treatment  of  these  subjects  by  the  older  writers  on  the  calculus 
is  faulty,  as  we  shall  see,  because  they  change  the  order  of  passing 
to  the  limit,  without  a  careful  consideration  of  the  correctness 
of  such  a  step. 

323.     Ex.1.  lim  lim  ^—^.  =  lim  (^I}  =  -1. 

»=o  x=o  x  +  y     y=o  \  y 

lim  lim 


y=o  x  +  y      x 
The  two  limits  are  thus  different. 

Ex.  2.  lim  lim  ^—^  =  -  1. 

1=0  x=*>  1  +  xy 

lim  lim  *—*£  =  +  !. 

,  i=»  y=o  1  +  xy 

The  two  limits  are  thus  different. 
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324.    The  following  is  a  case  where  a  change  in  the  order  of 
passing  to  the  limit  does  not  change  the  result. 

e                  lim  /(#,  */)  =  77,              T?  finite  or  inf.  (1 

z=o,  y=b 

,       forQ<\x-a\<<r.  (2 

,       for  0<  y  -b\<<r.  (3 

lim  #(z)  =  lim  A(j/)  =  77.  (4 


Lei  77  be  finite.     From  1)  we  have 

7?  -  e  <  /O,  #)  <  77  +  e,        in  F«*(a,  5). 
In  this  relation,  pass  to  the  limit  x  —  a  ;  then 

^    for  0<\x-  a\<8. 


Hence 

lim  #(z)  =  77.  (5 

Similarly, 

77.  (6 


From  5),  6)  we  have  4). 
Let  77  =  +  QO.     Then  from  1) 


n 


Passing  to  the  limit,  for  x  =  a,  we  have 

#O)  ^  #,        for  0  <  a;  -  a  \  <  8. 

Hence 

lim  g(x}  =  +  GO  =  77. 
Similarly, 

lim  A(V)  =  +  oo  =  77. 

These  two  equations  give  4). 

Uniform  Convergence 

325.    1.   A  notion  of  utmost  importance  in  modern  mathematics  / 
is  that  of  uniform  convergence.     Let  f(x±  •••  ym;    t1  •••  £„)  be  a 
function  of  two  sets  of  variables,  xl  •••  xm  and  ^  •••  tn. 
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Let  /  be  defined  when  x=  (x^  •••  zm)  runs  over  a  domain 
.and  t=  (£j  •••  ?„)  runs  over  A. 
For  each  x  in  _D,  let 


\\ 


Then  for  each  e  >  0  and  each  x  in  D  there  exists  a  8'  >  0,  such 

that 

\f-ff  <e  C1 

for  any  t  in  F^*(T). 

Evidently  if  1)  holds  for  8',  it  holds  for  any  8",  such  that 
0<S"  <8'.  Of  all  the  values  8'  for  which  1)  holds  at  x,  let  8  be 
the  maximum.  Then  for  a  given  e,  8.  is  a  well-defined  function 

of  x.     In  D,  let 

Mm  6  =  S0. 

Then  8Q  ^  0.  If,  however  small  e  is  taken,  the  corresponding  8Q 
is  >  0,  we  say  f  converges  uniformly  to  g  in  D ;  or  is  uniformly 
convergent. 

Hence,  if  f  is  uniformly  convergent  in  Z>,  there  exists  for  each 
e  >  0  a  8  >  0,  such  that 


for  any  t  in  Vs*(j).     Moreover,  one  and  the  same  norm  B  suffices 
for  all  the  points  of  D,  e  being  the  same. 

The  central  idea  of  this  case  of  uniform  convergence  may  be 
clearly,  if  somewhat  roughly,  brought  out  by  saying  that  if  the 
convergence  is  uniform  the  norms  8  for  which  1)  hold,  e  being 
small  at  pleasure,  but  then  fixed,  do  not  sink  below  some  definite 
positive  number,  when  x  ranges  over  D. 

2.  These  considerations  may  be  extended  to  the  case  that  T  is 
infinite  ;  we  therefore  define  as  follows  : 

The  function  f(xl'"Xm;  t1  •••  fn)  converges  uniformly  to 
g(x^  •••  Xn)  in  D  as  t  =  T,  r  infinite;  when  for  each  e>0,  there 
exists  a  set  of  norms  Pi  •••  pn,  such  that  for  any  x  in  7), 


in  ^...p.00- 

In  this  case  of  uniform  convergence  we  may  say  :  the  norms  p 

corresponding  to  infinite  coordinates  of  r  cannot  become  infinitely 
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great,  and  the  norms  corresponding  to  finite  coordinates  of  T  -can 
not  become  indefinitely  small  as  x  ranges  over  D,  for  any  given 
value  of  e. 

3.  When  /(^  •••  xm;    ^  •••  O  converges  uniformly  in  D  to 
g(x±  '"  Xm)->  we  denote  this  fact  by 

lim/C^  -  xm',  tj  •••  tn)=g(x1  •••  *m),    uniformly. 

4.  If  /=  0  uniformly  in  D,  we  may  say  it  is  uniformly  evanescent 
in  D. 

326.  Ex.  1. 


X  +  t 
D=(0»,  1).        A=(-ft,  A). 

Evidently  for  any  x  in  D  ^ 

lim  /(*,  0  =  -  = 


(=0 


But  /(x,  0  does  not  converge  uniformly  to  g(x)  in  D.     For  if  it  did,  for  each 
e  >  0  there  must  exist  a  5  >  0,  such  that 


for  any  t  in  F6*(0)  and  any  x  in  D. 

Now  obviously,  t  being  fixed,  J?  can  be  made  as  large  as  we  choose  by  taking  x 
near  enough  0.     Hence  B  does  not  satisfy  1)  as  z  ranges  over  D. 

In  fact,  as  is  seen  at  once,  in  order  to  have  E  <  e,  it  is  necessary  to  take  5 
smaller  and  smaller  as  x  approaches  0.     In  this  case  then 

Min  5  =  0,        in  D. 

327.  Ex.  2. 


Z)=(a,  6),   0<a<6.         A=(-ft,  A), 

This  example  is  the  same  as  Ex.  1,  except  D  is  different. 
As  before  1 

lim/(x,  «)  =  -  =  *(«)• 


«=o 


But  now/(x,  «)  converges  uniformly  to  g(x)  in  .D. 
In  fact,  in 


a(a  —  5) 
wherever  x  is  in  i>.     But  we  can  take  5,  such  that 

o(a  -  5)  < 
Then 


for  any  t  in  F6*(0)  and  any  xm  D;  i.e.  f  converges  uniformly  in  D. 
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328.   Ex.  3. 


(1  +  z2)' 

Z)  =  (-a,  a).        A=(a,  +00). 
Here 

Urn  /(«,()  s  1  +  9^,       x^o. 

=  0.         x  =  0. 
Hence  if  we  set 

g(x)=Q,        for  z  =  0 

=  1  +  a2,        for  a;  ^t  0, 
we  have 


However,  /  does  not  converge  uniformly  to  g  in  D.    For,  when  x  ^  0, 


This  shows  that  as  a:  approaches  0,  it  is  necessary  to  take  t  larger  and  larger  in 
order  that  H  <  e. 

There  is  thus  no  norm  p,  such  that 


for  each  t  >  p,  and  any  a;  in  D. 
In  this  case,  then, 

Maxp  =00. 

Remarks  on  Dirwhlet's  Definition  of  a  Function 

329.  The  definition  of  a  function  given  in  189  and  230  does  not 
depend  at  all  upon  an  analytic  expression  for  the  function. 

At  first,  the  reader  who  has  been  used  only  to  functions  defined 
by  analytic  expressions,  may  be  inclined  to  regard  functions  not 
thus  defined  as  only  pseudo-functions,  or  at  least  of  little  impor 
tance. 

This  attitude  of  mind  must  be  overcome.  In  the  first  place,  in 
certain  parts  of  mathematical  physics,  e.g.  the  potential  theory,  it 
is  of  great  importance  to  be  able  to  assign  values  to  a  function  at 
pleasure,  totally  disregarding  the  question  of  an  analytic  expression 
for  it. 

Secondly,  as  the  reader  advances,  he  will  find  that  many  func 
tions  which  he  might  well  believe  have  no  analytic  expression,  do 
indeed  have  very  simple  ones. 

We  give  now  a  few  examples  of  such  functions, 
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330.    1.  For  z>0  let  y  =  l. 
For  x  -  0  let  y  =  0. 
For  x  <  0  let  y  =  -  1. 
The  graph  of  this  function  is  given  -£~~ 

in  the  figure. 

An  analytic  expression  of  y  is 

9 

y  =  —  lim  arctg  (nx). 

7T    n=x> 

This  function  is  much  used  in  the  Theory  of  Numbers.     We 
shall  call  it  signum  x  and  denote  it  by 

y  =  sgn  x. 

When  M,  v  =f=  0  an  equation 

sgn  u  =  sgn  v 
simply  means  that  the  sign  of  u  is  the  same  as  that  of  v ;  while 

sgn  u  =  +  1 
is  only  another  way  of  saying  that  u  is  positive  etc. 

331.    For  z=£0  let  y  =  1. 
For  x  =  0  let  y  =  0. 

Its    graph    is   indicated   in    the  -co-* 

figure. 

An  analytic  expression  of  y  is 


nx 


332.  Forz  =  0,  ±1,  ±2,  •• 
For  w  <  z  <  w  +  1,  y  = 
For  -(n  +  l)<z<- 

The  graph  of  y  is  indi 
cated  in  the  figure. 

An  analytic  expression  of 

y  is 

,  .     (1  +  sin  Trx)n  —  1 
11  —  •  lim  ^  —  '  -  -  • 
„=»(!  +  sin  Trxyi  +  1 


=«  1  +  nx 

•  let  y  = 
(-!)•- 


positive  integer  or  0. 
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333.  Let  /(z),  g(x)  be  two  different  functions,  denned  over 
31  =  (0,  +  oo).  The  inexperienced  reader  might  well  believe  that 
we  cannot  form  an  analytic  expression  which  represents  f(x)  in 
one  part  of  2(,  and  g(x)  for  another  part.  Such  an  expression  is, 
however,  the  following  : 


In  fact  : 

for  x>l,          y=f(x), 

for  0<z<l,  y  =  g(x), 
te*-l,        y  = 


/(x)  =  x'2,  g(x)  —  cos  2  TTX. 
Then 

y  =  x2,  for  x  >  1, 
=  cos  2  TTX,  for  0  <  x  <  1. 

334.  1.  For  rational  x,  let  y=a\  for  irrational  x,  let  #  =  i, 
where  a,  5  are  constants.  This  function  was  introduced  by 
Dirichlet. 

In  any  little  interval,  ?/  jumps  infinitely  often  from  a  to  b  and 
back.  It  seems  highly  improbable  that  such  a  function  should 
admit  a  simple  analytic  expression  ;  yet  it  does. 

We  have  already  seen  that  sgn  x  admits  a  simple  analytic 
expression. 

Consider  now 

y  =  a  +(5  —  a)limsgn(sin2w!7T2;).  (1 

For  any  rational  x,  nix  finally  becomes  and  remains  an  integer. 
Hence  sin  n  !  irx  =  0  for  sufficiently  large  n. 
Hence  y  =  a  for  any  rational  x. 

For  an  irrational  x,  nix  never  becomes  an  integer.  Hence 
siuPnlTTx  lies  between  0  and  1,  excluding  end  values. 

Therefore 

sgn  (sin2  n  I  THE)  =  1  ; 

and  for  any  irrational  x,  y  =  b. 
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Thus  1)  is  an  analytic  expression  of  Dirichlet's  function. 
The  reader  should  note  that  it  is  utterly  impossible  to  intuition- 
ally  realize  the  graph  of  this  function. 

2.  Similarly,  we  see  that 


equals 
and  equals 


/(«)  when  x  is  rational, 
g(x)  when  x  is  irrational. 


335.    A  remarkable  function  is  the  following.     We  shall  call  it 
Cauchy'  s  function,  and  denote  it  by  <7(a;),  viz.: 

j_ 
C(x)  =  e'x\  for  x  *  0, 

=  0,  fur  x=Q. 

As  a  limit,  we  can  write  it 

i 

(7(»  =  lime 

u=0 


or 


C(x)  =  lim  e 


Its  graph  is  given  in 
the  figure.  Its  peculiarity 
is  its  remarkable  flatness 
near  the  origin. 


Upper  and  Lower  Limits 

336.    1.  Let/Oi  •••  av)=/O)  be  defined  over  D. 

Let  a  be  a  limiting  point  of  D ;  a  and  D  may  be  finite  or  infinite. 

Let  A  =  av  av  ' "  be  a  sequence  of  points  in  D  whose  limit  is  a, 

such,  however,  that 

L  =  lim/(«n) 


exists,  finite  or  infinite.     There  are  an  infinity  of  such  sequences. 
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For  all  such  sequences,  let 

X  =  Min  L,         n—  Max  L. 

These  are  called  respectively  the   lower  and   upper   limits   of 
f(x^  •  •  -  ZM)  at  a  ;  we  write 


- 


X  =  lim  inf/^j  •  •  •  #TO)  =  Km/  =  lim/, 

z=a  x=a 

p  =  lim  sup/X^  •  •  •  zm)  =  lim/=  lim/. 

x=a  x=a 

The  lower  and  upper  limits  \,  /*  may  be  infinite. 

2.  When  dealing  with  functions  of  a  single  variable,  we  can 
have  right  and  left  hand  upper  and  lower  limits,  by  considering 
only  values  of  x  >  a,  or  <  a,  respectively. 

Then 

^  lim  sup/(#)  =  lim  sup  f(x)  =  lim/(V) 

z=a  z=a+0  i=a+0 


all  denote  the  right  hand  upper  limit  of  /(«)  at  a.     A  similar 
notation  is  employed  for  the  left  hand  limits. 

337.  EXAMPLES* 


1.  2/  =  sin-- 


lim  «/=+!. 


2.  y=  (1  -x2)sin-- 


3.  y=  (1  +  a;2)sin-. 

limy  =  —  1.  limj/=+l. 

z=0  z=0 

xn(  a  +  sin )  +  b  +  sin 

4-  z/  =  lim — ^ x-l/ *nl. 

n^«)  1     I     Tn 

See  333. 

*  The  reader  will  do  well  to  roughly  sketch  the  graph  of  these  functions. 
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We  find  :  1 

y  =  a  +  sin  —  —  ,          for  x  >  1. 
x  —  1 

,  /orO<z<l. 


x  —  1 
Hence 

E  lira  y  =  a  +  1  ;  L\imy  =  b  +  l; 

x=l  x=l 

.R  lim  y  =  a  -  1  ;  Zlimy  =  6  -  1. 

z=l  *=1 

338.   1.    Let  \,  p  be  the  lower  and  upper  limits  of  f(x^  •••#,„)  at 
x  =  a.     Then  there  exists  for  each  e  >  0  a  8  >  0,  such  that 

\  -  e  <f(xl  -  -  •  xin)  <  p  +  e,         in  F"s*  (a), 

a,  finite  or  infinite. 

For,  in  the  contrary  case  there  exist  sequences  A  =  av  a2,  ••• 
such  that 

or  lim/(aw)>/*. 

2.  Obviously  we  have  the  following  : 

Let  X,  /*  be  the  lower  and  upper  limits  of  f(x±  •••xm')  at  a.     There 
exist  two  sequences  A  =  ar  av  •••,  B  =  lv  bv  —  whose  limits  are  a, 

such  that  ..      „      N  ,.      ff-,  -. 

hm  /(an)  =  X,    hm  /(6,J  =  /A. 

n=°o  n^«x) 

3.  Since  the  maximum  and  minimum  of  a  variable  exist,  finite 
or  infinite,  we  have  : 

The  upper  and  lower  limits  of  a  function  always  exist  finite  or 
infinite.     If 


Hrn/=  lim/  =  Z, 

x=a  z=a 

then 


CHAPTER   VII 
CONTINUITY  AND  DISCONTINUITY  OF  FUNCTIONS 

Definitions  and  Elementary   Theorems 

339.  1.  Let  /(#!  •••£„,)  be  defined  over  a  domain  D.  Let 
a  —  («!  •••  am)  be  a  proper  limiting  point  of  D.  If 

lim  /(«!  •  •  •  x)n)  =  /(«!  •  •  •  am),  (1 

x=a 

the  function/  is  continuous  at  a.     In  words  :  if  the  limit  of  f  at  a 
is  the  same  as  the  value  of  f  at  a,  it  is  continuous  at  a. 

The  reader  should  observe  that  a  is  not  only  a  limiting  point  of 
_Z),  but  that  it  lies  in  D. 

2.  The  condition  1)  may  be  expressed  in  the  e,  B  notation,  giv 
ing  the  following  definition  of  continuity  :  f(x^  •••#„,)  is  continuous 
at  a,  if  for  each  e  >  0  there  exists  a  B  >  0,  such  that 


3.  A  function  which  is   continuous  at  all  the  proper  limiting 
points  of  D  is  said  to  be  continuous  in  D.     We  suppose  that  D 
has  at  least  one  proper  limiting  point. 

4.  Consider  the  function 

f(        \_      xy          at  points  different  from 
^          ~  X2  +  yj         the  origin, 

=  0,       at  the  origin. 
We  saw,  319,  that 

lim  /(>,  y) 

z=0,  y=0 

does  not  exist.     Thus  /  is  not  continuous  at  the  origin. 
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At  the  same  time  /  considered  as  a  function  of  x  alone,  or  con 
sidered  as  a  function  of  y  alone,  is  continuous. 

This  example  illustrates,  therefore,  the  fact  that  because 
f(xi  -  •  •  xm)  is  a  continuous  function  of  each  variable  separately, 
we  cannot,  therefore,  assert  that  /  considered  as  a  function  of 
xl  •  •  •  xm  is  continuous. 

340.  The  following  theorems  will  be  found  useful  in  determin 
ing  whether  /(^1---a;m)  is  continuous  at  a  or  not. 

From  277,  1  and  317,  1  we  have  at  once  : 

Let  /(^  •  •  •  xfn),  g(x^  -  •  •  xjn)  be  continuous  at  a.      Then 

f±9,  f'9-> 

-C 

-•>      #Or"am)=£° 
g 

are  continuous  at  a. 

341.  From  292  and  317,  2  we  have  at  once  : 

Let  M^^Ov-O      •••     um  =  tf>m(ix1"'Xm') 

be  continuous  at  x=  a  =  (a1  •••«„).     At  x=  a,  let 
ul  =  bl     •••     um  =  bm. 

Let  ir-Av«O 

be  continuous  at  u  .  =  b  =  (^  •  •  •  bin)  .      Then  y  considered  as  a  function 
of  the  xs  is  continuous  at  x  =  a. 

In  a  less  explicit  form,  we  may  state  this  theorem  : 
A  continuous  function  of  a  continuous  function  is  a  continuous 
function. 

342.  In  order  that  /(^  •  •  •  xm~)  be  continuous  at  a,  it  is  necessary 
and  sufficient  that  for  each  e  >  0  exists  an  undeleted  vicinity  F(a), 
such  that  for  any  two  points  x',  x"  in  it, 


This  follows  at  once  from  284  and  317,  1. 
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Continuity  of  the  Elementary  Functions 
343.     The  integral  rational  functions  are  everywhere  continuous. 

y  =  x".          n  positive  integer. 

Then,  by  299,  y  is  continuous  at  every  point  x  in  9?.    Hence,  by 

340, 

an 


is  everywhere  continuous.     Thus  the  theorem  is  proved  for  one 
variable. 

Let  y  =  tAx^x^  •  •  •  zm*», 

where  the  s's  are  positive  integers  or  0. 
Each  term  of  y,  viz. 

t=Ax^--xm^  (1 

is  continuous  at  an  arbitrary  point  x.     For, 
let  MJ  =  *!*!,     •••    um  =  xm*». 

Then  the  term  t  becomes  the  product 


which,  considered  as  a  function  of  the  w's,  is  continuous,  by  340. 
On  the  other  hand,  each  UK  is  a  continuous  function  of  the  #'s. 
Hence,  by  341,  £,  considered  as  a  function  of  the  #'s,  is  continuous 
at  every  point  x  in  $Rm.  Hence  #,  being  a  sum  of  the  terms  t,  is 
continuous,  by  340. 

344.    TJie  rational  functions  are  continuous  everywhere  in  their 
domain  of  definition  D. 

We  saw,  in  228,  that  the  domain  D  of 


...  xm-    a 


embraces  all  points  of  9?m,  except  the  zeros  of  the  denominator, 
which  are  the  poles  of  y. 

By  343,  F  and  Gr  are  everywhere  continuous  ;  hence,  by  340,  y 
is  everywhere  continuous,  except  at  the  poles  of  y. 
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345.  1.  The  circular  functions  are  continuous  at  every  point  of 
their  domain  of  definition. 

From  202,  we  saw  that  sin  a;,  cos  a;,  are  defined  for  all  points 
of  9?;  while  ^ 

tan  x  = •»  cot  x  =  —. » 

cos  x  sin  x 

1  1 

sec  x  = ,  cosec  x  = 


cos  x  sin  x 

are  defined  for  all  points  of  9£,  except  for  the  zeros  of  the  denomi 
nators  in  the  above  equations. 

From  296,  sin  x  and  cos  x  are  everywhere  continuous.     The  rest 
of  the  theorem  follows  now  from  340. 

2.   The  one-valued  functions 

arc  sin  re,    arc  cos  x,    arc  tg  #,    arc  ctg  x 

are  continuous  at  every  point  of  their  domains  of  definition. 
This  follows  at  once  from  294. 

346.    1.    Tfie  exponential  functions  are  everywhere  continuous. 
This  follows  at  once  from  298,  5. 

2.    The  logarithmic  functions  are  everywhere  continuous  in  their 
domain  of  definition. 

Let  i 

y  =  Iog6  x. 

Then 


Hence  y  is  continuous  at  a  point  x,  if  loge  x  is.    But  this  is  con 
tinuous  for  every  #>0,  by  300. 

The  demonstration  also  may  be  given  by  294. 

Discontinuity 

347.   If  r     f,  -. 

Inn  /(X  •  •  •  xm) 

does  not  exist  ;  or  if  it  exists,  and  is  different  from  /(a),  should 
/  be  defined  at  a,  we  say  /  is  discontinuous  at  a,  and  a  is  a  point 
of  discontinuity  of  f. 
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Discontinuities  are  of  two  kinds  : 

Finite  discontinuities,  when  f  is  limited  in  F*(a). 

Infinite  discontinuities,  when  /  is  unlimited  in  every  K*(a). 

348.  We  consider  now  in  detail  some  of  the  ways  in  which  a 
function  of  a  single  variable  /(V)  may  be  discontinuous  at  a 
point  a. 

Finite  Discontinuities 


Such  a  discontinuity  is  called  a  removable  discontinuity. 


Such  a  function  is 
considered  in  331. 


y  =  lim 


n=»  1  +  nx 


2.  f(a  +  0),/(a  —  0)  exist,  but  are  different. 
Such  a  function  is 
considered  in  330. 


y  =  sgn  x, 


3.  If  f(x)  is  defined  at  a,  and  f(a)  =./(#  +  0),  we  say  f  is  con 
tinuous  on  the  right,  at  a. 

If /(a)  —f(a  —  0),y  is  continuous  on  the  left,  at  a. 

4.  Either /(a  +  0),  or /(a  —  0),  or  both  do  not  exist. 

Such  a  function  is  1 

l,  =  8in-. 

We  considered  this  function  in  256.     Here  neither  /(O  +  0)  nor  /(O  —  0)  exist 
Also  f  is  not  defined  for  x  =  0. 


Infinite  Discontinuities 

349.    1.  As  x  approaches  a  from  either  side,  f(z~),  either  mono 
tone  increases  or  mono-  ?/ 

« 

tone  decreases. 

Ex.  1. 


atO. 

Ex.  2. 

atO. 


-1 
\x\' 
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2.  As  x  approaches  a,  f(x)  increases  monotone  on  one  side,  and 
decreases  monotone  on  the  other. 


Ex.  3. 

at  0. 
Ex.  4. 


"I 

y  =  tan  a;, 


3.  As  x  approaches  a,  y  oscillates 
infinitely  often   about   a   base  curve, 
belonging  to  the  types  defined  in  1  or  2.     The  amplitude  of  the 
oscillations  is  limited. 


Ex.5. 


y  =  —  -fa;  sin-,   atx  =  0. 
' 


x'2  x 

Here  y  oscillates  about  the  base  curve 

"*' 

and  the  amplitude  of  the  oscillations  converges  to  0  as  a;  approaches  0. 


Ex.  6. 

at  x  -  0. 

Here  y  oscillates  about 


1        .    1 

=  -  +  sin-, 
x  x 


(1 


and  the  amplitude  of  the  oscillations  remains  the  same,  viz.  ±1  above  the  curve  1). 

4.  The  discontinuities  considered  in  the  preceding  three  cases 

are  such  that  either  ,. 

lim  y 

is  infinite,  or  at  least  the  right  and  left  hand  limits  at  a  are  infinite 
and  of  opposite  signs.  Such  points  of  discontinuities  of  f(x)  are 
called  infinities  ;  we  also  say  f(x)  is  infinite  at  such  points. 

5.  In  either  or  both  the  right  and  left 
hand  vicinities  of  a,  y  is  unlimited,  while  the 
corresponding  (infinite)  limits  do  not  exist. 


l    .  l 

y  =  -  sin  -• 
xx 


Ex.  7. 

Here  y  oscillates  between  the  two  hyperbolas 


The  amplitude  of  the  oscillations  increases  indefi 
nitely  as  x  approaches  0. 
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Ex.  8.  w  =  -  +  -sin—         z  =  0. 

xxx 

Here  y  oscillates  about  the  base  curve 


The  amplitude  of  the  oscillations  increases  indefinitely  as  x  approaches  0. 

i 
Ex.  9.  y  =  e*. 

Here 

L  lim  y  =  0  ;    E  lim  y  =  +  oo. 
*=o  i=u 

i        1 
Ex.  10.  y  =  C*  sin  — 

*C 

Here  L  lim  y  =  0  ;    E  lim  y  does  not  exist. 

x=S)  x=0 


Some  Properties  of  Continuous  Functions 

350.    1.  If  f(x^'--x^)  is  continuous  in  a  limited  perfect  domain 
D,  it  is  limited  in  D. 

For  if  f  were  not  limited, 

Max  |/|  =  +oo.  (1 

Then,  by  269,  there  is  a  point  a  of  D  in  whose  vicinity  1)  holds. 
This  is  impossible.     For,  since  /is  continuous, 


in  F(a). 

2.  The  theorem  1  does  not  need  to  be  true  if  D  is  not  limited. 

EXAMPLE.  D  =  (0,  +00),  /(x)  =  x2. 

Here  /is  continuous  in  D,  but  /is  not  limited. 

3.  The  theorem  1  does  not  need  to  hold  if  D  is  not  perfect. 

EXAMPLE.  Z)  =  (0*,  1),  /(«)  =  -• 

•C 

Here  /is  continuous  in  D,  but  /is  not  limited. 


n 


351.    1.  At  x=a  let  f(xl'"Xm)  be  continuous  and  ^=0.      Then 
•  •  •  O  =  sgn  /(«j  •  •  •  am)  . 
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For,  since  /  is  continuous  at  a,  we  have 
e>0, 


Hence 

/(«)- 

Since  e  is  arbitrarily  small,  we  can  take  it  so  small  that 

/*/"      \  _/*/"      \  -/*/"      \      i 

/O),    /(a)-e,    /(«)  +  € 
all  have  the  same  sign. 

2.  The  theorem  1  gives  us : 

At  x  =  a  let  /(#!  •  •  •  zm)  be  continuous  and  =£  0.     Then  there  exists 

a  p  >  0,  such  that 

|/|>/3,         in  F(a). 

352.    Let  /(zj  •  •  •  #m)  be  defined  over  a  domain  D.     By  defini 
tion,  it  is  continuous  in  D  when,  for  each  proper  limiting  point  x 

ln  D"  YimfCx       h      •  x    +  h  ^  =  f(x 

the  points  x  +  h  lying  in  Z>. 

If  /(#!  +  A!  •••  £,„  +  7ira)  not  only  converges  to  /(a^  •••#„,)  in  D, 
but  converges  uniformly,  we  say /is  uniformly  continuous  in  2). 

We  have  now  the  very  important  theorem  : 

If  f(x±  '"Km)  *'8  continuous  in  a  limited  perfect  domain  D,  it  is 
uniformly  continuous  in  D. 

Making  use  of  the  notation  of  325,  we  have  only  to  show  that    i^  \  9  Q 

80  -  Min  8,         for  D 
is  >0. 

Suppose  it  were  not,  i.e.  let  S0  =  0.     We  show  that  this  assump 
tion  leads  to  a  contradiction. 

For,  by  269,  there  is  a  point  a  in  Z>,  such  that  in  V(a) 

Min  8  =  B0  =  0.  (1 

This  is  impossible.     In  fact,  by  342,  there  exists  for  each  e>0, 
a  8',  such  that  for  any  pair  of  points  x',  x"  in  Fs-(a) 
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Let  8"<18'.     Let  now  x'  be  any  point 


n 


Then  every  point  x"  in  Fa«(V)  falls  in 
r,(a),  by  249. 

Thus,  for  any  such  pair  of  points  x',  x", 
2)  holds. 

Thus,  for  no  point  x'  in  Fs->(a)  does  8 
sink  below  8",  and  this  contradicts  1). 


353.  Let  f(x^  •••x,n)  be  continuous  in  the  limited  perfect  domain 
I).  For  each  e  >  0  there  exists  a  cubical  division  of  D,  of  norm 
S  >  0,  such  that 


for  any  pair  of  points  x',  x'(  in  any  one  of  the  cells  A  into  which  D 
falls. 

For,  since  /is  uniformly  continuous  in  D,  let  cr>0  be  such  that 
1)  holds  for  any  point  x"  of  V0(x'}.  Let  now  the  norm  of  the 
cubical  division  be 


Suppose  z',  x"  were  a  pair  of  points  in  some  cell  A,  such  that 
1)  does  not  hold.     Since 


Dist(V, 


-,  by  244,  8,  9, 


.r"  lies  in  Va(x').     But  then  1)  holds  for  x',  x"  .     We  are  thus 
Jed  to  a  contradiction. 


354.    1.  Let  /(#!•••#,„)    be   continuous   in   the    perfect    limited 
domain  D.     Then  f  takes  on  its  extreme  values  in  D. 


Before  giving  the  demonstration,  let  us  illustrate  the  content  of  this  theorem. 
Z>  =  (0*,  1*),  and  y  =  x2. 
Max  ?/=+!,    Min  y  =  0. 


Let 

Then,  for  D, 


But  y  does  not  take  on  either  of  these  extremes  in  D.     This  is  due  to  the  fact 
that  D  is  not  perfect. 
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2.  Let 


>  =  (0,  +00),  and  y  = 

1  -j-  x 

Max  y  =  1,    Min  y  =  0. 


Thus  y  takes  on  its  maximum,  viz.  at  x  =  0,  but  does  not  take  on  its  minimum. 
This  is  due  to  the  fact  that  D  is  not  limited. 


3.  Let 
and 


>  =  (0,  2), 


r 


n=x>  Xn 


This  function  is  a  particular  case  of  that  in  333. 
For 


for 
for 


Hence 


Min/=0,    Max  =  l. 


The  function  takes  on  its  minimum  value  in  D,  but  not  its  maximum. 
This  is  due  to  the  discontinuity  of  y  at  1. 

355.    1.  We  give  now  the  demonstration  of  354. 

Let  e  be  an  extreme  of  /(^  •••  av).  Then'  bJ  2§9'  there  is  a 
point  a  in  D  such  that  e  is  an  extreme  of  /  in  every  F(a). 

Thus,  taking  e  >  0  small  at  pleasure,  there  is  at  least  one  point 
x'  in  any  F(a),  such  that 


Since  /  is  continuous  at  a,  there  is  a  8  >  0,  such  that  for  any  x 
in  F«  a) 


In  2)  set  a;  =  a/,  and  add  to  1);  we  get 

|  /(a)  -«|<«. 

Hence,  by  87,  5,  .       =  ^ 


2.   As  corollary  we  have  : 

Let  f(xl  •  -  •  xm~)  be   continuous   and    >  0  in   the  perfect  limited 

,,.     ,.     ..  .     n 

Min/>0,         in  JJ. 


domain  D.      Then 
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356.  In  the  interval  21  =  (a,  6)  let  f(xT)  be  continuous.  Let  it 
have  opposite  signs  at  a  and  b.  Then  f  vanishes  for  some  point  c 
within  21. 

Let  us  form  a  partition  (y4,  By  with  the  points  of  21.  The  class 
A  is  formed  thus.  Not  only  shall 

sgn/O)=sgn/(a)  (1 

at  every  point  of  A,  but  between  a  and  any  point  of  A  shall  1) 
hold.  In  B  we  throw  the  other  points  of  21. 

Let  c  generate  this  partition.  Then  in  any  F(Y),/has  opposite 
signs.  But  if  /(c)  were  =£  0,  by  351,  we  could  take  8  so  small 
that  /(a;)  has  only  one  sign  in  Vs.  This  leads  to  a  contradiction. 
Hence  /(c)  ='0. 

The  point  c  cannot  be  an  end  point  of  21,  for  at  these  points 
by  hypothesis. 


357.  Let  f(x)  be  continuous  in  21=  (a,  &).  Let  Minf(x)  =  a, 
Maxf(x)**fi  in  21.  Then  f(x~)  takes  on  every  value  in  (a,  /3)  at 
least  once,  while  x  passes  from  a  to  b. 

By  354,  f(x)  takes  on  its  extreme  values  in  21.     Let,  therefore, 


To  fix  the  ideas,  let  0  <  «  <  /3. 

Let  «  <  7  <  /3.     Set 

000  "•/(*)  -7« 

Then 


Hence,  by  356,  #  vanishes  at  some  point  in  (V,  a;").     At  this 
point  /(z)  =  7. 


358.  _Le£  y  =  f(x)  be  a  continuous  univariant  function  in  the  inter 
val  (a,  5).  Let  «  =  /(a),  p=f(b}.  Then  the  inverse  function 
x  =  g(y)  is  a  one-valued  univariant  continuous  function  in  (a,  /3). 

By  -214,  g($)  is  a  one-valued  univariant  function  in  its  domain 
of  definition  E.  By  357,  E  =  (a,  /3).  By  294,  g(y)  is  continuous 
in  (a,  /3). 
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The  Branches  of  Many-valued  Functions 

359.  Let  F(X!  •••  zm)  be  a  many-valued  function  in  D.  We  can 
form  a  one-valued  f unction  f(x±  •••  xtn)  over  a  domain  A<D  by 
assigning  to  /  at  each  point  of  A  one  of  the  values  of  F  at  this 
point,  according  to  some  law. 

A  common  way  to  do  this  is  to  assign  to /such  values  that  it  is 
continuous  in  A.  In  this  case  we  say  f(x^  •••xm)  is  a  branch  of  the 
many-valued  function  F. 

A  point,  at  which  two  or  more  branches  meet,  may  be  called  a 
branch  point. 


360.   Ex.  1.   The  equation 


(1 


defines  a  two-valued  function  of  x  in  the  interval  (0,  +  00). 
One  branch  is  the  one-valued  function 


the  other  branch  is 


-V*. 


(2 
(3 


The  graph  of  2)  embraces  the  points  in  the  upper  half 
of  the  parabola  1)  ;  the  graph  of  3)  is  the  lower  half  of 
this  parabola. 


361.    Ex.  2.   The  equation 


defines  a  three-valued  function  of  x  whose  graph  is  given  in  Fig.  1. 


FIG.  1. 


Still  preserving  the  continuity,  we  can  define  the  branches  of  y  in  several  ways, 
according  to  the  path  we  take  on  leaving  O. 
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In  any  case,  however,  we  must  stop  at  the  points  A,  B,  at  which  the  ordinate  is 
tangent  to  the  curve.  For,  if  we  passed  beyond  these  points,  we  would  no  longer 
have  a  one-valued  function. 

In  Figs.  2,  3,  4  we  illustrate  various  ways  of  choosing  a  branch. 


FIG.  4. 


FIG.  2. 


FIG.  3. 


Notion  of  a  Curve 

362.  1.  In  elementary  mathematics  one  meets  with  a  great 
variety  of  curves.  Their  equations  may  be  expressed,  confining 
ourselves  for  the  moment  to  the  plane,  in  one  of  the  three  forms 


=/O)i 


(1 
(2 
(3 


When  the  curve  is  given  by  1)  or  2),  it  is  said  to  be  defined 
explicitly  ;  when  given  by  3),  it  is  said  to  be  defined  implicitly. 

We  observe  that  1)  is  a  special  case  of  2).  For  we  have  only 
to  write 

x  =  u,  y  =  i/^(w), 
to  reduce  1)  to  2). 

When  the  curve  is  given  by  2),  it  is  said  to  be  expressed  in  para 
metric  form. 

We  note  that  1)  is  also  a  special  case  of  3).  For  we  have  only 
to  set 


to  bring  1)  to  the  form  3). 
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2.  It  is  customarily  thought  that  the  notion  of  a  curve  is  a 
very  simple  one  ;  but  we  shall  see  that  this  is  not  so.  On  the 
contrary,  it  is  a  very  obscure  and  complex  notion.  Reserving  the 
discussion  of  the  notion  of  a  curve  in  general  until  later,  it  is  well 
to  give  a  preliminary  definition. 

Let  <£(w),  ^O)  be  continuous  one-valued  functions  of  u  for  an 
interval  21  =  («,  6),  finite  or  infinite. 

«  =  <J>(M),  y  —  ^W- 

Let  u  range  over  5t.  The  points  P  whose  coordinates  are  x,  y 
will  form  a  point  aggregate  which  we  call  a  curve.  The  point  x,  y 
is  the  image  of  the  point  u. 

Ex.  1.  Let  0  (M)  =  «,  f  O)  =  «2-  The  curve  so  defined  is  a  parabola  whose 
axis  is  the  ?/-axis. 

Ex.  2.     Let  <t>(u}=a  cos  w,  ^  (M)  =  6  sin  M.    The  curve  so  denned  is  an  ellipse. 

Still  more  generally  an  aggregate  of  a  finite  number  of  curves 
may  be  called  a  curve  0. 

Each  one  of  the  individual  curves  which  enter  in  (7  may  be 
called  an  arc  or  part  of  C. 

If  a  curve  or  a  piece  of  a  curve  is  such  that  y  is  a  one-valued 
monotone  function  of  z,  we  shall  say  the  curve  or  the  piece  of  it  is 
monotone.  In  the  same  way  we  shall  extend  the  terms  monotone, 
increasing,  univariant,  etc.,  to  curves  or  arcs  of  curves. 

3.  Let  u  range  from  a  to  b.      If  to  two  different  points  u'  ,  u" 
of  51  =  (a,  5)  corresponds  the  same  point  P(x,  y),  this  point  P 
will  be  called  a  multiple  point  of  C. 

Let  the  coordinates  xy  take  on  the  same  pair  of  values  at  the  end 
points  of  21  =  (a,  6).  Then  C  is  called  a  closed  curve.  If  C  has 
no  multiple  points  in  (a,  &*),  we  shall  say  G  is  a  closed  curve  with 
out  multiple  points. 

4.  The  extension  of  these  notions  to  n-dimensional  space,  by 

setting  .  ^  *   s  \ 

*,»<£,(«),  •••*„=»<£.<>), 


is  too  obvious  to  need  comment. 
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DIFFERENTIATION 

FUNCTIONS   OF   ONE   VARIABLE 

Definitions 


363.   Let  y  =/(#)  be  defined  over  a  domain  D  for  which  a  is  a 
proper  limiting  point.     The  quotient 


Ao;  x  —  a 

is  called  the  difference  quotient  at  a. 
If  we  set  x  =  a  +  7i,  we  have  also 


Let  A7/ 

lim  ^  =  ^  (3 


A*=0 


exist,  finite  or  infinite.     Then  77  is  called  £fo  differential  coefficient 
of  /(X)  at  a,  and  is  denoted  by 


Let  A  be  the  aggregate  of  points  in  D  for  which  77  is  finite  or 
infinite.  The  corresponding  values  of  77  define  a  function  of  x, 
called  the  derivative  of  /(#),  more  specifically,  the  first  derivative 
of  /(#)  .  It  is  represented  variously  by 

/'(*),   ^/(,),    |,    |.         .  (4 
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The  function  f'(x)  is  said  to  be  obtained  from  f(x)  by  the 
process  of  differentiation.  A  function  which  admits  a  derivative 
is  said  to  be  differentiate. 

Since  f'(x)  may  be  infinite,  the  reader  will  observe  that  its 
values  lie  in  9?.  Cf.  276.  »/>  ,  ^  ^ 

364.   In  the  same  way,  the  right  and  left  hand  limits  at  x  =  a, 

Aw  Ay 

721im-^s       ilim^-, 

give  rise  to  right  and  left  hand  differential  coefficients  at  a.     These 

we  denote  by  „,,,.  N       T.cts  \ 

Rf'(a),    Lf(a). 

These  in  turn  give  rise  to  right  and  left  hand  derivatives,  which 
we  may  denote,  prefixing  R  and  L  before  the  symbols,  4)  in  363. 

When  speaking  of  differential  coefficients  and  derivatives  in  the 
future,  we  shall  mean  those  defined  in  363,  unless  the  contrary  is 
expressly  stated. 

However,  much  that  we  prove  for  /'(a)  and  f(x)  may  be 
applied  at  once  to  the  corresponding  unilateral  differential  coeffi 
cients  and  derivatives. 


Geometric  Interpretations 
365.   Let  P  and  R  be  the  points  on  the  graph  of 


corresponding  to  x  =  a  and  x=a  +  Az, 
Fig.  1. 
Then 


If  the  secant  PR  makes,  the  angle 

6  with  the  s-axis, 

A  y     R  W 

•-  =  ~         =  tan 


A  x 


FIG.  1. 


That  is :  the  difference  quotient  is  the  tangent  of  the  angle  that  the 
secant  makes  with  the  x-axis. 
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Suppose  now  y  is  continuous  in  a  little  interval  about  x  *=  a ;  if 
the  secant  PR  approaches  a  limiting  position  PZ7,  as  R  approaches 
the  fixed  point  P  from  either  side,  we  say  PU  is  the  tangent  to  the 
curve  at  P. 

Evidently,  if  /'(a)  is  finite, 

A?/ 
/'(a)  =  lira  — —  =  lira  tan  <£  =  tan  a, 

£•«£ 

where  a  is  the  angle  that  the  tangent  line  makes  with  the  #-axis. 
If  /'(a)=  ±00,  the  tangent  line  is  parallel  to  the  .y-axis. 


/(«)=  +  00 


Y 


iV 


r 

,/(aJ=-oo 


FIG.  2. 


FIG.  3. 


Such  cases  are  shown  in  Figs.  2  and  3. 

The  point  P  is  a  point  of  inflection  with  vertical  tangent. 

For  an  example  of  such  a  function,  see  388,  5. 

366.  1.  When  the  differential  coefficient  at  a  does  not  exist, 
finite  or  infinite,  the  right  and  left  differential  coefficients  may. 
They  are  then  different. 

If  both  are  finite,  we  have  a  case  illustrated  by  Fig.  1. 

'  SucL  a  function  is  , 

=x-}—  ,      forz^O; 


=  0,         for  x  =  0. 


Here 


If  one  is  finite  and  the  other  infinite,  we  have 
a  case  illustrated  by  Fig.  2. 

The  points  P  in  Figs.  1,  2  are  called  angular 
points. 
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2.  When   both  differential  coefficients  are  infinite,  but  of  op 
posite  signs,  we  have  a  case  illustrated  by  Figs.  3,  4. 


FIG.  3. 


FIG.  4. 


Here  P  is  a  cusp  with  vertical  tangent. 

See  388,  3  for  an  example  of  such  a  function. 

3.  In  Case  1  the  curve  has  not  one  but  two  tangents  at  P ;  viz. 
a  right  and  a  left  hand  tangent.  Case  2  may  be  considered  as  a 
special  or  limiting  case  of  1.  The  curve  has  a  tangent  at  P. 

In  both  cases  the  direction  of  motion  along  the  curve  changes 

abruptly.  ?j 

When  we  say  "a  curve  has  at  every  point  a   tangent,     we 

exclude  Case  1. 

Non-existence  of  the  Differential  Coefficient 

367.  1.  We  consider  now  some  examples  of  continuous  func 
tions  for  which  the  differential  coefficient  on  either  side  of  certain 
points  does  not  exist. 

Let  _ 

for  x  =£  0  ; 


7T 
X 


=  0,         for  x  =  0. 

The  graph  T  of  y  is  given  in  the  adjoining 
figure.  d 

Evidently  T  oscillates  between  the  two 
lines  ,^ 

with  increasing  rapidity  as  x  approaches  0. 
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For  #=£(),  y  is  evidently  continuous. 
For  x  =  0,  y  is  also  continuous,  since 

lim*sin^=0. 

x=0  X 

At  the  origin  the  secant  line  OP  oscillates  between  the  two 
vvt\V  lines  1),  and  obviously  does  not  approach  any  fixed  position  as  P 


approaches  0  from  either  side.     Thus  T  has  no  tangent  at  all  at  0. 
This  result  is  verified  at  once  analytically. 
For, 

A?/  7T 

-7-^  =  sm  -r—  ,         at  #=0: 

A#  Az 

7T 

and  as  Az  =  0,  sin  —  oscillates  infinitely  often  between  ±  1. 
2.   For  use  later,  let  us  find  ~  for  x  =  — 


We  have, 

. 
But 

sin  — 

ax 

setting  Az  =  A, 

Ay      1/1 

w 

, 
X 

^  •     "• 

Ax      h  \n 
1  4-  nh 

+  h 

n 
mr 

^  *  ,                         nft 

•  .  <  ^  ~ 

—  sin   WTT 

I+nh 

-    - 
1  +  rcA  1  +  nA7  1  + 

Hence,  setting 


1  4-  nh 

Ax~  ^u 

and  thus 

,.     Ay 

lim  -—  =  —  (  —  lYnTr  lira 


Ax=0 


by  301. 
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.      7T 


368.    Let       ?/=/(x)  =  x2sin-, 

=  0,  x  =  0. 

Evidently  y  is  everywhere  continuous 
even  at  0. 

The  graph  F  of  y  oscillates  between  the 
two  parabolas  „ 


with  increasing  rapidity  as  x  approaches  0. 

As  P  approaches  0,  the  secant  OP  oscillates  between  narrower 
and  narrower  limits,  which  limits  converge  on  both  sides  toward 
the  x-axis.  Evidently, 

Ax 

and  F  has  a  tangent  at  0,  viz.  the  axis  of  x. 
This  result  is  verified  analytically  at  once. 


-^-  =  Ax  sin 

Ax  - 


at  0, 


and 


lim  Ax  sin-r— =  0. 
369.   Let  A=0,  ±1,  ±  |,  ±  £,  - 

77     .          77 

For  x  not  in  A,  let  y  =/(x)  =  x  sin  -  sin • 

JO  •      Ti 

sin  — 
x 

For  x  in  A,  let  y  =  0. 

Here  y  is  everywhere  continuous,  even  at  the  points  of  A. 

Let  C  be  the  graph  of  y,  and  F  the  graph  of 

77 

yl  =  xsin— » 

considered  in  367. 

In  Fig.  1,  the  full  curve  represents  an  arc 

of    F    for    an    interval    In  =  (an,bn),    an  =  -, 

»"=—i 

n  —  l 
symmetrical  to  F. 


The  dotted  curve,  call  it  F',  is 


FIG.  i. 
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We  observe  now  that  y  is  obtained  by  multiplying  the  ordinate 
of  F  by  the  factor 

J  .          7T 

Ho  =  sin 


.      7T 

sin  — 
x 

As  x  approaches  an  end  point  of  /„, 

sin  —  =  0. 

x 

Hence  y%  oscillates  infinitely  often  between  ±  1.     The  effect  of 
the  factor  y^  in  y  =  y^y^  is  thus  to  bend  F  in  /„  an 
infinite  number  of  times,  so  that  the  resulting  curve, 
a  portion  of  (7,  lies  between  F  and  F'. 

This  is  represented  in  Fig.  2,  where  the  light  and 
dotted  curves  are  F  and  F',  and  the  heavy  curve  is  C. 

At  one  of  the  points  of  J.,  as  «„,  the  secant  anP 
oscillates  with  increasing  rapidity  as  P  approaches 
an  from  either  side. 

Since 

^i  =  -  (-  I)"n7r,  by  367,  2, 
ax 

the  tangents  to  F  and  F'  are  not  the  a>axis.     Hence 

the  limits  of  oscillation  of  the  secant  do  not  converge 

to  0,  and  hence  the  secant  anP  does  not  converge         FIG.  2. 

to  some  fixed  position  as  x  approaches  an. 

Thus  y  has  no  differential  coefficient  at  any  point  of  A,  and  its 
graph  C  has  at  these  points  no  tangent. 

Since  0  is  the  limiting  point  of  .A,  there  are  an  infinity  of  these 
singular  points  in  the  vicinity  of  the  origin. 


370.    Let  A=  0,   ±  1,   ±  2,   ••• 

For  x  not  in  A,  let  y  =f(x)  =  x2  sin  —  sin 


7T 


7T 


7T 

sin  — 
x 


For  x  in  A,  let  y  =-0. 

The  reasoning  of  369  may  be  applied  here.     The  graph  of  y 
oscillates  between  the  two  curves 


yl  =  ± 


.       7T 

sm  — , 


discussed  in  368. 
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There  is  no  tangent  at  the  points  ±1,  ±2,  •••  while  at  the  origin 
there  is  a  tangent,  viz.  the  a>axis. 

The  graph   (7  of  y  presents  therefore  this  peculiarity  :   in  the 
vicinity  of  the  origin  there  are  an  infinity  of  points  at  which  C  ' 
has  no  tangents  ;  yet  at  the  origin  itself  C  has  a  tangent. 

371.  In  369  and  370,  the  aggregate  A  is  of  the  first  order,  by 
263,  2. 

It  is  easy  by  the  process  of  iteration  to  form  continuous  func 
tions  which  have  no  differential  coefficient  over  an  aggregate  A, 
of  order  m. 

Let  0(x)  =  sin  - 

x 

and 


This  expression  does  not  define  y  at  points  involving  division 
by  zero.  At  these  points,  call  their  aggregate  A,  we  set  y  =  0. 
It  is  easy  to  show  that  y  is  everywhere  continuous  and  that  it  has 
neither  right  nor  left  hand  differential  coefficients  at  any  point  of 
A.  The  aggregate  is  of  order  m.  See  259,  260.  /*.  ' 

Fundamental  Formula?  of  Differentiation 

372.    As  many  American  and  English  works  on   the  calculus    I 
derive  these  formulae  in  an  incorrect  or  incomplete  manner,  we 
shall  deduce  some  of  them  here.      We  shall,  at  the  same  time,     \ 
prove  them  under  conditions  slightly  more  general  than  usual. 
As  domain  of   definition  D  of  our  functions  y,  u,  v,  •••  we    take 
any  aggregate  having  proper   limiting  points.     The   domain  of 
definition  A  of  their  derivatives  will  embrace,  at  most,  the  proper 
limiting  points  of  D. 

It  is  convenient  to  represent 

y(x  +  K),  w(z+/0,   —  by  y,  u,  •••  etc., 
and  <V"  b3r  *''  *'   "'  etc' 
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373.    We  begin  by  proving  :  .  . 

If  the  differential  coefficient  f  \a)  is  finite,  f(x)  is  continuous  at  a. 

For,  since 

lim/(^  +  A)-/(q) 

A=0  h 

we  have,  for  each  e  >  0,  a  8  >  0,  such  that,  if  |  h\  <  S, 


. 

Hence 

/(«  +  *)  -/(a)  +  *</'(«)  +O. 

Iherefore, 


which  states  that  /is  continuous  at  a. 

374.  .//  ^  is  constant  in  D,  y'  =  0. 
For 

^-0 
A*        ' 

for  any  point  of  D. 

375.  Let  y  =  u±v.     Let  u',  v'  be  finite  in  A.     Then  y'  =  u'  ±  v1 
in  A. 

For  Ay  _  AM     Ay 

Ax     Ax     Ax 

Since  w',  v'  exist  and  are  finite,  we  can  apply  277,  2,  to  1). 


376.   -Le£  ?/  =  uv.     Let  u',  v'  be  finite  in  A. 
Then,  in  A, 

y'=uv'  +  vu'.  (1 

For 

Ay  _  uv  —  uv  _(u  +  Au)(v  +  Av")  —  uv 
Ax    Ax  Ax 

uAv  +  vAu   -Av  .  Au  ,n 

=  -  -  -  =  u  --  (-  v  —  •  (2 

Ax      Ax   Ax 
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By  373, 

lim  u  =  u. 

By  hypothesis, 

lim^  =  «Mim£W. 

Aa;  AZ 

Hence,  passing  to  the  limit  in  2),  we  get  1). 

377.    1.  Let  v  =  -•     Let  w',  v'  be  finite  and  v=£0,  in  A.     Then 
y      v 

,     vu'  —  uvr      .    A  ( -1 

•?/  = •>    in  A.  V-i 

2 


For  Ay  _  wAw  —  wAv  _  1  Aw  _  u    1  A#_  ^2 

Aa;  wAa;  w  Aa;      v    v  Aa; 

By  373, 

lim  v  =  v. 

By  hypothesis, 

Aa;  Aa; 

Passing  now  to  the  limit  in  2),  we  get  1). 

We  observe,  by  351,  that  v  =£  0  for  Aa;  sufficiently  small,  since  v 
is  continuous  and  =£  0  at  a;.  It  is  therefore  permissible  to  divide 
by  v,  as  in  2). 

2.    Criticism.     Some  writers  derive  1)  as  follows.     From 

u 
y  =  — 

u      v 

they  get 

yv  =  W. 

They  now  apply  376,  which  gives 

u'  =  yv'  +  vy\  (3 

which,  solved,  gives  1). 

This  method  is  incorrect.  For  to  get  3),  by  using  376,  we  \ 
must  impose  the  condition  that  y'  exists  and  is  finite.  But  noth 
ing  in  this  form  of  demonstration  shows  the  existence  of  y' .  The 
method  then  shows  only  this :  on  the  assumption  that  y'  exists, 
its  value  is  given  by  1).  But  this  assumption  of  existence  makes 
the  demonstration  worthless. 
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3.  Many  writers  of  elementary  mathematical  text-books  are  not 
alive  to  the  fact  that  a  demonstration,  which  involves  an  assump 
tion  of  the  existence  of  certain  quantities  or  forms,  renders  the 
demonstration  invalid.  This  error  of  reasoning  is  extremely  com 
mon  in  the  calculus.  Because  determinate  results  are  obtained  by 
such  reasoning,  it  is  allowed  to  pass  as  conclusive. 

To  show  how  fallacious  this  style  of  reasoning  is,  let  us  assume 
that  we  can  write  * 

— =  a  sin  x  +  b  cos  x. 


Granting  this,  it  is  easy  to  determine  a  and  b.     In  fact,  setting 
x  =  0,  Ave  get 


7T 


Setting  x  =  — ,  we  get 


Hence 


7T2-16 


1  4.1 

T  =  Z2 ^  sin  a;  -  -  cos  x, 

—  4      TT-  —  Ib  4 


a  perfectly  determinate  result;  but  also  a  perfectly  false  result. 
In  fact,  the  right  side  of  4)  is  a  periodic  function,  while  the  left 
side  is  not. 

The  reader  should  therefore  not  begrudge  the  pains  it  is  some 
times  necessary  to  take,  to  prove  an-  existence  theorem.  He  should 
also  notice  that  by  modifying  the  form  of  proof  it  is  sometimes 
possible  to  avoid  assuming  the  existence  of  certain  things  which 
enter  the  demonstration.  Witness  the  demonstrations  just  given 
of  1)  in  1,  2. 


378.    Let  y  =/O),  and  x  = 


Let  g'(f)  =  ~  be  finite  in  T. 


]p  \  U  [>       Let  X  be  the  image  of  T.     If       =  /'  (z~)  is  finite  in  X, 

ax 

dy  _  dy    dx  f^ 

dt       dx    dt 

*  In  treating  the  decomposition  of  a  rational  function  into  partial  fractions,  it  is  often 
assumed,  u-ithout  any  justification,  that  the  decomposition  in  the  form  desired  is  possible. 
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• 
Before  proving  this  theorem,  we  wish  to  illustrate  two  cases 

which  may  occur. 

Ex   1.     Let  x  —  t  sin  2  nnrt.     The  period  of  sin  2  rrnrt  considered  as  a  function  of 

I  is  1.     By  taking  m  very  large  but  fixed,  x  will  oscillate  a  great  many  times  near 

m 
the  origin.     Where  the  graph  cuts  the  f-axis,  i.e.  when 

*.*!       ±1,    ±8 

2m         m         2  m 

we  have  Ax  =  0. 

But  however  large  m  is  taken,  we  can  determine  a  5  >  0,  such  that  Ax  =£  0,  in 

F6*(0).     In  fact,  we  have  only  to  take  5  <- — 

What  we  have  shown  for  t  =  0  is  true  for  any  other  point  t.  That  is,  we  can 
always  choose  5  sufficiently  small  so  that  in  F5*(0,  A«  shall  not  =0. 

Ex.  2.  %  =  ^  sin  -,  for  t  =£  0  ; 

c 

=  0,  for  t  =  0. 

The  graph  of  this  function  we  considered  in  308.  For  any  point  t  =f=  0  we  can 
determine  a  5  such  that  in  Fg*(«),  Ax  does  not  vanish.  Not  so  at  t  =  0.  Here, 
however  small  8  >  0  is  taken,  x  oscillates  infinitely  often  in  F6*(0) ;  and  thus  for  an 
infinity  of  points  in  Fs*(0),  Ax  =  0. 

We  can,  however,  throw  the  points  of  F5*(0)  in  two  sets.  In  one,  call  it  F0,  we 
put  the  points  for  which  Ax  =  0.  Then 


m  +  1 

In  the  other  set,  call  it  Fu  we  put  all  the  other  points  of  F*.  We  can  now  show 
for  the  function  y  =/(»)  in  the  above  theorem,  that  1)  is  true  for  each  one  of  these 
sets  of  points,  and  therefore  true  for  both  together. 

379.    We  give  now  the  proof  of  378. 

Let  t  be  any  point  in  T;  let  x  be  the  corresponding  point  in  X. 
Let  Az,  Ay  be  the  increments  of  x,  y,  corresponding  to  the  incre 
ment  A£  of  t. 

Case  1.      There  exists  a  F*(£)»  ™  which 
The  identity 

"  A  /i»  /V/i/  /\>>* 


does  not  involve  a  division  by  0,  as  AZ  =£  0. 
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dx 

Since  _=£r'(£)  is  finite  at  t,  Aa:  =  0  when  A£  =  0.     Hence,  by 

292, 


Aa;       AZ=O  Aa;      dx 

Thus, 

..     Ay      ,.     Ay  Aa; 

lim  -—  =  lira  —-  •  lim  -—  , 
A<=O  Ac       AZ=O  Aa;      A(=O  At 

and 

^  _  fy  .  d?  (2 

dt      dx     dt  ' 

which  proves  the  theorem  for  this  case. 

Case  2.     Aa;  =  0  for  some  point  in  every  V*(t}. 

Let  VQ  be  the  points  of  V*(t),  for  which  Aa;  =  0. 
Let  V^  be  the  remaining  points  of  V*(f). 

If  we  show 

..Ay          ,    dy  v     Aa;  /Q 

hm-^,   and    -/lim—,  (3 

M  dx        Ai 

have  one  and  the  same  value  for  every  sequence  of  points  whose 
limit  is  £,  we  have  proved  2)  for  this  case. 
Let  A  be  any  sequence  in  VQ.     Then 

lim  —  =  0,  (4 

^    A* 

since  Aa;  =  0  for  every  point  in  A. 


As  -Jr-  is  finite  at 
dx 


On  the  other  hand, 


dy , .     Aa;      . 
-/  hm  —  =  0. 

dx  A  A£ 


For,  Aa;  being  0  for  every  point  of  A,  y=f(x)  receives  no 
increment,  and  hence  Ay  =0  in  A. 

Thus,  for  every  sequence  J.,  the  two  limits  in  3)  have  the  same 
value,  viz.  0. 
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Let  now  B  be  any  sequence  in  Vl  which  =  t.     Let  the  image 
of  the  points  B  be  the  points  (7,  on  the  re-axis. 
Then,  by  292,  A 

' 


'       -  '        '  llm 


dy ,.      Ax  /£ 

=  ^-lim— •  C° 

dx    B    At 

Thus  the  two  limits  of  3)  are  the  same  for  each  sequence  B. 
It  remains  to  show  that  one  is  0.  Now,  by  4), 

^L  ,yi  ^\/y 

lim  —  =  lim  —  =  0 ; 

B      At  A.       At 

.    . 

since,  by  hypothesis, 

At 

for  any  sequence  whose  limit  is  the  point  t. 

Hence  the  right  side  of  5)  is  0. 

Thus  the  two  limits  3)  have  the  value  0  for  every  sequence  A 
or  B.  These  limits  therefore  have  the  value  0  for  any  sequence, 
whether  its  points  all  lie  in  F0,  or  in  Vv  or  partly  in  F0  and  partly 
in  Vr 

380.    The    demonstration,   as    ordinarily   given,    rests    on   the 

ident%  Ay  _Ay    Ax 

~At~Ax'At' 

The  theorem  is,  therefore,  only  established  for  functions  x=g(£), 
which  fall  under  Case  1. 

If  one  wishes  to  give  a  correct  but  elementary  demonstration, 
it  would  suffice  to  restrict  g(€)  to  have  only  a  finite  number  of 
oscillations  in  an  interval  T,  and  have  at  each  point  of  T  a  finite 
differential  coefficient.  In  an  elementary  text-book  on  the  cal 
culus  it  is  not  advisable  to  consider  functions  with  an  infinite 
number  of  oscillations. 

381.  Let  y  =  f(x)  be  univariant  and  continuous.  Let  x  =  g(y~)  be 
its  inverse  function.  Let  /'(a:)  be  finite  or  infinite  in  A.  Let  E  be 
the  image  of  A.  Let  x  and  y  be  corresponding  points  in  A  and  E. 
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If  /'(•£)  «'*  finite  and  =£  0,  then  g'(y)  =  _  — 

Too 

Iff(x)=0,  then  </(*,)  =  |  +  °°  f  /  »  increasing. 

I  —  ^  if  f  is  decreasing. 
If  f(x)  is  infinite,  #'(#)=  0. 


Since  /  is  univariant,  A#  and  therefore  also 

Hence  the  relation 

Ax  _    1 

%     Ay 

Aa; 


are  =£  0. 


(1 


does  not  involve  for  any  point  a  division  by  0. 

Since  y  is  continuous,  Ay  =  0  when  Ax  =  0. 

We  have  therefore  only  to  apply  292  in  passing  to  the  limit 
in  1). 

382.    The  geometric  interpretation  of  381  is  very  simple  in  the 
following  case : 


J 


Let  #  =  /(X)  be  a  continuous  increasing  function  in  (a,  5). 
The  inverse  function  #  =  #(y)  is  increasing  and  continuous  in 
(«,  /3).     See  Fig. 

The  graph  of  /(z)  and  g(y}  is  the  same  curve  (7.     At  Pv  P2 
we  have  points  of  inflection. 
If  PT  is  the  tangent  at  P, 

tan  $=f  (a:)=^, 

*    v  J     dx 


. 
dy 
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Since 


tan  6  —  -  -' 
tan  9 


_ 

or  dy     &y 

dx 

The  consideration  of  the  tangents  at  Pv  P2  illustrates  the 
theorem  for  the  other  cases. 

383.  We  apply  the  preceding  general  theorems  to  find  the 
derivatives  of  some  of  the  elementary  functions,  choosing  those 
whose  demonstration  is  often  given  incorrectly. 

Dxax  =  ax  log  a.        a  >  0,  x  arbitrary.  (1 

For,  let  =  a*f 

Then  Ay        X*-l  (1 

-•L  —  ax  —  j  --  C^ 

A#  Aa; 

But,  by  311,  a^-\ 

lim  -        —  =  log  a. 


Passing  to  the  limit  in  2),  we  get  1). 
When  a  =  e,  1)  becomes 

Dex  =  ex.  (3 


384.    1.  Dx\ogx  =  - 

Let 


Then 


y  =  logz. 
x  =  ey. 


But  , 

^  =  e*  =  x.  (2 

•| 
From  2)  we  get,  by  381,  ,       ^ 

da;     a; 

which  is  1). 
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2.  We  can  get  1)  directly  as  follows : 

i      A,      A 

log  M  _| 

Ay      log(x  +  Ax)  —  log  a;  V         x 


Ax  Ax  Ax 


X 

But,  by  310  and  292, 

Ax- 


(3 


(4 


Hence,  passing  to  the  limit  in  3),  we  get  1)  again. 
From  1)  we  can  prove  again 

Dxex  =  ex.  (5 

For,  from  x 

we  have 

x  =  log  y. 

Hence,  by  1), 

dy     y 

Using  381,  we  have 

dy 

V_      y      pX 

dx 

which  is  5). 

385.    1.   Criticism.     In  either  of  the  preceding  ways  of  getting 

Dxex  and  Dx  log  x, 
we  need  the  limit  j 

lim  (1  +  w>  =  e.  (1 

«=0 

Some  writers  only  prove  1)  when  u  runs  over  the  sequence 

Others  prove  1)  only  for  a  right  hand  limij;.  As,  however,  Ax 
may  have  any  positive  or  negative  values  as  it  converges  to  0,  the 
limit  1)  must  be  established  without  any  restriction. 
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2.  If  the  method  of  384,  2  is  used  to  get  Dx\ogx,  we  must  not 
only  prove  1),  but  we  must  show  that 

i_  i 

lim  log  (1  +  w)«  =  log  lira  (1  4-  w)«. 

u=0  u=0 

This  is  rarely  done. 

3.  A  third  method  is  to  employ  the  Binomial  Theorem,  which 
is  taken  from  algebra. 

The  rigorous  demonstration  of  this  theorem  for  any  case,  besides 
that  of  integral  positive  exponents,  is  far  beyond  the  limits  of  the 
ordinary  high  school  or  college  algebra.  Moreover,  the  demon 
strations  usually  given  are  incorrect.  The  employment  of  the 
Binomial  Theorem  to  find  the  above  derivatives  is  therefore  open 
to  the  most  serious  criticism. 

386.  1.  The  differentiation  of  the  direct  circular  functions  pre 
sents  nothing  of  note ;  let  us  therefore  turn  at  once  to  the  inverse 
circular  functions. 

We  take  .  f^ 

y  =  arc  sm  x  (1 

as  an  example.     The  notation  indicates  that  we  have  taken  the 
principal  branch  of  arc  sin  #,  [223].     Then 


7T  7T  ffy 

--2<y<-g  V 

From  1)  we  have 

x  =  sin  y. 

Hence  , 

ax  /i o  yo 

• —  =  cos  y  =  V 1  —  x*.  (o 

dy 

The  radical  has  the  positive  sign,  as  cosy  is  not  negative  for 
the  values  2). 
Hence,  \)y  381, 

di/  •  -t 

dx  Vl  —  x2 

=  +  oo  for  x  =  ±  1. 

2.  Criticism.  In  many  books  the  branch  of  arc  sin  x  which  is 
taken  is  not  specified.  Consequently,  the  sign  of  the  radical  in 
3)  is  not  specified.  For  some  branches  the  negative  sign  should 
be  taken. 
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387.    1.  Dax*  =  ita?--1.  x>0,      p  arbitrary.  (1 

Let  y  =  x». 

Then  y  —  #\**x^  ^2 

Let  /u,  log  x  =  u. 

Then  _   « 

y  —  K  • 

But  dy      dy  du 

&  =  —it.  -  • 

dx     du  dx 


=,         =    . 
du  dx      x 

Hence  j 

W-  if  u.  —  1 

-f-  —  px*    . 
dx 

2.    Criticism.     Some  writers  rest  the  demonstration  on 


lira 


u=o  U 


and  are  thus  open  to  the  criticism  of  385,  2.     Others  proceed  thus. 
From  2)  we  have 


Differentiating  both  sides,  we  get 

1  dy  _  /A 


_ 
a; 


from  which  we  get  1)  at  once.     This  method  rests  on  the  assump 
tion  that  -—  exists,  and  so  is  open  to  the  criticism  of  377,  2. 

EXAMPLES 

OQQ  "I  „,    f.       I       7,    3/~Z&  f  ( ~."\  7)   -^   (\ 

For  x  >  0,  we  can  apply  387,  getting,  since  here  /*  =  f , 

dy      2    b  ,* 

dx      3  -^/y- 
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2.  For  x<Q,  the  formula  of  387  is  inapplicable,  since  it  rests 
on  the  essential  hypothesis  that  x  >  0.  We  can,  however,  adopt  a 
method  applicable  to  any  x^Q. 

Set  x2  —  u. 

Then  y  =  a  +  bu*. 

For  all  x  in  9?  which  are  ^  0,  u  is  >  0. 
Applying  387,  we  have 

dy      IT  -| 

-3-  =  -  OU  % 

du     3 

On  the  other  hand,  by  378, 

dy  _  dy    du 
dx      du    dx 

since 

—  =  2x 
dx 

is  finite. 

Hence 

^/  =  2J_ 

dx      3  s!/z' 

3.  When  x  =  0,  even  this  method  fails,  as  u  must  be  >  0,  in  order 
to  apply  387.  In  order  to  calculate  the  differential  coefficient  at, 
this  point,  we  must  start  from  its  definition. 

We  have,  setting  h  =  Aar, 


Here,  when  Az  =  0, 


Az  Az 

The  graph  of  /(V)  has  thus  a  vertical  cusp  at  the  origin,  as  in 
Fig.  1. 
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4.   In  order  to  get 

^/(O),    £/'(0), 

some  readers  may  be  tempted  to  take  the  right  and  left  hand 
limits  of  the  expression  1)  for  x  =  0.  In  the  present  case  we  would 
get  the  correct  result.  In  general,  if  the  expression  for  f'(x) 
assumes  an  indeterminate  form  for  a  particular  value  of  x,  say 
x  =  a,  the  reader  must  avoid  the  temptation  to  conclude  that 


This  is  only  true  when  /'  (x)  is  continuous  at  a. 
Ex.1.  f(x)=xsm-,  £=£(); 

X 

=  0,  x  =  0. 

Here/'(0)  does  not  exist  by  367,  while, 


f'(a;)=  sin  ---cos-. 
xxx 


Thus  lim/'(a;) 

*=o 
also  does  not  exist. 

Ex.2.  /(x)  =  a;2  sin  -,  x  =£  0  ; 

x 

=  0,  x  =  0. 

Here 

/'(0)=0,  by  368, 
while,  for  fc^tO, 

f'(x)=  2  x  sin  -—  cos  — 
x  x 

Thus 
does  not  exist. 


5.  Let  *s  \       i 

f(x)  =  a*. 


We  find  readily  that 


The  graph  is  given  in  Fig.  2.  FIG.  2 
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389.    1.  Let         log  x  =  l&         log  log  x=lzx, 
log  log  log  x  =  I3x,  etc. 

Since  log  u  is  defined  only  for  u  >  0,  we  shall  suppose  that  x 
is  taken  sufficiently  large  so  that  lmx  has  a  meaning. 
We  prove  now 


x 

For,  first,  let 

y=l2x=  log  log  x. 

Set 

u  =  log  x. 

Then 

y  =  log  u- 
Hence 

^  =  ^^  =  1>1  =  1     1     _  DJjc.  (2 

dx      du    dx      u    x      x  log  x 

Next,  let 

y=l3x  =  log-l^x. 

Set 

u  =  l^x. 

Then 

2/  =  log  u. 

Hence 

<fo/  _  dy    du 

~dx      du    dx 
By  2), 


a;  log  a; 
Hence 


dx      u    x  log  a;      xl-^xl^x 
By  induction,  we  now  establish  1)  readily. 

2.  In  a  similar  manner  we  establish 

(3 
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From  1),  3)  we  have  two  formulae  to  be  used  later : 
1  -  1 


and 

DJJ-> 


x  —  a  x  —  a 

X-l 


___  /y  -y  ft     "'     fy  ft 

•l*  l&  us  w> 


In  4),  5)  we  suppose  x>a,  such  that  the  quantities  entering 
them  are  denned. 


Differentials  and  Infinitesimals 


390.    1.  Since 


—  lim    If 


we  have  for  each  e  >  0,  a  S  >  0,  such  that  in 


<e|Aa;|, 


or 

or  . 

where 
We  call 

the,  differential  o//(a;),  and  denote  it  by 

dy  or  df(x). 
The  relation  1)  shows  that  A#  is  made  up  of  two  parts,  viz. 

dy  and  e'Az. 
The  ratio  of  these  two  parts  is 
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As/' O)  is  fixed,  for  fixed  x,  and  e'  can  be  made  numerically 
as  small  as  we  please,  by  taking  8  sufficiently  small,  we  see  that 
the  part  e'Az  is  very  small,  compared  with  dy  for  all  points  x+  Az 
in  V&*.  Thus,  in  the  immediate  vicinity  of  z,  the  principal  part 
of  Ay  is  cfy. 

Differentials  owe  their  importance  to  this  fact. 

2.  To  make  the  notation  homogeneous,  it  is  customary  to  replace 
Az  by  another  symbol,  dx,  in  the  expression  for  dy.  We  have  then 

dy=f'(x)dx. 

391.    The  notion  of  a  differential  may  be  illustrated  as  follows : 
Let  the  graph  of  f(z)    be    that  in   the 

figure.  <? 

Let  PR  be  the  tangent  at  P;  and 


Then 


QS=ky,   R8=dy. 
QR  =  e'Az. 


The  reader  will  see,  if  cfy^O,  that  as 
Q  approaches  P,  QR  becomes  smaller  and  smaller  as  compared 
with  RS=dy.  This  is  illustrated  by  comparing  this  ratio  at  Q 
and  at  Q1 '. 

We  see  dy  =  R8  approximates  more  and  more  closely  to  Ay  as 
Q  approaches  P. 

392.    A  variable  whose  limit  is  0  is  called  an  infinitesimal. 

When  employing  differentials,  we  suppose  that  the  increment 
given  to  the  independent  variable  Az  =  dx  can  be  taken  as  small, 
numerically,  as  we  choose.  It  is  thus  an  infinitesimal.  Then 
both  A#  and  dy  are  also  infinitesimals. 

In  the  limits  considered  in  301-304,  310-312,  the  numerators 
and  denominators  furnish  examples  of  infinitesimals. 

Also  the  lengths  of  the  intervals  considered  in  127,  2,  are  infini 
tesimals. 

Many  other  examples  of  infinitesimals  are  to  be  found  in  the 
preceding  pages,  and  many  more  will  occur  in  the  following. 


',  i 
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The  Law  of  the  Mean 


393.  One  of  the  pillars  which  support  the  modern  rigorous 
development  of  the  calculus  is  the  Law  of  the  Mean.  It  rests  on 

Rolles  Theorem.  Let  f(x)  be  continuous  in  51  =  (a,  5),  and 
/(a)  =/(£).  Let  f'(x)  be  finite  or  infinite  within  51.  Then  there 
exists  a  point  c  within  51,  for  which 


/0?)=0.          a<c<b. 


Since  /(a?)  is  continuous  in  51,  it  is  limited,  by  350.  Its  ex- 
tremes  are  therefore  finite.  If  /  is  not  constant,  one  of  these 
extremes  is  different  from  the  end  values. 

To  fix  the  ideas,  let  Max/  =  /-t  be  different  from  the  end  values. 

By  354,  there  is  a  point  c  within  51  such  that 


while  for  all  points  c  +  h  of  51,  h  >  0, 
Hence 


i 
h 


According  to  1), 
according  to  2), 

Those  together  require  that 


-h 


^  V5 


(1 
(2 


In  case  f(x)  is  a  constant  in  51,  the  theorem  is  obviously  true. 

394.  1.  The  geometric  interpre 
tation  of  Rolle's  theorem  is  the 
following  : 

Let  the  graph  of  f(x)  be  a  con 
tinuous  curve  having  everywhere 
a  tangent,  except  possibly  at  the 
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end  points  A,  -B,  which  are  at  the  same  height  above  or  below  the 
a>axis.     Then  at  some  point  C  the  tangent  is  parallel  to  the  :c-axis. 
Since  f  (x)  may  be  infinite,  the  graph  may  have  points  of  inflec 
tion  with  vertical  tangents,  as  at  P. 

2.  Let  A,  B  be  two  points  at  the  same  height  above  the  z-axis. 
The  reader  will  feel  the  truth  of  Rolle's  theorem  for  simple  cases 
if  he  tries  to  draw  a  continuous  curve  F  through  A,  B,  whose 
tangent  is  not  parallel  to  the  z-axis.  T  should,  of  course,  have  no 
vertical  cusp  or  angular  point.  We  say  for  simple  cases,  because 
we  cannot  draw  a  curve  with  an  infinite  number  of  oscillations  or 
a  curve  which  does  not  have  a  tangent  at  A  or  B.  Yet  neither  of 
these  cases  need  to  be  excluded  in  Rolle's  theorem. 

395.  If  f(x)  does  not  exist  for  some  point  within  31,  the  theorem 
394  is  not  necessarily  true,  as  Fig.  1  shows.  (See  366.) 


FIG.  1. 


FIG.  2. 


If  f(x)  is  not  continuous  in  21,  the  theorem  does  not  need  to  be 
true,  as  Fig.  2  shows. 

396.  1.  Criticism.  Many  demonstrations  are  rendered  invalid 
because  they  rest  on  the  assumption : 

1°.  In  passing  from  a  to  b,  the  function  must  first  increase  and 
then  decrease,  or  first  decrease  and  then  increase ; 

or  on  the  assumption  : 

2°.  There  must  be  at  least  one  point  between  a,  b  where  the 
function  ceases  to  increase  and  begins  to  decrease,  or  conversely. 

Either  of  these  assumptions  is  true  if  we  use  functions  having 
only  a  finite  number  of  oscillations  in  21. 

In  case  the  function  has  an  infinite  number  of  oscillations  in  21, 
neither  of  the  above  assumptions  need  be  true. 
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The  function  of  Ex.  2,  378,  where  51  =  (0,  1),  illustrates  the 
untruth  of  1°: 

We  shall  later  exhibit  functions  which  oscillate  infinitely  often 
in  any  little  interval  of  51  and  yet  have  a  derivative  in  51.  Such 
functions  show  that  2°  is  not  always  correct. 

2.  The  demonstration  given  in  393  is  extremely  simple.  It 
rests,  however,  on  the  property  that  a  continuous  function  takes 
on  its  extreme  values  in  an  interval  (a,  5).  In  an  elementary 
treatise  this  fact  might  be  admitted  without  proof,  since  it  seems 
so  obvious. 

397.    1.  La/w_of^  the_Mean.     Let  f(x)  be  continuous  in  51  =  (a,  6), 
and  letf(oi)  be  finite  or  infinite,  within  51. 
Then,  for  some  point  a  <  c  <  b, 


-/(«)=  (&  -  «)f  oo-  a 

Consider  the  auxiliary  function 

000  =/(*)  -/oo  -/(\}~(a)  (ft  -  *>     r 


Evidently  . 

-0. 


Also  at  those  points,  at  which  f  (x)  is  finite, 


while  at  the  other  points  of  51,  g'  (x~)  is  infinite.  Thus  g(x)  is 
continuous  in  51,  and  g'(x)  is  finite  or  infinite  within  51.  Hence, 
for  some  point  a  <  c  <  b, 

/O)=0,      by  393.  (3 

Setting  x  —  c  in  2),  and  using  3),  we  get 


which  is  1). 
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2.  The  relation  1)  is  commonly  written  as  follows : 
Set  b-  a  =  h; 

then,  since  c  lies  within  (a,  J), 

Thus  1)  gives 

/(a  +  A)  =/(a)  +  A/  (a  +  8h). 

3.  The    reader   should    observe    that    although  /(»    may  be 
infinite  within  21,  the  point  c  in  1)  is  such  that/'(c)  is  finite. 

398.  The  following  is  the  geometric  interpretation  of  the  Law 
of  the  Mean.  Let  ACB  be  the  graph  of  /<»  in  21.  Let  the  chord 
AB  make  the  angle  6  with  the  a>axis.  Then 


B/ 


b  —  a 


Also  by  397,  4), 


That  is :  at  some  point  c  within  the 
interval  (a,  5)  the  tangent  is  parallel  to  the  chord  AB. 

399.  When  either  of  the  conditions  that  enter  the  Law  of  the 
Mean  are  violated,  the  point  c  may  not  exist.  This  is  illustrated 
by  the  following. 


FIG.  i. 


FIG.  2. 


FIG.  3. 


1.  f(x~)  is  not  continuous  in  (a,  6).     Fig.  1. 

2.  The  differential  coefficient  does  not  exist  at  some  point  within 
(a,  6).     Figs.  2,  3. 
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400.    We  give  now  some  elementary  applications  of  the  Law  of 
the  Mean. 

1.  Let  f(x)  be  continuous  in  21  =  (a,  5);  and  let  its  derivative 
f'(x)  =  \,  a  constant,  within  21.      Then 

/<»  =  \x  +  fj,,     in  21.  (1 

Let  x  >  a  be  a  point  of  21.     The  function  f(x)  satisfies  the  con 
ditions  of  the  Law  of  the  Mean  in  £}  =  (a,  #). 
Hence,  by  397, 

/(*0  =/(«)  +  (*-  a)/(c).         a<c<x.        (2 

Since  by  hypothesis, 

/CO-*. 

we  get  1)  from  2),  on  setting 

P  -/(•)-  qTCO- 

Since,  by  hypothesis,  f(x)  is  continuous,  the  formula  1)  is  also 
true  for  x  =  a. 

2.  As  a  corollary  of  1  we  have  : 

Let  f(x)  be  continuous  in  21  =  (a,  5)  and  let  its  derivative  be  0 
within  21.      Then  f(x)  is  a  constant  in  21. 

3.  Let  /(V),  g(x)  be  continuous  in  the  interval  21,  and  let  f  '  (x) 
=  g'  (x)  within  21.      Then,  C  being  some  constant, 

f(x)=g(x)+C>     in  21.  (3 

For 


satisfies  the  conditions  of  2.     Hence 

k(x)  =  C,     in  21. 

401.  Let  f(x)  be  continuous  in  21  =  (a,  5),  wMe  /'(«)  is  finite  or 
infinite  within  21.  Letf'(x),  when  not  0,  Aave  one  siyn  a.  Then  f 
is  monotone  increasing  in  2(,  if  cr  is  positive;  monotone  decreasinj,  if 
G-  is  negative. 

Let  a<x'<x"<b. 
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By  the  Law  of  the  Mean, 

/(z'0=/(zO  +  (z''-*0/(<0-          x'<c<x". 
As  x"  -x'  >  0,  and  /'(c)  has  the  sign  <r,  when  not  0, 
/O")  !>/<>')>  if  °"  is  positive  ; 
>  if  °"  is  negative. 


402.  Criticism.  Some  writers  state  that  f(x)  is  increasing  when 
f'(x)  is  positive,  a-nd  conversely  when  f(x~)  is  increasing  /'(a;)  is 
positive. 

The  second  statement  is  not  true,  as  the  figure  shows.  P  is  a 
point  of  inflection,  with  a  tangent  parallel  to  the  a>axis. 

The  error  in  the  reasoning  is  instructive.  By  definition,  if  f(x) 
is  increasing, 

A^ 
is  positive.     It  is  now  inferred  that  therefore 


is  positive.      All  one  can  strictly  infer  is  that 


€/  V  X      **^  ^^^       * 

The  function  / 

illustrates  this,  at  the  point  x  =  0.     See  Fig. 

403.  Let  f(x)  be  continuous  in  21  =  (a,  5),  and  f(x)  finite  or 
infinite  within  21.  /'  (x)  shall  not  vanish  for  all  the  points  of  any 
subinterval  $8  =  (a,  /3)  of  2L  When  not  0,  letf(x)  have  always  one 
sign  a  in  21.  Thenf(x)  is  an  increasing  or  a  decreasing  function 
in  21,  according  as  <r  is  positive  or  negative. 

To  0\.yi  the  ideas,  let  cr  be  positive. 

Let  a<x'<x"<b. 

By  the  Law  of  the  Mean, 

<-x')f'(c^.       x'<c<x". 
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As  x"  —  x'  >  0,  and  /'  (c)  ^  0,  we  have 


i.e.,f(x)  is  monotone  increasing  in  21.     To  show  it  is  constantly 
increasing  in  21,  suppose 

/(«)-/(#). 

Then/(V)  must  =  /(«•)  for  all  points  in  33  =  («,  /?),  since  it  is  a 
monotone  increasing  function. 

Since  /(a;)  is  a  constant  in  33,/'(V)  =  0  in  48,  which  contradicts 
the  hypothesis. 

404.   Let  f  (x)  be  continuous  in  the  interval  21.      Then  the  differ 

ence  quotient  —  'L  converges  uniformly  to  f  (jz)  in  21. 

A# 

For,  by  the  Law  of  the  Mean, 

f(x  +  A)  -/<»  = 

Hence 


But/'(V)  being  continuous  in  21,  is  uniformly  continuous  by 

X  \  £  352.     Hence 

lim/'  (x  +  dli)  =f  (x} .      uniformly. 


Hence,  by  1), 


Um        =f,^       uniformly  in  ^ 

MW& 


Derivatives  of  Higher  Order 

405.    The  first  derivative  of  f  (x)  is  called  the  second  derivative 
of  /(V),  and  is  denoted  by 


Evidently, 


this  limit  being  finite  or  infinite. 
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In  this  way  we  may  continue  to  form  third,   fourth,  •••  and 
derivatives  of  any  order. 

Derivatives  of  order  n  are  denoted  by 


406.    We  add  the  following  formula,  which  will  be  used  later. 
They  are  easily  verified  : 


(2 
(3 


=  e*. 


fmr  ,     \  (4 

D"  sin  x  =  sm  (  —  -  +  x  . 
\  2 


nir  ,     \ 

—  -  +  x\. 

LI         / 


fnir  ,     \  (5 

cos  a;=  cost—  - 
\ 


407.    Let  y  =  uv,  where  u,  v  have  derivatives  of  any  desired 
order.     The  following  relation  is  known  as  Leibnitz  s  formula. 


where  nN     n-n-1  •  -  n-m 


We  prove  it  by  complete  induction;  i.e.  we  assume  it  true  for 
n  and  prove  it  is  true  for  n  +  1.     For  n  =  1,  2  it  is  obviously  true. 
Differentiating  1),  we  get 


+ 


(2 
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Now,  by  96, 

n\  +  f    n     \     fn  +  1 


This  in  2),  gives 

V    1    /  \    2    ) 

which  is  1),  when  we  replace  in  it  n  by  n  + 1. 

408.    1.   Let  us  apply  Leibnitz's  formula  to  find  the  derivatives 
of 

y  =/O)  =  tan  x. 
We  have 

y'  =  sec2  a;, 

y"  =  2  sec2x  tan  x  =  2  yy' '. 
Now 


This  gives 


+  4y"y  +3/'2),  etc. 

2.  Another  way  is  the  following,  which  will  lead  us  to  a  formula 
that  we  shall  need  later. 
We  have 

y  cosx  =  sinx; 
or  setting, 

u  =  sin  x,  z  =  cos  x, 

u  =  yz. 
Now  by  Leibnitz's  formula, 


u^'  — 
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Also,  by  406,  4),  5), 

„(->  =  Sin  (»£  +  x\  z<">  =  cos(^ 

\'2  J  \  L 

Hence  1)  gives 


!•  sinx. 


This  gives  the  recursion  formula, 

. '  (mr  .     \ 
«n(T  +  .) 


cosx 


Setting  x  =  0  in  2),  we  get 

-4)(0)  -  -=  sin  (3 


Taylors  Development  in  Finite  Fowi 

409.  1.  Using  derivatives  of  higher  order,  we  can  generalize 
the  Law  of  the  Mean  as  follows  : 

In  the  interval  21  =  (a,  5),  let  f(x)  and  its  first  n  -  1  derivatives 
be  continuous.  Let  /(B)O)  be  finite  or  infinite  ivithin  51.  Then  for 
any  x  in  51, 


n  —  1  ' 
where 

a<c<x. 


0 
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As  in  397,  we  introduce  an  auxiliary  function 


»  —  11 


(2 


where  J.  is  independent  of  w.  This  function  is  obviously  a  con 
tinuous  function  of  u  in  21  for  any  z  in  2J.  Differentiating  with 
respect  to  w,  we  get,  observing  terms  cancel  in  pairs, 

~lf^u)  +  A\,  (3 


, 

ft/          X  • 

for  any  w  within  21. 

Thus  the  derivative  of  #(w)  is  finite  within  21. 

To  apply  Rolle's  theorem  to  #(w),  with  reference  to  the  interval 
33  =  (a,  z),  it  is  only  necessary  to  determine  J.  in  2)  so  that 

#O)  =  #O). 
But  obviously 

000-0. 

We  therefore  suppose  A  so  chosen  that 


(4 


Then  by  Rolle's  theorem,  there  is  a  point  a  <  c  <  x,  such  that 


This  in  3)  gives 

c!rc?""Vwoo-^=o.  (5 

/v  ^~~    J-    • 

As  c  =?t=  z,  the  first  factor  in  5)  is  not  0.     Hence  the  parenthesis 
is  0,  which  gives 

fw(c~)=  A. 

Putting  this  value  of  A  in  4),  we  have  1). 
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2.   The  formula  1)  is  called  Taylors  development  off(x)  infinite 

form. 

It  may  also  be  written  as  follows  : 

OCt  T  .       /IT  A 

Then  1)  becomes 


(6 


n  —  1  1  nl 

a  +  A,  tw  51- 


410.  1.  Letf(x)  and  its  first  n  —  1  derivatives  be  continuous  in 
the  interval  $  =  (a  -  #,  a  +  ff),  while  f(n\x~)  is  finite  in  S&.  2%ew 
/or  aw?/  a:  in  53, 


—  1  '  W  : 

=/(«  +  A)  =/(«)  +  ±f  («)  +  ^/"  («)  +  "• 


, 

n  —  1  '  w  : 

where 

z=a  +  A,     c  =  a  +  ^A,     0<^<1,     |*|<JT. 

The  truth  of  this  theorem  for  the  left  hand  half  of  $8  follows 
from  the  fact  that  the  reasoning  of  409  does  not  depend  upon  a 
being  <  b  ;  it  holds  when  a  >  b,  if  we  change  x  and  c  accordingly. 

2.   When  a  =  0,  1)  gives 

/(*)  =/(0)  +  fy/CO)  +  f>(0)  +  -  +  j£/("  W-         (3 


This  is  known  as  Maclauriti's  development. 
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411.    1 

From  410,  3)  we  get 


nsin  6x 
sin  x  =  x  —  ar 


etc. 

The  #'s  in  these  formulae  are  not  necessarily  the  same. 
Let 


These  formulae  show  then  that 

sin  x  <  x 


a*         a* 

<a;—  —  +  ^rri 

etc. 
From  1)  we  have  again 

v     sin  a;      .,      v           sin  #2:      ^ 
Inn =  1  —  lim  x —  =  1. 

i=0         X  z=0  2 

See  301. 

412.    Let 

f(z)  =  cos  x. 
As  before,  we  get 

cos  x  <  1 


etc. 
From 


Ou  Ou  /\ 

cos  x  =  1  —  —  :  +  —  sin  vx, 

—  .      -I  . 
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we  have  .,       n  ' 

liml-C08S        1          l^^fe. 

*=o         ar  2      o !  *=o 

— •  o~» 

See  304. 

413.   1.  Let 

/(*)- log  (! 

From  410,  3)  we  get 

I  lo 

Hence,  as  in  310, 

+'>-!. 


*=o  x 

2.  Let 

/O)  =  a*.         a>  0. 

From  410,  3)  we  have 

dx  —  1  -\ log  d  -\ log2  CL  •  Q?x 

1 !  2 ! 

Hence,  as  in  311, 

..     ax-\      , 
hm  —     —  =  log  a. 

i=0  X 

3.  Let 

/(*)  =  (!+*)". 

We  get  from  410,  3) 

2 
Hence,  as  in  312, 

lim  - —  —  =  (J*. 

FUNCTIONS  OF  SEVERAL  VARIABLES 

Partial  Differentiation 

414.  The  definition  of  a  partial  differential  coefficient  and  a 
partial  derivative  of  a  function  of  several  variables  is  analogous 
to  the  corresponding -definitions  for  functions  of  a  single  variable. 
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Let  /(#!•••#,„)  be  defined  over  a  domain  D,  for  which  x=  (x^'-x^) 
is  a  proper  limiting  point. 

Let  x'  =  (^x1-"Xl_l,  xt+h,  zt+1---:O  be  any  point  of  D,  different 
from  x.  If 

j-lim-^.--^  (1 

ft=o  h 

is  finite  or  infinite,  it  is  called  the  (first)  partial  differential  coeffi 
cient  off  with  respect  to  x,  at  the  point  x.     The  aggregate  of  these 
T;'S  defines  a  new  function  over  a  certain  domain  A  ^  D,  which  is 
called  the  (first)  partial  derivative  off  with  respect  to  x,. 
It  is  denoted  variously  by 


7)     f(<r 
-UxlJ\X\ 


When  h  in  1)  is  restricted  to  positive  values,  77  is  called  a  right 
hand  partial  differential  coefficient,  and  their  aggregate  gives  rise 
to  the  right  hand  partial  derivative  with  respect  to  x^ 

The  meaning  of  the  terms  left  hand  partial  differential  coefficient 
and  derivative  with  respect  to  XL  is  obvious. 

They  are  denoted  by  putting  the  letters  R  and  L  before  the 
symbols  2). 

The  function  f^x^  —  x^)  has  therefore  in  general  m  (first)  par 
tial  derivatives, 


The   process   of   obtaining    these  partial  derivatives  is  called 
partial  differentiation. 

415.    EXAMPLE.  ,-5 5 

f(xy}  =  vx2  +  y2. 

If  the  point  x,  y  is  not  at  the  origin, 


We  can  therefore  apply  378  and  387,  getting 

df         x        df  _      y 


x     Vx2  +  y'2      y      Va-2  +  y2 

Thus  the  partial  derivatives  with  respect  to  x  and  y  exist  at  all  points  different 
from  the  origin. 
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When  the  point  x,  y  is  at  the  origin,  we  cannot  apply  this  method.     (Compare 

388.) 

We  therefore  proceed  directly.     We  have 

A/ 


Ax        Ax 

This  shows  that 

-R/*(0,  0)  -  +  1,    Lfx(0,  0)  =  -  1. 

Thus  the  partial  differential  coefficient  with  respect  to  x  does  not  exist  at  the 

origin.     Similarly, 

Rfy(Q,  0)  =  +1,    L/tf(0,  0)  =  -  1 ; 

and  the  partial  derivative  with  respect  to  y  does  not  exist  at  the  origin. 

416.  In  the  case  of  two  independent  variables,  the  (first) 
partial  differential  coefficients  admit  a  simple  geometric  inter 
pretation. 

Let  the  graph  of  •>  ^T 


be  a  surface  S.     The  plane 

y  =  constant 

intersects  S  in  a  curve  (7. 

Let  PT  be  the  tangent  to  C  at  P  =  (x,  y,  z),  making  the  angle  6 
with  the  3>axis.     Then 


dx 

Compare  365. 
The  partial  differential  coefficient 

tf 

dy 

has  a  similar  meaning  with  respect  to  the  y-axis. 

417.  Let  fx  («!  •••  xm")  be  finite  for  a  domain  A.  We  may  now 
reason  on  /^  as  we  did  on  /.  Let  z  be  a  proper  limiting  point  of 
A,  and  x'  =  \xv  —  x}.»  x,  +  h,  xj+l  •••«„,)  any  point  of  A  different 
from  x. 
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is  finite  or  infinite,  rj  is  called  the  second  partial  differential  coeffi 
cient  of  /  with  respect  to  x,,  x3  at  the  point  x,  and  is  denoted  by 


-Z>2 

u 


The  aggregate  of  these  y's  will  define  a  new  function  over  a  cer 
tain  domain  Ax  ^  A,  which  is  called  the  second  partial  derivative, 
first  with  respect  to  XL,  then  with  respect  to  xr 

Proceeding  in  this  way,  we  may  form  third,  fourth,  •••  partial 
differential  coefficients  and  derivatives. 

Change  in  the   Order  of  Differentiating 

418.  1.  In  almost  all  cases  which  occur  in  practice,  the  partial 
differential  coefficient  has  the  same  value,  however  the  order  of 
differentiation  is  chosen.  For  example  : 

fin     —  fin     __  fin     _  fin     .-fni      _  fin 
That  this  is  not  always  true  is  shown  by  the  following  example : 

-.  3"     7J 

*•  J&yj  —  xy-^ — ^-,    for  points  different  from  the  origin. 

X*  +  y* 

=  0,    for  the  origin. 
Then  if  x,  y  is  not  the  origin, 


By  2        2          »»»' 


At  the  origin, 

-*     -*• 
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From  1),  2)  we  have,  in  particular, 

(4 

(5 


Consider  now  the  second  partial  derivatives. 

From  1),  2)  we  have,  for  all  points  different  from  the  origin, 

8rr2//2     1         a2/ 


*/ 
At  the  origin,  we  have  from  3),  4),  5), 

4/£_      %.     .    f'YO  fh--l  (6 

A7~  ~%'      'AA 

^S  =  ^;     ,./-(0,0)=  +  l.  (7 

Aa;       Are 

Hence,  at  the  origin, 

52/        a2/ 


3.  In  connection  with  this  example,  we  may  warn  the  inexperi 
enced  reader  to  avoid  certain  errors  he  is  likely  to  fall  into. 
To  get  the  equations  3),  i.e. 


it  is  not  permissible  to  set  x  =  0,  y  =  0  in  the  relations  1),  2).     In 
fact,  these  formulae  were  obtained  under  the  express  stipulation 
that  this  point  x  =  y  =  0  be  ruled  out. 
To  get  the  equation  6),  i.e. 

/-(0,0)  =  -1,  (6 

it  is  n(3t  permissible  to  differentiate  4),  i.e. 

/J(o,y)  =  -y,  (4 

with  respect  to  y,  thus  getting 

/WQ,y)—  1; 

and  in  this  set  y  =  0,  getting  the  required  value  of/^(0,  0). 
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In  fact,  the  relation  4)  was  obtained  under  the  express  condition 
that  y  3=  0. 

Similar  remarks  apply  to/^(0,  0). 

Junior  students  are  so  accustomed  to  differentiate  with  their 
eyes  shut  that  they  often  overlook  the  fact  that  formulae  and 
theorems  are  usually  not  universally  true,  but  are  subject  to 
more  or  less  stringent  conditions.  Compare  also  the  example 
of  3884. 


419.   It  is  easy  to  see  a  priori  why  fx'y(a,  b~)  may  be  different 
from  f'v'x(ab}. 

By  definition, 

si  /-       N      T     f(a  +  h,  i/}  —  f(a.  y") 

+ '  (  /»    /j  /  \ i  -i  «-*-!  *^^  '«7y       *  \**  9  J 

j  x\ai  y )  — iim 7 1 

A=0  ^ 


ft)=lim^^  ^ 

*=0 


lim       Urn 

ft=0 


*)-/(».* 


Let  us  set 


=  /(a  +  A,  b  +  Jc~)  -/(a,  6  +  k~)  -/(a  +  A,  ft)  +/Q, 


Then  1)  gives 


fxy(^i  i)  =  lim  lim 


In  a  similar  manner  we  find  that 


These  formulae  show  that  fjy(a,  5),  /^(a,  5)  are  double  iterated 
limits,  taken  in  different  order.  It  is  therefore  not  astonishing 
that  a  change  in  the  order  of  passing  to  the  limit  may  produce  a 
change  in  the  result.  Cf.  322,  323. 
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420.  1.  We  consider  now  certain  cases  when  it  is  possible 
to  change  the  order  of  differentiation  in  a  partial  differential 
coefficient. 

Let  /(zy)  be  defined  in  D(«,  5).  Let  D*  be  the  deleted  domain 
of  D.  We  suppose  : 

a)  that  f'j.  exists  in  Z>, 

yS)  that  fx'y  exists  in  D*, 

7)  that  lim/^  =  X.         finite  or  infinite. 


x=a,  y=b 

Then  «(**)**.  C1 

If,  moreover, 

8)  f'y  exists  for  all  points  of  D  on  the  line  y  =  b;  then 

f^<*,b)  =  \.  (2 

We  suppose  first,  that  all  four  conditions  o-S  'are  satisfied,  and 
show  that  then  f,,^  ft)  =  /,,(^  ft)>  (2/ 

Let 

f(a  +  h,b  +  /O  -/(«,  b  +  k}  -f(a  +  A,  6)  +/O&) 

^--  "IF" 

as  in  419.     We  introduce  the  auxiliary  functions 

&(x)  =/(a;,  6  +  *)-/(*,&),  (3 

^(y)  =  /(a  +  A,  y)  -  /(«,  y)  -  (4 

Then  WfcJT  =  ^(«  +  h)  -  0  (a)  (5 

=  H(b  +  k}-H(b}.  (6 

Setting,  as  usual, 

A  =  Az,     &  =  Ay, 

we  have  from  S), 


where  e  =  e(»  is  a  function  of  k  and  a;,  such  that 

lira  e  =  0.  (7 
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Similarly,  by  a), 

v 

where  77  =  T?(?/)  is  a  function  of  h  and  y,  such  that 

lim  77  =  0.  flO 

Then  5),  8)  give 

1 

™=j^\fy(.a  +  ^)  ^)  -^  fK.fi'i  ^)  +  e(a  +  A)—  e(a)L  (H 

/it  ^  N.        X    ^  \ 

Similarly,  6),  9)  give 

T 1   <    f! 

(12 


On  the  other  hand,  we  can  apply  the  Law  of  the  Mean  to  5),  by 
virtue  of  a),  getting 

kF=G'(c).         a<c<a  +  h,  or  a  +  h  <  e  <  a.        (13 
Differentiating  3),  we  get,  using  13), 

^=\f'x^b  +  k)-f'x^b^l.  (14 

By  virtue  of  ft  we  can  apply  the  Law  of  the  Mean  to    14) 
getting 

E**f£(fr  d).         b  <  d  <  b  +  &,  or  I  +  k  <  d  <  b.       (15 

From  11),  15)  we  have 

fifa  d)  =  S^A^SC^)  +  <^±A)  _e(a) 
h  h  h 

From  12),  15)  we  have 


,  ,17 

~~ 


We  can  now  apply  324  to  16). 
Now,  by  7), 
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By7)  lime(a  +  /0  =  0,    lime(a)  =  0. 

t=o  *=o 

Hence,  letting  k  first  pass  to  the  limit,  and  then  A, 


=/^<X  6)-  C18 

Similarly,  17)  gives,  letting  first  h  pass  to  the  limit,  and  then  k, 


The  equations  18),  19)  prove  2'). 

2.  If  we  wish  to  prove  1),  without  imposing  the  condition  8), 
we  have  only  to  observe  that  17)  has  been  established  without 
reference  to  8).     But,  as  has  just  been  shown,  we  can  conclude 
1)  from  17). 

3.  It  is  well  to  note  that  this  demonstration  does  not  postulate 
the  existence  of  fy'x\    or  the  continuity  of   either   of   the    second 
partial  derivatives  ;  or  the  continuity  of  f'y  in  D  or  D*. 

We  observe  also  that  x  and  y  can  obviously  be  interchanged  in 
the  statement  of  the  above  theorem. 

421.  The  case  which  ordinarily  arises  is  embodied  in  the  fol 
lowing  corollary  : 

Let  f'x,  f'y,  fjy  be  continuous  in  the  domain  of  the  point  a,  b. 
Then  f'y'x(a,  6)  exists,  and  is  equal  to  f'xy(a,  6). 

422.  It  is  easy  to  generalize  421  as  follows  : 

Let  the  partial  derivatives  of  f(x^  •  •  •  xm)  of  order  ^  n  be  continu 
ous  in  the  domain  of  the  point  x.     Then  we  can  permute  the  indices 

1  m  f<»>  (r   •  •  x  ^  (I 

/•rll-<V-nnVrl          XmJ*  ^ 

without  changing  its  value. 
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Since  any  permutation  of  the  n  indices 

*«•••*!. 

can  be  obtained  from  any  other  permutation 


by  repeated  interchanges  of  successive  indices,  we  have  only  to 
show  that  we  can  interchange  any  two  successive  indices  as  tr,  ir+l 
in  1)  without  changing  its  value. 

Let  us  introduce  the  function  of  x  ,  x 

Lr        'r+i 


where  we  consider  all  the  variables  on  the  right  as  fixed,  except 
the  two  noted  in  g. 
Then,  by  421, 


dxL  dxL  dxL     dxL 

'r        lr+l  lr+l        lr 

Hence 

f(r+l)  _  f(r+\) 

J  ti—ir_iirir+i        J  '!•••<•,—  ilr+i*r" 

Differentiating  now  with  respect  to  xlr  }"-x  ^  in  the  order 
given,  we  get 

-f  (n)  _  f  (n) 

J  ^...xlrxir+1...Xln  —J  *v^,-iaVfiav-';V 

Totally  Differentiable  Functions 

423.  1.  If  the  function  /(#)  has  a  finite  differential  coefficient 
at  x  =  a,  we  saw  that 

A/=/'O)A  +  «A, 

where  h  is  an  increment  of  x,  and  a  is  a  function  of  A,  such  that 

lim  a  =  0. 

A=0 

Under  certain  conditions,  to  be  given  later,  an  analogous  theorem 
holds  for  functions  of  several  variables.  Let  A/  be  the  increment 
that  /(#!  •••  xm~)  receives  when  we  pass  from  the  point  a=  (a^  •••  a/n) 
to  the  point  a  +  h  =  («j  +  h1  •••  am  +  hm~). 
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Here  any  of  the  A's  may  =  0.     Let 

where  the  ar  are  functions  of  \  —  hm,  such  that 
lim  «i  =  0,   —  lim  am  —  0. 

A=0  »=0 

The  function  /  is,  in  this  case,  said  to  be  a  totally  differentiate 
function  at  a. 

We  call  df=f^a^hl  +  -  +  f'Xm(a)hm  (1 

the  total  differential  of  f  at  a. 

Thus,  when  /  is  totally  differentiate  at  a,  A/  consists  of  two 
parts,  viz. :  , ,, 


Here  the  a's  in  the  second  part  have  the  limit  0  when  h  =  0.  • 
If  we  replace  a  by  x  and  set  h^  =  dxv  ~'hm  =  dxm,  1)  becomes 


424.    1.  It  is  easy  to  give  examples  of  functions  which  are  not 
totally  differential  at  every  point. 

Ex.  1. 

Consider 

/(«,y)= 

at  the  origin. 

Here 

/£(0,  0)  =  0,        /i(0,0)  =  0. 

Hence 

d/=0  (1 

at  the  origin. 

Suppose  now  /  were  totally  differentiate  at  the  origin.     Then 
the  increment  A/  would,  on  account  of  1),  have  the  form 

A/=«7t  +  /3&,  (2 

where  the  limits  of  «  and  /3  are  0. 
This  is  not  possible. 
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For,  we  have  directly 

A/=/(A,  A)  -/(O,  0)  =  V[M].  (3 

From  2),  3)  we  have 

~  (4 


To  show  now  that  the  limits  of  a,  ft  are  not  0,  let  A,  k  =  0, 
running  over  the  line  L,  in  the  figure. 


Then 


h  =  p  cos  #,       k  =  p  sin  0.       6  constant. 
This  in  4)  gives 

p  Vsin  0  cos  6  =  p{a  cos  6  -f-  /3  sin  0), 


£ 


h,k 


or 


V|  sin  2  0  =  a  cos  0  +  ft  sin  0.  (5 

If  now 

a  =  0,         £=0, 

the  limit  of  the  right  side  of  5)  is  0  ;  while  the  limit  of  the  left 
side  depends  on  6.     We  are  thus  led  to  a  contradiction. 

2.  Ex.  2. 

3CU 

f(xy)  =  ,  for  #,  y  not  the  origin. 

v  x2  +  y1 

=  0,  for  the  origin. 


Hence 

<z/=o, 

at  the  origin.     If  now  /  were  totally  differ  entiable  at  the  origin, 
we  would  have 


or 

r  cos  6  sin  0  =  r(a  cos  0  +  (3  sin  0). 
Hence 

cos  0  sin  0  =  «  cos  0  +  ft  sin  0. 

Letting  now  A,  &  =  0,  this  gives,  in  the  limit, 

cos  0  sin  0  =  0, 
which  is  absurd, 
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425.    Letf(xy)  be  defined  in  the  domain  D  of  the  point  P  =  (a,  6). 

We  suppose  that: 

a)  f'x  exists  in  D, 
/3)  fy  exists  at  P, 
7)  f'x  or  fy  ls  continuous  at  P. 
Then  f  is  totally  differentiate  at  P. 

For, 

A/=/O  +  h,  b  +  &)  -/(a,  5) 

=  {/(a  +  A,  *  +  &)  -/(«,  6  +  *)  I  +  I/O'  5  +  *)  -/(«6)  I 


By  a)  we  can  apply  the  Law  of  the  Mean  to  Ar  getting 

A!  =  hfx(c,  6-H&).          a<c<a  +  li  or  a  +  h<c<a.         (2 
By  /?)  we  have 

where  /3  is  a  function  of  &,  such  that 

lim  yS  =  0.  (4 

*=0 

From  1),  2),  3)  we  have 

Set 
Then 

A  -f          1  -fl  /^      A^\    _!_   Z 

By  7),  lim  a  =  0.  (7 

»,  *=o 
Equations  6),  4),  7)  show  that /is  totally  differentiable  at  P. 

426.  1.  Under  less  general  conditions  we  can  generalize  425 
as  follows : 

«)  Letf(x^  •••  xm}  be  defined  over  the  domain  Z>,  of  the  point  x; 
and  have  finite  partial  derivatives  f^  •"  fxm  ^n  &- 

ft)  Let  f'x    be  a  continuous  function  of  x^  xK+1  •••  xm. 

1C 

/c  =  l,  2  •••  m. 
Then  f  is  totally  differentiable  at  x. 


272  DIFFERENTIATION 

To  fix  the  ideas,  take  m  =  3.     We  have,  setting  for  brevity, 


By  virtue  of  a)  we  can  apply  the  Law  of  the  Mean  to  each  of 
these  A's,  getting 

Ai  =  V*,(ai  +  01*1,  *2'  %)>  C1 

A2  =  V*,(ai>  ^2  +  #2*2'  Ss)»  (2 


Making  use  of  £),  we  may  write  1),  2),  3): 

Ai  =  ^/^ 


i^^s)  +  Vs  5  (6 

and  tor  7i  =  0, 

lim  a,  =  0,     lim  «,  =  0,     lim  «„  =  0. 
Thus 

A/=  ^/+  «i*i  +  «27'2  +  «3*3' 

Since  the  a's  converge  to  0,  /  is  totally  differentiable  at  the 
point  x. 

2.   As  a  corollary  of  1,  we  have  : 

Letf(x^  •••  xtn)  satisfy  the  conditions  a),  /?)  /or  a  region  R.     Then 
f  is  totally  differentiable  at  every  point  of  R. 

427.    1.  Let  the  partial  derivative  f'x>e(xl  •••  xm~)  be  continuous  in 
the  region  R.      Then  the  difference  quotient 

&f   .    df 

T  —  =  —  uniformly 

AZ<      dxK 

in  any  limited  perfect  domain  D,  in  R. 
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For,  by  the  Law  of  the  Mean, 


But  f'x  ,  being  continuous  in  Z>,  the  function  on  the  right  con 
verges  uniformly  to  fXic,  by  352. 

2.  Let  the  partial  derivatives  of  the  first  order 

f       f       •••     f 

J  XJ         J  JV  J  Xm 

be  continuous  in  the  region  R.      Then  the  as  in 

A/=  df  +  o^A*!  +  •••  +  «mAzm 

converge  uniformly  to  0,  in  any  limited  perfect  domain  D,  in  R. 
For,  referring  to  the  proof  of  426,  we  have 

/^Oi  •••  *,_!,   z,  +  0Ax*  *,+i  •"  *m)  =/i,Oi  "•  O  +<V 
Hence  by  1,  the  a's  are  uniformly  evanescent. 

428.    1.  Let  the  first  partial  derivatives  of  f(xl  •••  xm~)  be  contin 
uous  in  the  region  R.      Then  f  is  continuous  in  R. 
We  have  to  show  that 


i  +  A!  •  •  •  xm  +  hm~)  =f(x^  •  •  • 

A=--0 

or,  what  is  the  same, 

limA/=0. 


A=0 


But,  by  426,  2,  /  is  totally  differentiable  in  R  ;  hence 

Af  =df+alh1+  —  +  amhm.  (2 

As 

lim  df  =  0,         lim  a,  =  0,          •  •  •  lim  «OT  =  0  ; 

ft=0       '  »=0  »=0 

passing  to  the  limit  in  2),  we  get  1). 

2.  As  corollary,  we  have  : 

If  all  the  partial  derivatives  of  f(x^  •••  xm^)  of  order  n  are  continuous 
in  the  reyion  R,  then  /,  and  all  its  partial  derivatives  of  order  <  n, 
are  also  continuous  in  R. 
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429.    1.  At  each  point  of  a  region  R,  let 

Af  =  q1Axl  +  •  •  •  +  qmAxm  +  KI  A^  +  .  •  •  +  amAxm ;  (1 

where  the  q's  are  functions  of  x,  and  the  as  are  functions  of  x  and 
Ax.     Let 

Km  aK  =  0.          K  =  1,  2,  •  •  •  m.  (2 

Ax=0 

Then  f  is  totally  differentiate  in  R,  and 


For,  let  all  the  Axjs  be  0  except  AxK.     Then 

A/  = 

AxK      q*      "*' 

Passing  to  the  limit,  we  get  3).     That/  is  totally  differentiate 
follows  now  from  1),  2). 

2.  Let 

df=<j>1dxl+--.+<f>mdxm 
in  R.     Then 

Bf 

&  =  ^r-        *=1,  2,  •••  m.  (4 

For,  by  definition, 


Let  all  the  fix's,  except  dxK,  be  0.     Then 


or 


As  dxK=£  0,  we  have  4). 

430.  1.  Let  f^f^  •-*„),  and  u^fffa-x^  .  =  1,  2,  ...  n. 
Ae  zwza^re  o/  ^Ae  region  X  be  the  region  U.  Let  f  be  totally 
differentiate  in  U,  and  each  gL  be  totally  differentiate  in  X.  Then 
/,  considered  as  a  function  of  the  xs,  is  totally  differentiate  in  X. 
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Since  the  #'s  are  totally  differentiable, 

v^  dwt  .       ,  v      A  i  =  1,  2,  •  •  •  w.  _, 

AM  =  >  —^  Az  +  Zee  A?..  .,    ,  (1 

~<  AT,  *  =  1,  2,  •  •  •  m. 

Since  /(wx  •  •  •  wn)  is  totally  differentiable, 

A/=Y^-AWl  +  S/3tAWt.         i-l,V"*-  (2 

"^*    Olt 

Replacing  the  values  of  Awt,  given  by  1),  in  2),  we  get 


1  dxz      du2  d#2  dun 

+  (3 

Wdui  +  d£du,  +  ^  ,  + 

V^M!  5^nl      du2  dxm  dun  Bx 

+  7^*!+  •"  +7»Arm; 

where  ,.  AT  A 

km  7X  =  0,  •  •  •  km  7m  =  0,  (4 

when  .  A 

Aajj,  •••  A^n  =  0. 

Then,  by  429,  1),/,  considered  as  a  function  of  the  re's,  is  totally 
differentiable  ;  and 

df_=dj^du±^      .  +  tf_to*ssy<tf_te* 
dxv      dul  dxl  dun  dx1       ^  duK  dxl 

.        .         •  •         •  .  (5 


8xm      duldxm  dundxm  duKdxm 

,  /.     ^-\  df   ,         -^\  ,    >-A  3/  9wK      >-\  df  duK  , 

af=  2     -  ax  =  y  ax  y  —  ---  -=  >  —ax.        (6 

"       ^3x       l      *       l^du   dx        ^du   dx 
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2.   We  have,  /  being  considered  as  a  function  of  the  z's, 

Jf—  V,7         V     **f    ^M«  —   V     **f    V    ^U*   rl 

"  ^    '  Z^s^-Zsu^e^^* 

or 


?7ms  £0  ^/me?  c?f,  /  considered  as  a  function  of  the  xs,  we  may  first 
find  df,  considered  as  a  function  of  the  us,  and  in  the  result,  replace 
the  du*s  by  their  values  in  the  x's. 

3.  As  a  corollary  of  1,  we  have  : 
Let 

#:,...i£ 

du±         dun 
be  continuous  in  U.     Let 

du,          du,  ~ 


be  continuous  in  X.      Then  f,  considered  as  a  function  of  the  #'s,  is 
totally  differentiate  in  X. 

For,  by  426,  2,  /  considered  as  a  function  of  the  w's,  and  the  w's 
considered  as  functions  of  the  re's,  are  all  totally  differentiate. 
Hence,  by  1,  /  considered  as  a  function  of  the  re's,  is  totally 
differentiable. 

Some  Properties  of  Differentials.     Higher  Differentials 

431.  In  this  section  we  shall  suppose  the  total  differentials 
which  occur  exist  in  a  certain  region  .R,  in  which  x  =  (xl"-xm) 
ranges. 

1.  Let 

F=  clfl  +  •••  +  cnfn.         cs  constants. 
Then 

dF=c1dfl  +  ...  +  clldfn. 
For, 


2.  Let 
Then 

For, 


3.  Let 

Then 

For, 
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F=fg. 
dF=fdg  +  gdf. 
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dx.        dx. 


dx. 


432.   The  partial  derivatives  involved,  being  supposed  continu 
ous  in  a  certain  region  J?,  let  us  form  the  expressions 


i,  *  =  1,  2,—  w. 


I  (C  I  (C 


They  are  called  the  second,  third,  •••  differentials  of  f(xl---xm), 
jspectively,  in  R. 
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We  notice : 


^}dx. 


since  dxt  acts  as  a  constant  with  respect  to  the  symbol  d. 
Then  1)  gives 


In  the  same  way  we  find 

d»f=  d  •  d"~lf=  &  •  dn-2f- 

433.  1.  Let  w=f(ul---un),  while  WJ---M,,  are  functions  of 
x1-"  xm.  Let  w,  when  considered  as  a  function  of  the  #'s,  be 
denoted  by  F(xl  •••  a;OT).  Let  finally  all  derivatives  involved  be 
continuous.  Then 


(1 


PROPERTIES   OF   DIFFERENTIALS 


279 


duL  duK 


771  dut  duK 


*  duL  duK 

270             7  ,/ 

+             fi"ii    fi  •      •-- 

U.     M/     C€-  _ 

1  5w. 


=  2 


dn 


3 


3  V 

^ 


y  |  d%. 

1  3w 


5w  3w, 

t)  K  *•  K  " 

In  the  same  way  the  higher  differentials  d*F  —  can  be  calculated. 

2.    In  case  „     _  n     ,g 

we  have 

434.    _Le£  aZ^  the  partial  derivatives  of  f(x^  •••xr^)  of  order  n  be 
continuous  in  the  domain  D  of  the  point  x. 
Then,  if  x  +  h  lies  in  D, 

-[ 


(1 


setting 


0  <  6  < 


The  expression  on  the  right  of  1)  is 
called  Taylor  s  development  of  f  in  finite 
form. 

For  simplicity  we  shall  suppose  m  =  2. 
The  reasoning  in  the  general  case  is 
precisely  the  same. 

To  avoid  writing  indices,  we  shall  call 
the  variables  x,  y. 
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Let  z,  y  be  any  point  on  the  line  L  joining  the  points  a,  b  and 
a  +  h,  b  +  k.     Then 


Also  let 

/O,  y)  =  /(a  +  uh,    b  +  uk)  =  g(u). 

Then,  when  u  runs  over  the  interval  51  =  (0,  1),  the  point  xy 
runs  over  the  interval  on  L  between  a,  b  and  a  +  A,  5  +  k. 
By  433,  1,  we  have 


,  y),    -  ^«>(tt) 

Thus  ^(w)  and  its  first  n  derivatives  are  continuous  functions 
of  u  in  51- 

Applying  409,  we  have 


Setting  here  u  =  1,  and  observing  that 


^«)(^M)  =  dB/(a  +  0h,  b 
we  get 


435.  In  Taylor's  development  of  a  function  f(x)  of  a  single 
variable  [409],  we  have  only  assumed  that  f(n\x)  is  finite  within 
51 ;  whereas,  in  the  corresponding  development  of  a  function  of 


PROPERTIES   OF   DIFFERENTIALS  281 

several  variables,  we  have  assumed  [434]  that  all  the  partial 
derivatives  of  order  n  are  continuous  in  D(a),  in  order  to  use  430. 

It  is  interesting  to  note  that  the  development  may  not  hold  if 
these  derivatives  are  not  continuous. 

Consider  the  function 


f(xy)  =  -\i\xy\, 
employed  in  424,  1. 
We  have 


/;(*,  0)=0,  /;(0,y)=0. 

The  derivatives  of  the  first  order  are  thus  continuous,  except  at 
the  origin. 

Let  P  =  (x,  z),  Q  =  (x+h,  x  +  h)  be  two  points  on  the  line 
y  =  x,  which  we  call  L. 

If  now  Taylor's  development  were  true  in  a  domain  about  a,  in 
which  the  wth  partial  derivatives  were  finite,  we  could  write,  tak 
ing  here  n  =  1, 


where  (f,  |)  is  a  point  on  L  between  P,  Q. 

This  formula  should  be  valid  for  all  x,  h.     But  in  the  present 


case 


Thus  1)  gives 

x  +  h\  =  x  +h  sgn  f.  (2 

That  this  result  is  false  is  easily  seen. 
For  example,  let 

x=  —  1,  7i  =  5. 
Then  2)  gives 

4=1±5,         iff=jtO 

=  1,  if  |=0. 


CHAPTER   IX 
IMPLICIT  FUNCTIONS 


436.   1.   Let 


be  a  relation  between  the  m  +  1  variables  xl---  xm,  u.     Let 

X\  =  aV    '"  Xm  —  am 

be  a  set  of  values  such  that  the  equation 

F(al  —  am,u)  =  Q  (2 

is  satisfied  for  at  least  one  value  of  u  ;  i.e.  the  equation  2)  in  u 
admits  at  least  one  root.  Let  D  be  the  aggregate  of  the  points 
x  =  (a^  •••  xm}  for  which  1)  has  at  least  one  root  u.  We  may  con 
sider  u  as  a  function  of  the  «'s,  u  =  <j>(x1~-  xin)  denned  over  7), 
where  ^(^  •••  xin)  has  assigned  to  it  at  the  point  x,  the  roots  u  of 
1)  at  this  point. 

We  say  u  is  the  implicit  function  defined  by  1).     It  is  in  general 
a  many  valued  function. 

EXAMPLES 
1.  Let 


(3 

be  defined  over  a  domain  D.    Let  E  be  the  image  of  D.    Then  3)  defines  an  inverse 
function 

x  =  ff(V), 

defined  over  E,  by  217.     This  same  function  may  be  considered  as  an  implicit 

function,  defined  by 

y-f(x)  =  F(x,  y)  =  0. 

2.    Let  /(x)  =  1  for  every  x  in  D  -  (01).     If  we  set 

*=/(*), 

the  image  E  of  D  is  the  single  point  y  =  1.     The  inverse  function 


is  defined  only  f  or  y  =  1  ;  at  this  point  g  takes  on  all  values  between  0  and  1. 
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3.    Let  F  =  0  be  the  relation 


(4 

At  each  point  of  the  domain  Z>, 

*  +  ^<l*, 

the  equation  4)  admits  one,  and  in  general,  two  values  of  z.     The  equation  4) 
therefore  defines  z  as  a  two-valued  implicit  function  u  of  x,  y,  over  the  domain  D. 


4- 


x2  +  y*  +  z2  =  0.  (5 


In  this  case  there  is  only  one  set  of  values,  viz.  x  =  y  —  z  =  0  satisfying  5).    Thus 
z  is  denned  only  for  a  single  point,  viz.  x  =  y  =  0.     At  this  point,  z  =  0. 


5- 


x2  -f  y2  +  z2  +  r2  =  0.         r  =jfc  0.  (6 


This  equation  is  satisfied  for  no  set  of  values  of  x,  y,  z.     The  equation  6),  there 
fore,  does  not  define  any  function  z  of  «,  y. 

6.  sin2  u  +  cos2  it  -  X  =  0.  (7 

V 

This  equation  admits  no  solution  except  for  points  on  the  line 

y  =  x. 

For  all  points  on  this  line,  the  origin  excepted,  the  equation  7)  is  satisfied  for 
any  value  of  u  in  3t. 

2.  More  generally,  let 


be  a  system  of  jt>  relations  between  the  rrc  +  p  variables  z,  w.  Let 
D  be  the  aggregate  of  points  x  =  (xl---  zm),  for  which  the  system 
8  is  satisfied  for  at  least  one  set  of  values  of  u^---up.  We  may 
consider  the  us  as  functions  of  the  re's. 


where  the  <£'s  have  assigned  to  them  at  the  point  a:,  the  values  of 
the  roots  u^  •••  up  at  this  point.  We  say  ^  •••  up  is  a  system  of  im 
plicit  functions  defined  by  the  system  S.  These  functions  are,  in 
general,  many  valued. 
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3.  Suppose  we  know  that  a  set  of  values 


• 


MJ  =  br  ••-up  =  bp 

satisfies  the  system  S.     Let  us  call  the  set  of  values  ul  =  b1---u  =  b 
initial  values. 

We  wish  to  show  now  that  under  certain  conditions,  the  system 
8  defines  over  a  region  R  a  set  of  p  one-valued  continuous  func 
tions  MJ  •••  up  in  the  variables  x1  —  zm,  satisfying  S  for  every  point 
of  R,  and  taking  on  the  above  initial  values  at  the  point  x=a. 
Furthermore  there  is  only  one  such  system  of  functions. 

The  method  employed  is  due  to  Goursat,  Bull.  Soc.  Math,  de 
France,  vol.  31  (1903),  p.  184.  It  rests  on  a  principle,  having 
many  applications  in  analysis,  known  as  the  Method  of  Successive 
Approximation. 

437.  1.  Let  us  first  consider  only  two  variables.  The  method 
employed  for  this  simple  case  is  readily  extended  to  the  most  gen 
eral  case.  We  begin  by  establishing  the  fundamental 


Lemma.     Let  f(x,  w)  be  continuous,  and  ^   exist  in  the  domain  D, 
defined  by 


51; 


x  —  a  <  <r, 
u  —  b  <  r. 


Let  f  vanish  at  a,  b.     Let  6  be  an  arbitrary  positive  number  <  1, 
such  that 


while 
Then 


du 


n 


,  b) 


(1 

(~7 
(3 


u  -  b  =f(x,  u) 
admits  one  and  only  one  solution 

U=<f>(x~),         in%. 
which  is  continuous  at  a,  and  takes  on  the  initial  value  u  —  b  at  x  =  a. 
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The  function  (j>  is  continuous  in  21,  and  remains  m  33  while  x  runs 
over  21. 
We  set 

%  —  b  =/(z,  5),  uz  —  b  =  f(x,  wx),  us  —  b=  f(x,  M2),  ••• 

Then  all  these  M'S  fall  in  33- 

For,  by  2),  wx  falls  in  33.     Let  us  admit  that  wr_i  falls  in  33,  and 
show  that  ur  also  falls  in  33« 

In  fact,  by  the  Law  of  the  Mean, 

ur  —  MJ  =  (ur  —  6)  —  (MJ  —  5)  (4 

_  /•/'^  w     ~\  _  f(x  5  \ 

^  V    '      T—\J       J  V.    '      y 


Hence,  by  1), 


< 


since,  by  hypothesis,  wr_!  falls  in  33. 

Thus,  from  wr  —  b  —  (ur  —  w:)  +  (M:  —  J)  and  6),  we  have 


But 
Hence, 


\ur  —  b\<  MJ  —  6 


-^T,  by  2). 


(5 

(6 


wr  —  5 1  <  T  ;  (7 

i.e.  all  the  w's  fall  in  33. 

We  show  now  that  for  each  x  in  21, 

U=  lim  un  =  <^>(a;) 
is  finite.     To  this  end  we  show 

e > 0,     w,     | un  —  um |  < e,     n>m.  (8 

For,  in  the  same  way  that  we  established  5),  we  can  show  that 

K-Wr_i|<0|ttr_i-Mr_2|.  (9 
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Thus,  we  get 
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0  ?/j  —  b 


<8\u2-ul  <6>27?, 


(10 


0  uz  — 


;,  etc. 


Hence 


since  0  <(9  <  1 


if  m  is  taken  sufficiently  large. 

Thus  the  relation  8)  is  established. 

Furthermore,  the  above  reasoning  shows  that  one  and  the  same 
m  suffices  wherever  x  is  taken  in  St.  Thus  un  converges  uniformly 
to  U  in  St. 

Finally,  by  virtue  of  7),  U  falls  in  33. 

The  function  U  satisfies  3)  in  St. 

For,  in 

««»  — &=/(*,  wn_0 

let  n  =  GO.     Since  f  is  continuous,  we  get  in  the  limit 

U-l=f(x>  U). 

We  show  now  that  V=  <£(#)  is  continuous  in  St.  For,  since  un 
converges  uniformly  to  $>(x)  in  3t,  we  have 


if  w  is  taken  large  enough. 

But  wr  w2,  •••  are  continuous  functions  of  #,  since/  is  continuous. 
Thus,  for  sufficiently  small  8, 


for   A  <  S  and  a;  +  A  in  St. 
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Hence 


We  show  now  that  U  is  the  only  root  of  3)  which  is  continuous 
at  a  and  takes  on  the  initial  value  b  at  a. 

For,  let  V  =  ^(z)  ^e  suc^  a  solution- 

If  x  is  taken  sufficiently  near  a,  V  falls  in  33. 

Then  from 

F-£=/O,  TO, 


we  have,  by  the  Law  of  the  Mean, 


-wn_i|,     byl), 


Hence,  passing  to  the  limit,  n  =  oo, 

V  —  U  =  0,    for  all  points  of  21. 

2.  As  corollary  of  1,  we  have : 

Let  ,,.-        x     Of 

f(x,  w),  - 
du 

be  continuous  in  the  domain  of  the  point  (a,  6),  and  vanish  at  that 
point. 

Then  «. _  ft  =  ffr..  u\ 


admits  a  unique  solution 


u  =  </>(», 


which  is  continuous  in  the  domain  of  x  =  a,  and 

u  =  b  at  x  =  a. 


tm'te'ai 
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438.    1.  By  means  of  the  preceding  lemma,  we  can  now  prove 
the  theorem : 

Let  F(X)  u)  be  continuous,  and  F'u  exist  in  the  domain  D,  defined  by 

21;  \x  —  a 


u-b\<r. 


At  a,  blet  F=  0,  while  F'VJ=Q. 

Let  0  be  an  arbitrary  positive  number  <  1,  such  that 


while 


(1 
(2 


Then  the  equation 

F(x,  M)  =  0 

is  satisfied  by  a  one-valued  continuous  function 


m 


having  the  initial  value  b  at  x=a,  and  which  remains  in  $Q  while  v 
is  in  21. 

Furthermore,  3)  admits  no  other  solution  which  is  continuous  at  a, 
and  has  the  initial  value  b  at  a. 

For,  consider  the  equation 


Evidently  this  is  equivalent  to  3);   i.e.  every  function  w  which 
satisfies  3)  satisfies  4),  and  conversely. 
Here 

df  _^      F>u<jx,u} 

du  F^a,  by 

Hence  /  is  continuous,  and  f'u  exists  in  D;    also  /  vanishes 
at  a,  b. 
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Furthermore,  from  1) 

\£  <0,         inD. 

\du 


while  from  2), 


m 


Thus  /  and  /£  satisfy  all  the  conditions  of  the  lemma  in  437, 
and  the  theorem  follows  at  once. 

2.  The  reader  should  remark  that  the  preceding  theorem  makes 
no  assumption  regarding  F'x.     This  may  not  even  exist. 
For  example,  let 

zsin-  =  0,  for  x=  0. 
x 

Consider  -^ 

F(x,  u~)  =  u*  —  x  sin  -  =  0.  (o 


x 


Here  Fx  does  not  exist  at  x  =  0,  u  =  0.  However,  the  equation 
5)  defines  a  continuous  one-valued  function,  which  takes  on  the 
initial  value  u  =  0  for  x  =  0  ;  viz., 


3.  As  corollary  of  1  we  have  : 
In  the  domain  of  the  point  a,  6,  let 

F(x,  u),  F'u(x,  u) 
be  continuous.     At  the  point  a,  6,  let 

F=Q,  F'u=tQ. 
Then  the  equation  F(x,  u)  =  0  admits  a  unique  solution 


u  = 


which  is  continuous  in  the  domain  of  the  point  x=a,  and  has  the 
initial  value  u  =  b,  at  this  point. 
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439.    We  have  seen  in  438  that 

F(x,  w)=0 
is  satisfied  by  a  continuous  function 


in  a  certain  interval  (a  -  a,  a  +  <r)  =  (yi,  ^g);  and  that  there  is 
only  one  such  function  which  =  6,  when  x  —  a.  In  general  this  is 
true  not  only  for  the  interval  (A,  B)  determined  by  the  theorem 
438,  but  for  a  larger  interval  (<7,  D),  containing  (A,  B).  For,  let 
«!  be  a  point  near  one  of  the  end  points  of  (A,  ^).  Let  61  =  ^(aj). 
Let  us  replace  a,  b  in  the  theorem  of  438  by  ar  br  Then  the  con 
ditions  of  this  theorem  are  satisfied  for  a  certain  interval  (Av  B^), 
about  ax  ;  to  which  corresponds  a  continuous  function 


u  = 


determined  by  the  condition  that  u  =  lv  for  x  =  ar  The  interval 
(A*  BI)  wil1  in  general  extend  beyond  (A,  B).  In  the  interval 
(Ar  B)  which  the  two  intervals  (A,  B),  (Av  BJ  have  in  common, 
the  two  functions 


are  equal.     Let  us  define  a  function 


n 


Then  the  equation  1)  is  satisfied  by  this  function  in  (A, 
and  it  is  uniquely  determined  by  the 
fact  that  it  is  continuous  in  (J.,  B-^) 
and  has  the  value  u  =  5,  for  x  =  a. 
In  this  way  we  can  continue  extend 
ing  on  the  right,  and  on  the  left,  the 
original  interval,  until  we  are  blocked 
by  certain  points  beyond  which  we 
cannot  go.  Such  points  may  arise  ^^aalnjj1 

when  F(x,  u)  ceases  to  be  continuous,  or  when  Fu'  =  0. 
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440.    1.  We   proceed   now   to   extend   the  theorem   of   438  to 
embrace  the  system  S  of  436. 

To  this  end  we  generalize  the  lemma  of  437  as  follows : 

Lemma.     Let 

/lOl  "•  V!  ».  Up)  "-/^i  "•  XmU^  •••  O, 

and  •)/> 

°/i  I      K  —  \       V      ...   ft 
t,    AC  —   I,    ~,  //• 

duK 

be  continuous  in  the  domain  D  defined  by 
21 ;  1^  -  al  <  a-  •••  |  xm  -  am  <  <r, 


let  fv  •••  fp  vanish  at  the  point  (al---amb1-- 
an  arbitrary  positive  number  <  1,  such 

<-,         i,  «  =  1,  2,  —  p,     in  D.  (1 

P 

equations 


admit  one,  and  only  one,  set  of  solutions 


in  21,  which  are  continuous  at  a,  and  take  on  the  initial  values  bl---  bp, 
at  x=  a. 

The  functions  <f>  are  continuous  in  51,  and  remain  in  53,  as  x  rtfns 
over  21. 

We  set  7        /.  ,          ^  7        7  N 


while 


etc. 


292 


IMPLICIT   FUNCTIONS 


We  show  now  that  all  these  us  lie  in  33. 

For,  by  2),  un  •••  upl  are  in  33.  Let  us  assume  now  that 
ui,r-i"~  up,r-i  lie  in  ^8»  and  show  that  ulr  •••  upr  also  lie  in  33-  By 
the  Law  of  the  Mean, 

p 
the  arguments  of  these  derivatives  lying  in  D.     Hence,  by  1), 


\uir-ua 


, 


Thus,  as 
we  have 

or  using  2), 


=  l,  2, 


,   2,   .-._p. 

;  r=2,  3, 


which  was  to  be  shown. 

We  show  now  that  for  each  x  in  21, 


is  finite. 

To  this  end  we  show  that 


For,  as  in  3), 


Then 


e>0,      m,      \uin-uim\<e.         n>m. 
t  =  l,  2,  -p. 


t  r_2 


(5 


7,     by  2)  and  3), 
\ua  —  wt,2  <62i)i   by  5), 

|  "j  ^  — —  //^   g    <,*  (7  7^   ctC* 

These  relations  are  analogous  to  the  relations  10)  in  437.     The 
rest  of  the  demonstration  can  now  be  conducted  as  in  437  to  estab- 
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lish  not  only  the  relation  4),  but  the  remainder  of  the  theorem  in 
hand. 

2.  We  can  state  1  in  a  form  less  explicit,  but  easier  to  remem 
ber,  as  follows  : 
Let 


and 


i,*  =  1,2,  -p. 


be  continuous  in  the  domain  of  the  point  ax  •••  ambl  •••  bp. 
Let  these  p2  +  p  functions  vanish  at  this  point. 
Then  the  system  of  equations 


admits  a  unique  system  of  solutions 


which  is  continuous  in  the  domain  of  the  point  xl  —  al  •••  xm  =  am, 
and  takes  on  the  initial  set  of  values  u1  =  bl  •••  up  =  bp. 

441.   We  can  now  generalize  438  as  follows  : 

Let 

Fl(xl---xmul--up)      •••     Fp(xl---xmul---up}, 


and 


— -i          t,  /e  =  l,  2,  •••  p. 


(1 


be  continuous  in  the  domain  D  of  the  point 


Let  F^-Fp  vanish  at  Q,  while  the  derivatives  1)  have  the  values 

dtK         at  Q. 


Let 


A  = 


dn---dlp 
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Then  the  system  of  equations 

F1  =  Q---Fp  =  Q 
is  satisfied  by  a  set  of  functions 


which  are  one-valued  and  continuous  in  a  certain  region  51,  about  the 
point 

a;          x1  =  al  —  xm  =  am; 

and  at  this  point,  these  functions  have  the  values 

u1  =  bl---up  =  bp. 

Furthermore,  the  system  S  admits  no  other  set  of  p  functions,  con 
tinuous  at  a  and  taking  on  the  initial  values  b  at  that  point. 

We  replace  the  system  S  by  the  equivalent  system 


(2 


+  dpp(up  -  bp~)  -Fp  =  gp. 

Since  A  ^=  0,  we  can  solve  this  system  for  the  differences  Ui  — 
and  get 

-+  eiP9p  =fi 


(3 

up  -  bp  =  eplgl  +  •  •  •  +  eppgp  =fp. 

Obviously,  the  functions  g,  and  hence  the  functions  /,  are  con 
tinuous  in  D. 
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/)  f 

So  are  the  derivatives  = —     For 
ow. 


=+-+'-'     *  " 

where 


Since  the  g's  vanish  at  Q,  so  do  the  /'s.     Since  the  derivatives 
5)  vanish  at  Q,  so  do  also  the  derivatives  4). 

Obviously,  therefore,  the  numbers  <r,  r,  0  of  lemma  440  exist,  such 

that 


in 


K(»l-.^A-WI<T(i-^>,         in  51. 

We  can  therefore  apply  this  lemma  to  the  system  3).  Since  this 
system  and  the  given  system  8  are  equivalent,  the  theorem  is 
proved. 

442.    1.  Let  f(xl"-xm,u)=Q  (1 

admit  a  solution  u  =  b,  at  the  point  x  =  a.  In  Z>(a,  6),  let  f(x^  •  •  •  xmu) 
have  continuous  first  partial  derivatives.  Let  f'u  3=  0  in  D.  Then 
1)  defines  a  one-valued  function  u,  in  a  certain  domain  A,  of  the  point 
a,  whose  first  partial  derivatives  in  A  are  given  by 

!  =  -/?'        ,.1,2,...«,  (2 

For,  let  x  be  a  point  of  A.  Let  x  receive  the  increment  Azt, 
while  the  other  coordinates  of  x  remain  constant.  Let  the  corre 
sponding  increment  of  u  be  AM.  Then 

/(      •  •  •  v,  +  A*i  •  •  •  xmu  +  AM)  -  /<>!  •  •  •  xmu  )  =  0,  (3 


by  virtue  of  1).     Applying  the  Law  of  the  Mean  to  3),  we  have, 
setting  x[  =  xt  +  0A-rt,  u'  =  u  + 
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AM 


Passing  to  the  limit,  we  get  2). 

2.  df=~dx,  H \--^—dxr, 

For,  by  2), 


df  =  - —  dxl 

(jJLs-t 


du 


"I  C/JC-t       -,  \jjjffi        -. 

du  =       TTT  d%i      •  •  •       j;7~  dxm. 

du  du 

Multiplying  by  the  common  denominator,  we  have  4). 

443.    1.  Let  the  system 


(1 


admit  a  solution  u  =  b  at  the  point  x  =  a.     Let  the  functions  Fl---Fp 
have  continuous  first  partial  derivatives  in  D(a,  6).     Let 


J= 


dF1     dFp 


dF 

O-L 


dup       dup 


=t=  0,         in  D. 


Then  1)  defines  a  system  ul---up  of  one-valued  functions  in  a  cer- 

f)?7 

tain  domain  A  of  the  point  a,  whose  first  partial  derivatives  — '  in  A 
are  given  by  the  system  of  equations 


dx 


dup  dxK 


dxK       du±  dxK 
with  non-vanishing  determinant  J. 


dup  dxK 
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For,  let  P  =  (ay  •  •  xmu1  •  •  •  up~)  be  a  point  of  _Z).  Let  AMX  •  •  •  AMP  be 
the  increments  of  u^--up,  corresponding  to  an  increment  &XK  of  XK. 
Let  0  <  6,  <  1,  and 


Let  <f>t  be  the  value  of  —  -,  and  ^rtr  be  the  value  of  —  -l  at 

3a;K  »wr 

Then,  by  the  Law  of  the  Mean,  we  have  from  1), 


Thus, 


Let  A^  =  0  ;  the  limit  of  the  right  side  exists,  since  the  partial 
derivatives  of  the  F's  are  continuous,  and  J>  0.          Hence  the 

derivatives  —^  exist.     Hence  in   the  limit,  the  system  3)  goes 
dxK 

over  into  the  system  2). 

2.  The  determinant  J"is  called  the  Jacobian  of  the  system  1). 


CHAPTER   X 
INDETERMINATE  FORMS 

Application  of  Taylor's  Development  in  Finite  Form 

444.    The  object  of  the  present  chapter  is  to  show  how  in  cer 
tain  cases  we  may  determine  the  limit  of  expressions  of  the  type 


which,  on  replacing  /(a;),  g(x)  by  their  limits,  assume  the  forms 

-,    ^,    0-co,    GO-GO,    I00,    0°,    GC°. 
These  are  ordinarily  called  indeterminate  forms. 

445.    Suppose  by  the  aid  of  Taylor's  development  in  finite  form, 
or  otherwise,  we  find  that,  in  R  =  RD(a), 

f(x)  =  n(x  —  a~)m  +  <£O)O  -  a)1*',         m'  >  m. 
g(x)  =  &(x  -  a)n  +  -^(x)(x  —  a)11',          n'  >  n. 


where  </>,  i/r  are  limited  in  M,  and  a, 

' 


_ 


Passing  to  the  limit  x  =  a,  we  have 

0,  if  m>n, 
«/&  if  m  =  n, 
O--GO,  it  m<n. 

Similar  considerations  apply  to  the  left  hand  limit  at  a. 
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Example. 
For, 


px  gsinx 

lim : —  =  +  1. 

1=0  x  —  sin  x 


=   x  -   sin *  = 


Similarly, 

The  functions 
Thus, 


jr(x)  =  x  -  sin  x  =  \  x3  +  xty(x). 
are  limited  in  Z>(0). 


/(x)  _  I  +  x»(x) 
flf(x)~i  +  xaf(a;) 


whose  limit  for  x  =  0  is  1. 


446.   To  find  the  limit  of 


when  /  and  g  are  infinite  in  the  limit,  we  may  sometimes  find  a 
development  of  /(z),  g(x)  in  the  form 


valid  in  2)(a)  or  RD(a\  the  function  <£  being  limited  here. 

This  method  of  finding  the  limit  of  1)  is  best  illustrated  by 
an  example. 

lim  (  --  cosec  x  }  =  0. 

z=0    \X  / 

We  have 


cosec  x  =  — —  = 
sin  x 


Hence 
Therefore 


cosec  x  =  - 


—  cosec  x  =  —  xf  (x)  =  0. 
x 
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447.    When  the  independent  variable  x  =  +  ao,  we  may  set 

nt*  —  

W* 

which  converts  the  limit  into  R  lira,  by  290. 

u=0 
1 

Example.  y  =  x(a*  —  1),        a  >0 

lim  y  =  log  a. 

x=+a> 

For,  i 

ax  =  au  =  eul°ea  =  1  +  u  log  a  +  «2<*00, 
where 

*(w)  =  |log2«. 
Hence 

y  =  log  a  +  W<P(H) 
=  log  a. 

448.  When  the  preceding  methods  are  not  convenient,  we  may 
often  apply  with  success  one  of  the  following  theorems.  These 
rest  on 

Cauchy's  theorem.  Let  /(»,  g(x)  be  continuous  in  21  =  (a,  6). 
Within  21,  let  f  (x)  be  finite  or  infinite  and  g>  (x)  finite  and  =£  0. 
Then 

/(?) -/(a)  _/'(«)  ^    ^, 

a(fo-a(n\-~JrZ\'         a<c<b.  H 


We  note  first  that  g(V)*g(a).  For,  if  ^(5)=^(a),  we  can 
apply  Rolle's  theorem  to  ^r(a;),  which  shows  that  g'(x)  must  vanish 
within  51,  which  is  contrary  to  the  hypothesis. 

To  prove  1),  we  introduce  the  auxiliary  function 


Obviously,  A(a:)  is  continuous  in  ST.     Also  for  points  within  21, 
for  which  /'(»  is  finite, 


while  for  the  other  points  within  21,  A'O)  is  definitely  infinite. 
Finally,  we  observe  that  A(a)  =  A(fi)  =  0.  We  can  thus  apply 
Rolle's  theorem  to  h(z),  which  gives  1)  at  once, 
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449.  1.  Let  /O),/'(z)  -/"-"CO,  <7<»  /CO  -  ^CO  *>e 
continuous  in  21  =  (a,  a  +  8),  and  vanish  for  x  =  a.  Letf(n)(x)  be 
Unite  or  infinite  within  21.  Let  g(n)(x)  be  finite  and  =£  0  within  21. 
*Let  g'(x),  g"(x)  •••  g(n~l)(x)  =£  0  within  21- 


For,  by  448, 


etc. 


2.   We  note  that  the  denominator  #(a+  A)  in  1)  is  =£0.     For 
otherwise,  g'  (z)  would  vanish  somewhere  within  21. 


The  Form 

450.  1.  ig«  /(^)?  g(x)  be  continuous  in  R  =  RD(a},  and  vanish 
at  a.  Let  g'  (z)  be  finite,  and  ^  0  within  R.  Let  f  (x)  be  finite 
or  infinite  within  R.  Let 

R  lim     ,  ,{  =  X,        finite  or  infinite.          (1 
x=a  g'(x) 

where  x  runs  over  only  those  values  for  which  f  (x)  is  finite. 

Then  ff  -, 

Blim^.X.  (2 

x=«  g(x) 

For,  by  449, 


The  limit  of  the  right  side,  as  x  =  «,  is  X. 
Hence  the  limit  *  of  the  left  side  is  X,  for  x  =  a. 

*  The  reader  should  bear  in  mind  that  a  limit  is  a  general  limit,  unless  the  contraiy 
is  stated.  Thus  in  2),  x  runs  over  all  values  within  R  as  it  ==  a;  while  in  1)  it  ranges 
only  over  a  specified  part  of  R. 
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2.  Let  /(*),  g(x)  vanish  at  x—a,  while  #(V)^0  within  RD(a). 
Letf'(a)  exist,  finite  or  infinite.     Let  g'  (a)  exist  and  be  =#=0.     Then 


*=•  #<»      9  O) 
For, 


s-g 


3.  We  can  generalize  2  as  follows  : 

Let  /(V),  #0*0  «w£?  Zfot'r  ^rsZ  w  —  2  derivatives  be  continuous  in 
R=RD(a).  Within  R,  let  f<*-»(x)  be  finite  or  infinite,  g(n~l)(x) 
finite,  and  g'  ,  g"  •••  g{n~l)  =£  0.  Let  f,  g  and  their  first  n-\  deriva 
tives  vanish  at  a.  Let  f(n)(a)  be  finite  or  infinite,  while  g\d)  is 
finite  and  ^=0.  Then 

lim^>  =  ^p.  (2 

«=-  9(&      9(n\^ 
P'or,  by  449, 


But  as  a;  =  a,  so  does  c  =  a.     Hence,  passing  to  the  limit  x  =  a, 

we  get  2). 

Example.     Let  /(x)  =  x2,  for  rational  x. 

—  0,  for  irrational  x. 
Let  £r(z)  —  sinx. 

Here  /'(«)  does  not  exist  except  at  x  =  0,  where  it  =  0.     Hence,  by  2, 


a  result  which  is  obvious  from  other  considerations. 

4.  In  1,  we  assume  the  existence  of  X  =  72  lira     ,f\,  and  then 
show  that  g  W 

5  Jim  4^  -X.  (1 
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That  the  limit  on  the  left  side  of  1)  can  exist  when  \  does 
not  is  shown  by  the  example  in  3.  It  is  also  illustrated  by  the 
following  : 

Let  /(x)  =  x2  sin  -  ,  f  or  x  =£  0. 

X 

=  0,  for  x  =  0. 

Let  000  =  x- 

Then,  f  or  x  =£  0,  _  - 

/'  00  =  2*  sin-  -cos-; 

While  <7'(x)  =  l. 

Hence  f'(x) 


- 
*=o  g'(x) 

does  not  exist.    On  the  other  hand, 


We  observe  that  this  result  also  follows  from  2. 

451.    Suppose: 

1°.  /(V),  g(x)-are  continuous  in 
2°.  f(x)  is  finite  or  infinite  in  D; 
3°.   g' (x)  is  finite  and  ^0  in  D ; 
4°. 


lim     ,,{  =  ^         ^  /wiYe  or  infinite. 
*=+»  ^  Qaj) 

nms  over  ow^y  iAose  values  for  which /'(#)  is  finite. 
Then* 


We  set  -^ 


x  =  -- 
u 


Then  D  goes  over  into  R  = 

*  Cf.  footuete,  page  301. 
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Let 


The  functions  <£,  ^  not  being  defined  for  u  =  0,  we  set 


Since  /,  g  are  continuous  in  7),  </>,  i/r  are  continuous  in  72,  by 
virtue  of  1)  and  4°. 

For  points  of  D  at  which  /'  (z)  is  finite, 

*'<«>-  ass  --''«•*  ! 

Hence  at  the  corresponding  points  M  in  R,  </>'  (w)  is  finite. 

From  the  relation 

A£_A/    AZ 

Aw     Az    AM' 

we  see  that  when/'  (V)  is  definitely  infinite  in  Z>,  ^>'(M)  is  also 
infinite  at  the  corresponding  u  point  in  R. 

Thus  </>'(V)  is  finite  or  infinite  in  72,  while  i/r'(w)  is  finite  and 
^  0  there. 

Then  by  450,  1,  if 

R  lim  -•,     '  =  X,         X  finite  or  infinite. 

u=0     ^   (U) 

u  running  over  only  those  points  for  which  0'  (w)  is  finite, 


,. 

lim 

«=o 


(1 


,-      <  2;a:  a; 

hm  -ilA-4  =  lim  j7  )  }  =  \^'L1^±.  (2 

'  (M)     *=+«  a^jr  (a;)     ^=+00  y'  (x) 


«=o 


Hence  1),  2)  give  the  theorem. 
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The  Form  £° 

452.    Let  /(a  +  0),  g(a  +  0)  be  infinite. 
In  R  =  RD(a)  suppose  that 

1°.  /(V),  g(x)  are  continuous; 
2°.  f'(x)  is  finite  or  infinite  ; 
3°.  g' (x)  is  finite  and  =^0. 


R  lira    ,(\  —^         ^  finite  or  infinite. 

ranging  over  only  those  values  for  which  f '  (x)  is  finite. 
Then* 


. 
,=.  g(x) 

Leta<x<b<a  +  S.     Then,  by  448, 


Thus  fr  r  fcx 

^W  ->(*>!• 


whence  a 

</<)      *  ^J 

Here  J  is  any  fixed  point  in  .72. 

There  are  two  cases  according  as  \  is  finite  or  infinite. 
Suppose  \  is  finite.     Let  o-  >  0  be  small  at  pleasure  ;  we  can  take 
8  so  small  that 


Let  r  >  0  be  small  at  pleasure.     We  can  choose  a  +  i)  <  ^,  such 

that 


are  numerically  <r,  i 

*  Cf.  footnote,  page  301. 
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Then  for  all  x  in  (a*,  a  +  77),  we  have  by  1), 

/O)  _  o-'Vl-     "^ 

Thus 


if  <r  and  T  are  taken  sufficiently  small. 

Suppose   X   z's   infinite,  say  X=-f-oo.     Let   lf>0    be   large    at 
pleasure.     We  can  choose  8  so  small  that 


Choosing  77  as  before,  we  have  for  every  x  in  (a*,  a  +  77), 


If  we  suppose  T<|-,  and  Jlf  sufficiently  large, 


where  G-  is  as  large  as  we  please. 

453.    _Le£/(+oo),  ^(+00)  Jg  infinite. 
Li  i>(+oo),  ?e« 

1°.  /(#),  ^7(2;)  5e  continuous; 
2°.  fr($)  be  finite  or  infinite; 
3°.  g'  (x)  be  finite  and  =£  0. 

"m     .  .  ..   =  X,          X  ^w^g  or  infinite. 

==      ' 


We  deduce  this  theorem  from  452  in  the  same  way  as  451  was 
derived  from  450. 
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I  he  Forms  0  •  oo,  co-cc,  0°,  I00,  co° 
454.    1.   Let  /O)=0,   #<»=±cc.     Then  f(x)g(x)  is    of   the 


i   form  0  •  co.  0 

Setting  fg  =  y,  this  form  is  reduced  to  - 


9 

2.  Let  /(z)  =  ±  oo,  g(x)  =  ±  oo,  the  infinities  having  same  signs. 
Then  f(x)  —  g(x)  is  of  the  form  GO  —  GO. 
Setting 


0 

this  form  is  reduced  to  -• 


3.   Let  /=  0,  g  =  0.     Then  [/(x)]^  is  of  the  form  0° 


Let 
Then 


0 
is  of  the  form  -• 

If  log  y  = 

then  lim2/  = 

The  other  forms  1°°,  cc°  are  treated  in  a  similar  manner. 

EXAMPLES 

1.  x*\og(l  -  cosx),         /*,  «>0.  (1 

has  the  form  0  •  oo  for  x  =  0.     We  may  write  it 

log(l  -  cos  x) 
x-" 

which  has  the  form  f  .     The  conditions  of  452  being  satisfied,  we  differentiate 
numerator  and  denominator,  getting  as  new  quotient 

sin  x 


l-cosx 
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This  has  the  form  -,  for  x  =  0.     Applying  450,  1,  we  get,  differentiating  once 
more, 


* 


u-        "     sec' 

2 
whose  limit  for  x  =  0,  is  0. 

Hence, 

E  lira  x*  log(l  —  cos  a:)  =  0. 

z=0 

2.  jRlimo;«|logx  ^  =  0.         a,  /u>0.  (2 

x=0 

For,  |  log  x  |*      /(x) 

x°  I  log  x  ^  =  I—  -  —  L  =  tL^i. 

,   a:-" 
We  apply  452. 


If  /*  <  1,  this  expression  =0.     If  /*  >  1,  we  differentiate  again,  etc. 
3.    At  first  sight  one  might  think  that 

lim  f(n  +  !>  _  i 
"=»     /O) 

71-1-1 

since  =  1.     This  is,  however,  not  true  in  general. 

n 

For  example,  let  f(x)  =  ex. 
Then 


Hence  the  limit  3)  is  here  e  and  not  1. 
Again,  let 


Then 

_^+1_ 

"         "     - 


,o 


which  =  +  oo. 

Criticisms 

455.    1.   The  treatment  of  indeterminate  forms  in  many  text 
books  is  deplorable. 

We  consider  some  of  the  objectionable  points  in  detail. 
When  /(V),  g(x)  vanish  at  x  =  a,  the  function 

*c*)=4^  a 

?(*) 

is  not  denned  at  a. 
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Some  authors  admit  division  by  0. 

From  this  standpoint  the  value  of  </>  at  a  is  hidden  because  $ 

takes  on  the  indeterminate  form   -•      The    true  value,  as    such 

authors  say,  may  often  be  found  by  a  simple  transformation,  or 
by  the  method  of  limits. 
For  example,  if 

/O)=z2-a2,   g(x)  =  x-a, 

the  true  value  of  (f>  may  be  found  by  removing  the  common  factor 

a:—  a  in 

ar  —  a2                 ^  x  —  a 
-  =  (x  +  a) 

x— a  x— a 

Thus  ,(a.  =  2a 

As  already  remarked,  division  by  0  is  ruled  out  in  modern 
analysis. 

First,  because  it  is  nowhere  necessary ;  and  secondly,  because 
of  the  difficulties  and  ambiguities  it  gives  rise  to. 

The  expression  1)  has  then  no  value  assigned  to  it  for  x  =  a. 
We  may  therefore,  if  we  choose,  agree  that  in  all  such  cases  <£ 
shall  have  the  value 

lim  ^ 

z=a     ff\JB) 

when  this  is  finite.  Some  authors  do  this;  in  this  case  <£  has  a 
true  value  at  a.  However,  we  shall  make  no  such  convention  in 
this  work. 

2.  In  this  connection  let  us  give  an  example  of  the  so-called 
paradoxes  which  arise  from  division  by  0. 
Let  £  =  1 ;  then  a     i  _         1 

Dividing  both  sides  by  x  —  1,  we  get 


which  gives,  since  x  =  1,  9  —  1 

It  is  easy  to  see  where  the  trouble  arises. 
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When  c  3=  0,  we  can  always  conclude  from 

ac=bc  (2 

that  ,  ,0 

a  =  b.  (3 

If,  however,  c  =  0,  we  cannot  always  conclude  3)  from  2). 
In  fact,  take  a  =£  6,  if  c  =  0,  we  still  have 

ac  =  be. 
456.    1.  To  find  lira  <£(#),  some  writers  proceed  thus.     From 


they  conclude  that 


This  is  correct  if  /'(a),  y(a)  exist,  and  the  latter  is  =£0. 
If  both  are  0,  they  say 


is  still  indeterminate.     Applying  the  preceding  reasoning  to  2),  it 
follows  that  its  true  value  is  that  of 


This  last  step  would  be  permissible,  provided  the  first  step 
showed  that 


But  it  does  not;  it  shows  only  that  1)  is  true,  and  even  here 
we  must  assume  that  g'  («)¥=  0. 

In  order  to  take  this  second  step  correctly,  we  have  proved 
Cauchv's  theorem,  448.  Cf.  449,  450. 
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2.   In  this  connection  we  note  that  we  cannot  always  say  that 

and  / 
' 


000         0'00 

have  the  same  limit  for  x  =  a,  when  /(a)  =  #(a)  =  0. 
For  example,  let 


=  xz  sin  -,   #O)  =x.         a  =  0. 


Then 


x=o  g(x) 

while  ,., ,  >.  -i  1 

/'(a;)  .1  n 

,        =  2x sin cos  -         x > 0. 

a  (x)  x  x 

<s    v    y 

has  no  limit  for  z  =  0.     Cf .  450. 

457.   Some  writers,  using  the  relation  of  Cauchy, 

•    «/  V     J       _  v  ft   ^^   ft  ^^   y 

conclude  now  that 


This  is  true  if  /'(a;),  ^ (a;)  are  continuous  at  a,  and  /(»=£  0. 

458.  Some  writers,  in  order  to  evaluate  lim</>,  develop  /(#), 
^(»)  into  infinite  power  series.  The  possibility  of  such  a  develop 
ment  is  established  only  for  a  few  simple  cases  in  many  text-books. 
For  example,  such  books  do  not  show  that 

secx,     tana;,     e*inx 

can  be  developed  into  power  series;  yet  they  give  examples  of 
indeterminate  forms  involving  these  functions. 

There  is,  however,  no  necessity  of  using  infinite  series ;  all  that 
is  needed  for  such  cases  is  Taylor's  development  in  finite  form. 
See  445,  446. 
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459.    To  evaluate  the  form  §§,  some  writers  proceed  thus 


Hence 


Dividing  by  lim  <£(V),  they  get 


This  method  assumes  the  existence  of   lim  $(V)  ;    that  is,  the 
existence  of  the  very  thing  we  are  seeking  is  put  in  question. 
Suppose  by  this  method  we  find  that 

/'O) 
hm  J~^-  =  1 

g'(xy 
for  example;  what  right  have  we  to  say  that  therefore 

lim  4^  =  1? 
9(& 

None  whatever,  until   by  some   subsidiary  investigation,   the 
existence  of  lim  <£  is  established.     See  377,  3. 

Scale  of  Infinitesimals  and  Infinities 
460.    Consider  the  functions 

/(«)  =  loga  ar,    g(x)  =  ^,         a,  yS  >  0. 

Both  increase  indefinitely  as  x  =  +  oo.     We  may  ask  which 
increases  faster. 
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The  quotient 


s 


of  the  form  —•      The   conditions  of  453   being   satisfied,  we 

consider 

«  loa"  x 


If  0<«<1,   #!=0;  hence  $  =  0. 
If  a  >  1,  we  consider 


a-n—l 


Thusif  0<«<2,   #2  =  0;  hence  #  =  0. 

If  a>2,  we  may  continue  this  process.  As  the  exponent  a  is 
diminished  by  unity  each  time,  log  x  must  have  finally  a  negative 
or  zero  exponent.  Thus  in  every  case  Q  =  0. 

461.  1.  Let/<»,  g(x)  become  infinite  for  2:  =  a,  a  being  finite 
or  infinite.  If 

lim  J{x'  is  finite  and  =£  0, 

we  say  /  and  g  are  of  the  same  order  infinite.     If 

lim  J^x)  =  0, 

we  say  /  is  of  lower  order  infinite  than  g.     If 

lim  J  X    is  infinite, 
000 

we  say  /  is  of  higher  order  infinite  than  g. 

These  three  cases  are  denoted  respectively  by 


We  may  also  say  more  briefly,  that/(x)  is  infinitarily  equal,  less 
than,  greater  than  g(x). 


314  INDETERMINATE    FORMS 

2.  Similar  definitions  hold  when 

/C0  =  o,    </(*)  =  o- 

If,  for  example,  ff  -> 


00*0 

we  say  /(a;)  is  infinitely  small  relative  to  g(x),  or  an  infinitesimal 
of  higher  order  than  g(x).  We  may  also  say  f(x)  is  infinitarily 
smaller  than  g{x).  In  symbols, 


3.  Turning  to  the  result  of  460,  we  have  : 

logax<xfi       «,  /3>0,  x=  +  oo. 
however  large  a  is  and  however  small  ft. 

462.  Let  us  consider  now  functions  of  the  type 

For  x  >  1,  we  have 

0  <  log  x  <  x. 

For  sufficiently  large  #, 

L-^KI     I%EI     l$x  •  •  •  imx 
are  >  0.     We  have,  then, 

x  >  l-^x  >lzx  •  •  •  >  lmx. 

The  values  of  these  iterated  logarithms  decrease  very  rapidly. 
For  example,  let 

x=  1,000,000,000  =109. 
Then 

^  =  20.723,  Z2z  =  3.031,  I3x=  1.108,  ^  =  0.103  ••• 

I6x  =  a  negative  number. 
Hence  I6x  does  not  exist. 

463.  1.    When  x  =  +  oo,  we  have,  if  «,  «r  «2  •••  >0, 

xa  >  l^x  >  l£*x  >  l£*x  •••  (*Sf 

The  sequence  S  may  be  called  the  logarithmic  scale. 
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To  prove  $,  let 

u  =  ln-\x. 

Then  w  =  +  oo  with  x.     We  have 

lim  — —a = 

by  461,  3. 

This  follows  at  once  from  1. 

464.    Letx  =  +  oo,  while  «,  «r  «2>  •••  > °- 

The  sequence  T  may  be  called  the  exponential  scale. 
Let  _  \-fM     0  =  f^- 

We  apply  453.  «x  -,      aa,a-i 


If  now  0  <  «  <  1,  #  =  0. 


gx  *e 

If  1  <  «<  2,  this  shows  that  Q  =  0,  and  so  on. 
Hence  xa<(exYt. 

To  show  <V)a'«>Oa'> 

let  us  set  .  x 

(Ji  —  —  V    • 

Then  ..      (^)ai      i:m     M<M     _o 

=  ~    ' 


as  just  shown.     This  proves  1).     The  rest  of  the  theorem  follows 
now  in  the  same  way. 
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Order  of  Infinitesimals  and  Infinities 

465.  1.  Let  #  =  0;  then  x  is  an  infinitesimal;  a?,  y?  •••  are  also 
infinitesimals. 

Taking  a;  as  a  standard,  we  may  say  xn  is  an  infinitesimal  of 
order  n,  n  being  a  positive  integer,  and,  in  general,  if  x  >  0,  x?  is 
an  infinitesimal  of  order  p,  where  /JL  is  any  positive  number. 

Then,  if 


is  finite  and  ^  0,  we  say  that  /(#)  is  aw  infinitesimal  of  order 
Not  every  infinitesimal,  however,  has  an  order. 
For  example,  by  464,  there  is  no  number  p,  such  that 


R  lim  — 


_ 

is  not  0.     Hence  e  x  has  no  order. 

2.   On  the  other  hand,  an  infinitesimal  f(x)  may  not  have  an 
order  u,  because 


either  does  not  exist,  or  when  it  does  it  is  infinite  or  zero. 
Thus 

x  sin  - 


x=0 

does  not  exist.     Hence 


a;  sin  - 
a; 


is  an  infinitesimal  without  an  order. 

3.  Obviously,  similar  remarks  hold  for  infinities. 


Definition.     Geometric  Orientation 
466.    Let/(z)  be  defined  in  21  =  (a,  6).    Let  c  be  an  inner  point 


/  has  a  minimum  at  c.     If 


<  0  in 


(2 


/  has  a  maximum  at  c. 

In  words,  we  may  say :  /  has  a  maximum  at  c  when  /(<?)  is 
greater  than  any  other  value  of  /  in 
the  domain  of  c;  it  has  a  minimum 
at  c  when  /(c)  is  less  than  any  other 
value  of  /  in  the  domain  of  c.  Accord 
ing  to  this  definition,  /(z),  whose  graph 
is  given  in  the  figure,  has  a  maximum 
at  cv  and  a  minimum  at  cr  cy 

The  reader  should  not  confuse  the  terms  f(x)  has  a  maximum 
or  a  minimum  at  a  point  c,  with  the  terms 

Min/O),  Max /<»,  in  21. 

A  function  may  have  an  infinite  number  of  extremes,  that  is, 
maxima  or  minima,  in  21. 


c» 


Example. 


f(x)  =  x2  ( 1  +  sin2  ~] ,       for  x  +  0, 
\  *} 


=  0. 


for  x  =  0. 


317 


318  MAXIMA   AND   MINIMA 

This  function  oscillates  between  the  two  parabolas 
y  =  x2,        y  -  2  x2- 

At  the  origin,  /has  a  minimum  ;  and  in  any  vicinity  of  the  origin,  /  has  an  in 
finite  number  of  maxima  and  minima. 

467.  We  consider  now  how  the  points  at  which  f(x)  has  an 
extreme  may  be  determined.  Consulting  the  Fig.  in  466,  the 
reader  will  observe  that  at  the  points  of  extreme  the  tangent  is 
parallel  to  the  axis  of  x;  that  is,  at  these  points/' (jx)  =  0. 

However,  f(x)  does  not  need  to  have  an  extreme  at  all  the 
points  at  which  f'(x)  =  0. 

For  example, 

This  is  an  increasing  function   whose   derivative  vanishes  at 
x  =  0.     In  fact,  at  this  point  the  graph  has  a 
point  of   inflection  with  a  tangent  parallel  to 
the  a;  axis.      See  Fig.   1. 

On  the  other  hand,  not  all  the  points  of  ex 
treme  are  given  by  the  roots  of  f1  (x)  =  0. 

Example. 


FIG.  1. 


This  function  has  a  minimum  at  the  origin  0, 
which  is  a  cuspidal  point,  with  vertical  tangent. 
See  Fig.  2. 

At  this  point,  y  has  no  differential  coefficient, 
since 


Criteria  for  an  Extreme 

468.    1.  In  D(a),  let  f("\x~)  be  continuous  andf(n\a)=f=Q.     Let 
/'O)=/"00  =  -=f"~\a-)=0. 

Then  f  has  no  extreme  at  a,  if  n  is  odd.     If  n  is  even,  it  has  a 
minimum,  ^/>/(re)(a)>0  ;   a  maximum,  if  f(n)(a)<  0. 
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For,  under  these  conditions,  we  have 

A/=/(«  +  A)-/O)=  ^/(">O  +  OK). 

iv  • 

Since  f(n)(x)  is  continuous  at  a, 

sgn/('°(a  +  0A)  =  sgn/<w)(a)  =  <r. 


If  w  is  odd, 

sgn  A/  =  crsgnA. 

As  h  can  take  on  positive  and  negative  values,  A/  does  not  pre 
serve  one  sign  in  D*(a).     Hence,  /  has  no  extreme  at  a.     If  n  is 

even, 

sgn  A/=  o-. 

Thus  in  D*, 

A/>0,  if/«(a 


2.  /w  51  =  (a,  6),  let  f(x)  exist,  finite  or  infinite.      Ttie  points 
within  51  at  which  /(»    has  an  extreme,  lie  among  the  zeros  of 

/'<»• 

For,  suppose  f(x)  has  a  maximum  at  c.     Then  for  h  >  0, 
/(c  +  A)  -/(O  <  0,  /(c  -  /O  -/(c)  <  0. 


Thus, 


f«  +  k)  -/(C)  <      £  _  /(c  -  A)  -/(O  >  ^ 


But  when  A  =  0, 

2  =  limi=//(c)-  C2 


On  the  other  hand,  1)  shows  that 


which  with  2)  shows  that  /'(<?)=  0. 

3.  The  reasoning  in  2  also  shows  : 

If  f(x)  has  an  extreme  atx=a,  thenf'(a)=  0,  if  /(a)  eOT 
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469.    Let  f(oc)  be  continuous  in  D(a).     Let  f'(x)  be  finite   in 
Z>*(a).     Let 

.72/'(V)  =  o-oo,  Lf'(cf)  =  —  o-oo,   o-  =  ±  1. 

Then  f  has  a  minimum  at  a,  if  a  =  +  1  ;   and  a  maximum,  if 
<r=-l. 

To  fix  the  ideas,  let  a-  =  +  1. 

Then 


h 

^v     f(a  -h)  -/(a) 

R  Inn  —  -  z.  =  —  oo. 

ft=0  —  A 

Thus  there  exists  a  8  >  0,  such  that 

/O  +  /0-/O)>o,       \h\<B. 

in  _Z>a*(a).     Hence  /  has  a  minimum  at  a. 


470.  Let  f(oc)  be  continuous  in  D(a}.     In  D*(a),  let  f'(x)  be 
finite  or  infinite,  and  never  vanish  throughout  any  interval  of  it.     In 
RD*(a),  let  f  (x)  be  positive  when  not  zero  ;  in  LD*(a~),  let  f'(x) 
be  negative  when  not  zero.      Then  /(#)  has  a  minimum  at  a.     If 
these  signs  are  reversed,  f  has  a  maximum. 

For,  using  403,  we  see  that  f(x)  is  an  increasing  function  in 
RD(a),  and  a  decreasing  function  in  LD(cC).  Hence  /  has  a 
minimum  at  a. 

EXAMPLES 

471.  /(a)  =  a  +  al 
In  388,  we  saw 

+oo,        Z/(0)=-oo. 


Hence,  by  469,  /  has  a  minimum  at  0,  a  result  which  may  be  seen  directly. 

i 
472.  /(z)=^li,  forz^O, 

e*  +  l 
=  0,  for  x  =  0. 

This  function  was  considered  in  366. 

Applying  470,  we  see  that  /  has  a  minimum  at  the  origin,  a  result  that  may  be 
seen  directly. 
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473.  Let  /(«)  =  e'*2,  for  x  *  0, 

=  0,        for  x  =  0. 

This  function  is  Cauchy's  function.     We  see  directly  that  it  has  a  minimum  at 
the  origin.    The  same  result  is  obtained  by  470. 

Criticism 

474.  Some   writers   confound   the    terms    the   function   has   a 
maximum  or  minimum  at  a  point,  with  the  terms  maximum  or 
minimum  of  a  function  in  an  interval.     These  two  terms  may  or 
may  not  mean  the  same  thing. 

For  example,  let 

f(x)  =  sin  a?,         51  =  (0,  2  TT). 

Then/  has  a  maximum  at  ^,  and  a  minimum  at  — -.  These 
are  also  the  maximum  and  minimum  of/  in  51.  On  the  other  hand, 
if  we  take  33  =  (o,  -")  as  one  interval,  /  has  neither  a  maximum 
nor  a  minimum  at  any  point  in  33  ;  yet  its  maximum  in  33  is  1,  and 
its  minimum  in  33  is  0. 

475.    The  following  example  also  illustrates  this  point. 
Find  the  greatest  and  least  distance  8  between  a  fixed  point  A 
within  a  circle  and  any  point  P  on  the  circle. 
Let  the  circle  be 


=  r 


and  the  coordinates  of  A  be  a,  0  ;  a  >  0. 


and  75. 

do  —  a 


dx      Va2  +  r2  —  2  ax 

Hence  $  is  a  decreasing  function  in  $  =  (—  r,  r),  and  has  no 
maximum  or  minimum  at  any  point  in  51.  It  has,  however,  a 
maximum  and  a  minimum  in  51,  viz. 

Max  B  =  AC,    MinS  = 
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SEVERAL  VARIABLES 

Definite  and  Indefinite  Forms 

476.    1.   Let  f(xl  •••  xm)  be  defined  over  a  region,  of  which  a  is 
a  point. 


n          a, 

/  has  a  minimum  at  a.     If 

A/<0,         in  Z>*(a), 

f  has  a  maximum  at  a. 

The  theorem  of  468  may  be  generalized  thus  : 

Let  the  partial  derivatives  of  f(x^  •  •  •  xm~)  of  order  n  +  l  be  con 


tinuous  in  _Z)(a).  Let  the  partial  derivatives  of  order  <n  vanish  at 
a,  while  the  derivatives  of  order  n  do  not  all  vanish  at  a.  Then  if 
n  is  odd,  f  has  no  extreme  at  a. 

Let  n  be  even.  If  c?"/(a)>0  in  D*(a),  /  has  a  minimum;  if  it 
is  <  0,  it  has  a  maximum  at  a.  If  dnf(a)  has  both  signs  in  D*(a), 
f  has  no  extreme  at  a. 

Let  x1  =  a1  +  h1---xm=  am  +  hm.     Then 


n 
by  434. 

Let  r)1-"  rjm  be  the  direction  cosines  [244,  4]  of  the  line  L  join 
ing  a  and  x.     Then 

h1  =  rr}l'-hm  =  rnm, 


Then  A/  =  r»H(rf)  +  r»+lK(jj), 


since  dnf,  dn+lf  are  homogeneous  in  h^  •••  hm. 

Since  the  derivatives  of  order  n  +  1  are  continuous  in 
there  exists  a  positive  number  6r,  such  that 

\K  <&,         inD6(«). 
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If  now  d"f(a~)>0  in  D*(a),  H  is  >  0  on  the  sphere 


to  which  77  is  restricted. 

Then,  by  355,  2,  there  exists  a  X  >  0,  such  that 


Then,  by  virtue  of  1),  we  can  choose  &  <  B  so  small  that 
A/>0,         inlV(a). 

Hence  /  has  a  minimum  at  a. 

Similar  reasoning  shows  that  if  dnf(a)<  0,  /  has  a  maximum. 

Consider  now  the  case  that  d*f(a)  has  both  signs  in  D*(a 
Suppose  that  it  is  positive  at  a  +  h  and  nega 
tive  at  a  +  k. 

Let  L,  M  be  the  lines  joining  these  points 
with  a.     Let  77,  K  be  their  direction  cosines. 

Let 


Let  a  +  £/t,  0  <  £  <  1,  be  a  point  on  L  between  a  and  a  +  h. 

Let        Dist  (a,  a  +  A)  =  r  ;    then  Dist  («,  a  +  tli)  =  tr. 
Thus  A/  =  /(a  +  <A)  _  /(a)  =  ivn  5  A  +  frjS7  1  m 

Let  ^  be  such  that 


Then,  by  1),  A/>  0  for  all  points  on  L  between  a  and  a  +  £0A,  a 
excluded.  Similar  reasoning  shows  that  A/<0  for  all  points  on 
Tlf  sufficiently  near  a,  the  point  a  excluded. 

Thus  in  any  domain  of  a,  however  small,  A/  has  opposite  signs. 
Hence  in  this  case  /  has  no  extreme  at  a. 

Let  n  be  odd.     Then  H  being  homogeneous, 


Hence  cZ"/(«)  has  opposite  signs  in  every  domain  of  a.     Hence 
when  n  is  odd,  /  has  no  extreme  at  a. 
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2.  Let  /(#!  •••  £OT)  have  partial  derivatives  of  the  first  order,  finite 
or  infinite,  in  the  region  R. 

The  points  of  R,  at  which  f  has  an  extreme,  satisfy  the  system  of 
equations 


6x1  dxm 

The  demonstration  is  analogous  to  that  of  468,  2. 

477.  1.  We  have  just  seen  that  the  sign  of  dnf(a)  plays  a 
decisive  r61e  in  questions  of  maxima  and  minima.  But  as  already 
observed,  dnf  is  a  homogeneous  integral  rational  function  of  7^, 
A2,  •••  hm  of  degree  n.  Such  functions  are  subjects  of  study  in 
algebra  and  the  theory  of  numbers,  where  they  are  often  called 
forms. 

A  form  &(x±  •••  xm}  which  has  always  one  sign,  except  at  the 
origin  where  it  necessarily  vanishes,  is  called  definite. 

Such  a  form  is 

«iV+°--  +  «A»2>  (i 

the  <z's  being  not  all  0. 

If  the  sign  of  a  definite  form  is  positive,  it  is  called  a  positive 
definite  form  ;  if  negative,  it  is  a  negative  definite  form.  Thus  1) 
is  a  positive  definite  form,  while 


is  an  example  of  a  negative  definite  form. 

If  O  can  take  on  both  signs,  it  is  called  indefinite. 
Thus 

xf+'-'  +  Xn? 
is  an  indefinite  form. 

There  is  a  class  of  forms  which  vanish  at  points  besides  the 
origin  and  yet,  when  not  0,  have  always  one  sign.  They  are 
called  semidefinite  forms. 

Such  a  form  is,  for  example, 


which  is  positive  when  not  0. 
Consider  the  quadratic  form 

F  =  Ax*  +  2  Bxy  +  <7«/2. 
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If  A  ^  0,  we  can  write  it 

F=  -  {  (Ax  +  By}*  +  (AC  -  B*)y*  I . 

A  (  J 

If  the  determinant 

D  =  AC-B* 

is  >0,  Fdoes  not  vanish  except  at  the  origin,  and  is  therefore  a  positive  definite 
form  if  A  >  0,  and  a  negative  definite  form  if  A  <  0. 
If  D  <  0,  F  is  an  indefinite  form. 

KZ>  =  0,  -,  ,  x2 

F=-4( Ax  +  By\  . 
A\  J 

Hence  F  vanishes  on  the  line 

Ax  +  By  =  0, 

but  has  otherwise  one  sign.     Thus,  in  this  case,  F  is  semidefinite. 

2.  The  theorem  of  476  may  now  be  stated  as  follows :  If  dnf(a) 
is  an  indefinite  form,  f  has  no  extreme  at  a.  If  it  is  a  positive  definite 
form,  f  has  a  minimum ;  if  it  is  a  negative  definite  form,  f  has  a 
maximum  at  a. 

478.  When  w  =  2,  i.e.  when  not  all  partial  derivatives  of  the 
second  order  are  0  at  a,  dnf(a)  becomes  a  quadratic  form, 


where  •  -  f" 

and  hence 

The  determinant 


is  called  the  determinant  of  the  form  1). 

Let  Am_!  be  obtained  by  deleting  the  last  row  and  column  in  Am  ; 
let  Am_2  be  obtained  by  deleting  the  last  two  rows  and  columns  in 
A,  etc.;  finally,  let  A0  =  1. 

In  algebra  the  following  theorem  is  proved  : 

In  order  that  the  form 


be  a  positive  definite  form,  it  is  necessary  and  sufficient  that  the 

signs  of  .  ,Q 

A0,   Ap  •••  Am  (3 
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are  all  positive.  For  2)  to  be  a  definite  negative  form,  it  is  neces 
sary  and  sufficient  that  the  signs  in  3)  are  alternately  positive  and 
negative. 

Applying  this  result  to  the  theorem  in  476,  we  have : 

Let  the  partial  derivatives  of  the  third  order  be  continuous  in 
_D(a),  and  let  those  of  the  second  order  not  all  vanish  at  a.  Let  all 
the  first  derivatives  vanish  at  a.  Let 


«n  •••  air  r  =  0,  1,  .--w. 

arl  •••  arr  Ao=    ' 

If  the  signs  in  the  sequence 

A0,  Aj,  •••  Am 

are  aZZ  positive,  f  has  a  minimum.     If  the  signs  in  this  sequence  are 
alternately  positive  and  negative,  f  has  a  maximum  at  a. 

Semidefinite  Forms 

479.  Up  to  the  present,  the  case  that  dnf(a)~  is  a  semidefinite 
form  has  not  been  treated.  It  is,  however,  easy  to  show  that  in 
this  case  /  may  or  may  not  have  an  extreme  at  a. 


Ex.  1. 


Here 


f(xy~)  =  xz  -  6  xtf-  +  8  y±  =  (x  -  2  ?/2)  (x  -  4  y*). 
a  =  (0,  0). 


Hence, 


We  have  here  a  semidefinite  form. 
That  /  has  not  an  extreme  at  the  origin  is 
obvious. 

For,  if  P  is  the  parabola 

x  -  2  2/2, 
and  Q  the  parabola 

x  =  4  2/2, 

we  see  that  /<  0  between  these  parabolas,  and 

>0  in  the  rest  of  the  plane,  points  on  the  parabolas  excepted,  as  in  the  figure. 
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Ex.2. 

/(«30  =  y*  +  x<2v  +  x* 

"'"  A*,  a 


«  =  (0,  0). 

Obviously,  from  1),  /  has  a  minimum  at  the  origin. 
Here 


Hence, 

<p/(0)  =  A;2. 

We  have  here  a  semidefmite  form. 

480.  It  is  beyond  the  scope  of  this  work  to  do  more  than  show 
that  the  seraidefinite  case  is  ambiguous  and  requires  further 
investigation.  We  refer  the  reader  for  a  detailed  treatment  of 
this  case  to  Stolz,  G-rundzuge,  Vol.  1,  p.  211  seq.  ;  Jordan,  Cours., 
Vol.  1,  p.  380  seq.;  Scheeffer,  Math.  Ann.,  Vol.  35,  p.  541; 
v.  Dantscher,  Math.  Ann.,  Vol.  42,  p.  89. 


Criticism 

481.    The  partial  derivatives  of  order  n  being  continuous  in 
(rt),  we  have  seen  that 


A/=  #(«)  +  -    <P/(a)  +  ...  +      <*?(*  +  0/0  =  7\  +  T2  +  -  4 


The  terms  Z7,,  T2,  •••  are  polynomials  in  At,  A2,  •••/*„,  of  1°,  2°,  ••• 
degree,  whose  coefficients,  except  the  last,  are  constant.  Letting 
hv  hv  -be  infinitesimals  of  the  1°  order,  Tr  if  ^0  is  thus  an  in 
finitesimal  of  rth  order.  The  assumption  is  now  made  by  many 
authors  that  if  r<s,  then  Ts  is  infinitely  small  compared  with  Tr. 
When  there  is  only  one  variable  h,  this  is  indeed  true  ;  it  is  not, 
however,  always  true  when  there  are  two  or  more  variables 
hv  hv  ••• 

As  an  example,  consider  the  form 
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Let  the  increments  hr  A2  be  related  by  the  equation 


i.e.  let  the  point  (hv  A2)  approach  the  origin  along  the  parabola  1). 
Then 


which-shows  that  7^,  ^4,  instead  of  being  infinitely  small  compared 
with  Tv  are  in  fact  numerically  6  and  8  times  larger  than  TY 

482.  Let  us  see  now  how  this  erroneous  assumption  regarding 
infinitesimals,  when  applied  to  the  semidefinite  case,  leads  to  a 
false  result.*  For  simplicity  we  take  only  two  variables  x,  y. 


=      1  Ah2  +  2  Bhk  + 

—  I 


Let  the  determinant  ^IC'—  ^=0.     Then  Tz  is  a  semidefinite 
form.     To  fix  the  ideas  let  A  =£  0  ;  then 

by  477,  1. 


Thus  A/  has  the  sign  of  J.,  except  for  the  points  (A,  &)  on  the 
line  £, 

Ax  +  By  =  0.  (i 

For  points  on  L,  A/  becomes 


For  points  on  the  line  L,  on  opposite  sides  of  the  origin,  Ts  takes 
on  opposite  signs.  As  the  sign  of  A/  at  these  points  depends  on 
the  sign  of  TB  (making  use  of  the  above  erroneous  assumption), 
it  is  thus  necessary  that  TS=Q  for  points  on  L,  if  /  is  to  have 
an  extreme  at  a,  b.  If  T3  —  0  for  these  points, 


*  Cf.  Todhunter,  Differential  Calculus;  Desmartes,  Cours  d'  Analyse. 
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for  these  points.     If  now  T±  =£  0  on  L,  f  has  an  extreme  *  at  (a,  6), 
if  r4  has  the  same  sign  as  A,  for  points  of  L,  the  origin  excluded. 
That  this  result  is  wrong  may  be  shown  by  applying  it  to 


which  we  considered  in  479,  Ex.  1. 

T-Tprf* 


The  line  L  is,  in  this  case,  the  «/-axis.  For  points  on  i>,  T3  =  0  ; 
while  T4  >  0,  the  origin  excepted.  Thus  T±  has  the  same  sign  as 
A.  We  should  have  therefore  an  extreme  at  the  origin,  if  the 
above  reasoning  were  correct.  But  as  we  already  saw  in  479,  / 
has  no  extreme  at  the  origin. 

483.  Another  error  which  is  sometimes  made  is  the  following. 
It  is  assumed  that  the  function  /(z,  y)  has  an  extreme  at  the  point 
R  when  and  only  when  /  has  an  extreme  along  every  right  line 
through  R. 

That  this  view  is  incorrect  is  seen  by  the  function 


given  in  479,  Ex.  1. 

As  the  figure  shows,  a  point  S 
moving  along  any  line  L  toward  the 
origin  12,  finally  remains  in  a  region 
for  which  A/>  0,  the  origin  of 
course  excluded.  If,  therefore,  this 

view  were  correct,  f  would  have  a     

minimum  at  12,  which  we  know  is 
not  true. 

Relative  Extremes 


484.    1.  Let  us  consider  the  problem  of  finding  the  points  of 
maxima  and  minima  of  a  function 

/y  -v    _  s-t 


*  According  to  the  above  erroneous  hypothesis. 
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where  the  variables  u^  •••  up  are  one-valued  functions  of  x1  •••  xm, 
denned  over  a  region  R  and  satisfying  the  system 


(2 


Such  points  of  maxima  and  minima  are  called  points  of  relative 
extreme,  to  distinguish  them  from  the  case  when  the  variables 
xl  •••  xm,  u^  •••  up  are  all  independent. 

Let  the  point  (^  •••  up)  run  over  the  region  T  when  (2^  ...  xni) 
runs  over  R.  Let/,  (f>1  •••  (j>p  have  continuous  first  partial  deriv 
atives  with  respect  to  x1  •••  up  in  T,  and  let  the  #'s  have  continu 
ous  first  partial  derivatives  with  respect  to  xl  •••  xm  in  R. 

Let  w  considered  as  a  function  of  x1  •••  xm  be  denoted  by 

w  =  F(xl  •••  xm). 
The  points  of  extreme  of  w  in  R  satisfy  the  system 

i£~o...«£=o,  (3 

dx1  dxm 

by  476,  2.  Let  S  denote  the  set  of  points  determined  by  3). 
Lagrange  has  given  a  method  for  forming  the  system  3),  which 
is  often  serviceable.  It  rests  on  the  introduction  of  certain  unde 
termined  multipliers  ^  •••  fip.  In  fact,  differentiating  1)  2)  we 

get: 


Multiply  the    2d,  3d,  •••  equations    by  /^,  pv  ...  respectively, 
and  add  the  results  to  the  first  equation. 
We  get 
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Let  us  now,  if  possible,  determine  the  /^'s  so  that 

5/+y,  a*r-o  ..^+y^r^=o.  (5 

9^+Zftj^  du^^^du, 

Then  4)  gives 


Then,  by  429,  2, 


9 

These  are  the  left  hand  members  of  the  equations  3). 
Hence,  by  3), 


(7 


Thus  the  points  of  S  are  determined  by  2),  5),  7). 
2.  Let  us  introduce  the  function 


We  observe  that,  considering  xl  •••  up  as  independent  variables, 

^_0   ..Jt.Ot         *i^...*-0  (8 

3^"  3^  9wt  ^p 

are  precisely  the  equations  5),  7). 

485.  To  determine  whether  a  point  of  S  is  a  point  of  extreme, 
it  is  often  necessary  to  consider  the  second  and  even  higher  differ 
entials  of  F(x^  •••  xin).  Here  it  is  sometimes  convenient  to  make 
use  of  the  fact  that 


where  the  differential  on  the  right  is  calculated  supposing 


x   •••  x 


l  •••    m, 


to  be  independent  variables, 
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For,  let  us  denote  g  considered  as  a  composite  function  of  x  by 
#        -  z.     Then 


since  the  <£'s  vanish  now  by  484,  2. 
Hence 


But,  by  433,  2), 


=  ^  by  484,  8). 

486.    Example.    Let  us  find  the  shortest  distance  from  the  point  P= 
to  the  plane 

<P  =  bixi  +  bzx2  +  63X3  +  60  =  0.  (1 

Let 

w  =  52  =  S(X  -  at)2        t  =  1,  2,  3. 


The  points  of  minimum  value  are  the  same  for  w  and  5. 
We  have 


|     =  2(zt  -  oj  +  M&C  =  0.        t  =  1,  2,  3.  (2 

From  the  four  equations  1),  2),  we  find 


Hence  at  this  point  x  =  |, 

_ 

6i2  +  622  +  6s2 

To  ascertain  if  £  is  a  point  of  minimum,  consider  the  value  of  cPw  at  this  point. 
We  have 

dg  =  S  {2(x,  -  aj  +  M6  J  efaM        t  =  1,  2,  3. 


As  this  is  positive,  £  is  a  point  of  minimum.     Thus  the  least  distance  $o  from  a 
to  <(>  is  determined  by  3).     We  get 

s   _  ctibi  +  ctzbz  +  (tabs  +  &o 
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INTEGRATION 

Geometric  Orientation 

487.  1.  As  the  reader  is  probably  aware,  the  integral  calculus 
arose  from  attempts  to  find  the  length  of  curves,  the  area  of  sur 
faces,  and  the  volume  of  solids. 

Before  taking  up  the  general  theory  of  integration,  let  us  see 
how  the  problem  of  finding  the  area  of  a  simple  figure  leads  to  an 
integral. 

2.  In  the  interval  21  =  (a,  6)  let  y  =  f(x)  be  an  increasing  con 
tinuous  function  whose  graph  T  is  given  in  the  adjoining  figure. 

We  seek  the  area  A  of  the  figure 
aba/3 =F.  The  upper  boundary  of 
F  is  the  curve  F. 

To  find  the  area  of  a  circle  in 
elementary  geometry,  we  form  a 
sequence  of  inscribed  and  circum 
scribed  polygons.  Each  inscribed 
polygon  is  contained  in  the  circle ; 
each  circumscribed  polygon  contains  the  circle.  We  say  the  area 
of  the  circle  is  therefore  less  than  any  of  the  outer  polygons,  and 
greater  than  any  of  the  inner  polygons.  We  then  show  that  the 
areas  of  these  two  systems  of  polygons  have  a  common  limit  as 
the  number  of  the  sides  increases  indefinitely.  This  limit  is  then, 
by  definition,  the  area  of  the  circle. 

We  shall  adopt  a  similar  procedure  here,  reserving  for  later  a 
more  thorough  discussion  in  connection  with  other  fundamental 
geometric  notions. 

Let  us  divide  (a,  6)  into  n  equal  intervals  by  introducing  the 

points  ax,  «2,  «3,  ••• 
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«3 
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Over  each  interval  (#r,  ar+i)  we  have  two  rectangles 


and  „ 

**m  —  amam+lamam+l- 

Let 


Then  Sn  contains  .F,  while  «w  is  contained  in  F. 
Let  us  now  divide  each  of  the  intervals 

(a,  «!>,   (ar  a2),   ••  •(«„_!,  5) 

into  two  equal  parts.  We  get  two  new  sums  s.2n  and  S2n.  In  this 
way  we  may  continue  without  end.  Let  us  now  give  n  the  values 
1,  2,  4,  .-  ' 

We  get  two  limited  univariant  sequences 


Each  sequence  has  a  limit  by  109.  These  limits  are,  moreover, 
the  same.  For  Sn  —  sn  is  obviously  the  area  of  the  shaded  region 
in  the  figure. 

Hence  , 

.o  —  a 


n 
Evidently 

lim  (#„  -  *„)  =  0. 

n=oo 

Hence 

lim  Sn  =  lim  sn. 

As  in  the  case  of  the  circle,  the  common  limit  is,  by  definition, 
the  area  of  F. 

3.  Now  , 

0  —  a  n. 


Hence  7 

o  —  a 


n 


0 
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and  therefore,  setting  for  uniformity,  «0  =  a, 

^  =  lim,-.  (2 


n=oo     ini 


But  as  the  reader  knows,  the  expression  on  the  right  of  2)  is 
the  integral  ~ft 

J  a 

488.    Example.     Let  us  find  the  limit  A  of  487,  2)  for  the  function 

/(x)  =  c1.        c  >  0. 

Set 

b  —  a 

=  "  i 

n 
then 

am  =  a  +  md,        m  =  0,  1,  •••  n  —  1. 

and 

f(  ft    \  —  /•a+wio  —  f*af>)no 
J\^m) — 

Hence 


Now 

lim  5  =  0. 

Also,  by  311, 

lim— S—  =  -^.  (2 

a=o  cs  —  1     log  c 
From  1),  2)  we  have 

,.  c6  —  c° 

J.  =  lim  s,,  = 

logo 
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489.    1.   Let  f(x)  be  a  limited  function,  denned  over  the  inter 
val  51  =  (a,  i),  a  <  b.  , , , | — | , — i — H 

Let  us  divide  51  into  n  sub-intervals 

8M  =  ( «„,_!«„,),         vn  =  1,  2,  •••  w 
by  interpolating  ai  pleasure  the  points 


For  uniformity  of  notation,  we  set 

a  =  a0,     5  =  an- 
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This  set  of  points  1)  produces  a  division  of  21,  which  we 
denote  by 

Since  no  confusion  can  arise,  let  8m  denote  also  the  length  of 
\  the  interval  8m.     The  greatest  of  these  lengths  we  call  the  norm 
of  D  and  denote  it  by  8. 

In  each  8ni,  let  us  take  a  point  £OT  at  pleasure,  and  build  the  sum 

i8m.  (2 

In  passing,  let  us  note  that  the  sums  Sn,  sn  of  487  are  special 
cases  of  2). 

Let  now  8=0.  If  Js  converges  to  a  limit  J",  which  is  independ 
ent  of  the  choice  of  the  points  «TO,  |m,  we  write 


a=o 

We  say  f(x)  is  integrable  from  a  to  5,  and  call  J  the.  integral  of 
/(#)  from  a  to  b.  f(x)  is  called  the  integrand;  a,  b  are  respec 
tively  the  lower  and  upper  limits  of  integration.  We  also  write 

J=  ffdx. 

*-''& 

The  symbol  j   is  a  long  S,  the  first  letter  of  the  word  sum. 

2.  To  fix  the  ideas,  we  have  taken  a  <  b. 
Then  in  2),  the  numbers 

are  positive. 

If  we  had  taken  a  >  5,  the  8's  would  be  all  negative.  Evidently, 
whether  a  is  greater  or  less  than  6,  if 

Xi 
f(x)dx  C3 

CJSUOLJS,     UliCU 


exists  and  3),  4)  have  the  same  numerical  value,  but  are  of  op 
posite  sign. 
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Without  loss  of  generality,  we  may  therefore,  in  our  discussion, 
take  a<b  so  that  the  S's  are  >0. 

3.  Obviously  the  symbol 


has  no  sense  when  a  =  b.     In  this  case  we  shall  assign  to  it  the 
value  0. 

4.  Letf(x)  be  integrable  in  51  =  («,  J),  and 

\X*)\iLM. 

Then 

\ffdx  <M(b-a).  (5 

For, 

Hence 

or, 

-  M(b  -  a)  <  J&<M(b  -  a). 

Passing  to  the  limit,  8  =  0, 


which  is  5). 

Upper  and  Lower  Integrals 

490.    Before  deducing  criteria  for  the  integrability  of  /(V),  we 
define  upper  and  lower  integrals. 

Let 


MK  =  Max/O),         mK  =  Min/O),          in 
SD=ZMKSK,  SD=2mKSlt. 

We  shall  show  immediately  that  the  limits 


6=0  5=0 


exist  and  are  finite.     They  are  called  respectively  the  upper  and 
lower  integrals  of  f(x)  for  the  interval  51,  and  are  denoted  by 


ffdx,  \fdx. 

J%  »/2l 


v 
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491  •  Iff(?)  i*  limited  in  21,  the  upper  and  lower  integrals  exist 
and  are  finite. 

Let  us  consider  the  upper  integral  ;  similar  reasoning  is  appli 
cable  to  the  lower  integral. 

Corresponding  to  each  division  D  there  is  a  ~SD.  Let  us  lay 
off  these  values  on  an  axis.  We  get  a  limited  point  aggregate. 


For,  since  /(»  is  limited,  there  exists  a  number  M  >  0,  such 
that 

Hence 


or  -  M(b  -  d)<SD<M(b  -  a). 

Hence,  the  SD  are  limited. 

Let  ^0=Min^. 

We  show  now  that 

$0  =  lim  SD  ; 

5=0 

that  is,  for  each  e  >  0,  there  exists  a  80,  such  that 

SD  ~S()<e  (1 

for  any  division  D  of  norm  8<8Q. 

Since  SQ  is  a  minimum,  there  exists  a  division  A  of  51  of  norm 
77,  such  that 

^o<^<^o  +  |-  (2 

Let  ??!,  ?72,  ...  r]v  be  the  intervals  of  A.     Let 

S.,'    &^    ^    ••• 
be  the  intervals  df  D  lying  wholly  in  77^  i  —  1,  2,  •••  v  ;  let 

5£,   82,   ••• 
be  the  other  intervals  of  D. 
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We  take  now  8Q  so  small  that 


(3 


for  all  8  <  SQ.     This  is  evidently  possible,  since  A  has  only  v  inter 
vals,  v  being  fixed. 

Let 

MLK  =  Max/,  in  St/c, 

M{  =  Max/,  in  S[. 
Then 


?A+^by3).  (4 

Hence,  from  2),  4), 


^2^ 
or, 

&D  —  $Q  <  €i  &  <  S0.  Q'  E'  D 

492.   Ex.  1. 

«=(0,  1). 
f(x)  —  1  for  rational  points  in  sfl, 

=  0  for  irrational  points  in  %. 

Then, 

SB  =  1,         <?/>  =  0. 
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Ex.  2. 

a=(-.R,  #). 

Let  /(a;)  lie  on  the  circumference  of  the  circle  for  rational 
x,  while  it  lies  on  the   edge  of  the  inscribed  square  for     -MOM 
irrational  x. 

Then  evidently          _ 

|    fdx  =  \  nit2,  area  of  semicircle  ; 
J 


(    fdx  =  fi2,  area  of  half  the  inscribed  square. 
J 


Criteria  for  Integrability 

493.    For  the  limited  function  f(x)  to  be  integrable  in  the  interval 
21,  it  is  necessary  and  sufficient  that 

7*          c 

\   fdx  =  I   fdx. 

It  is  sufficient.     For,  let  D  be  any  division  of  norm  8. 
Then 

Hence 
Summing,  we  get 

By  hypothesis, 

lim  SD  =  lim  SD  =  L,  say. 

S=0  5=0 

Hence 

lim  Js  =  L. 

It  is  necessary.     For,  since  the  integral  J  exists, 

6>0, 


for  any  division  D  of  norm  8  <  8Q. 

Let  77^  be  any  other  point  in  the  subinterval  BK  belonging  to  the 
division  D  just  mentioned. 

We  have  also,  as  in  1), 
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Subtracting  1),  2),  we  have 

,  (3 


for  any  division  of  norm  8  <  8Q. 

On  the  other  hand,  in  each  BK  there  are  points  |K,  77^,  such  that 


-^ 

—  a) 


Multiplying  these  inequalities  by  BK  and  adding,  we  have 


Hence 

This  gives,  using  3), 

Hence 

S—  S<e;    hence  /S=S. 

494.  We  can  state  the  theorem  of  493  a  little  differently  by 
introducing  the  following  definitions.  The  difference  between 
the  maximum  and  minimum  of  a  function  /(V)  in  an  interval  31, 
is  called  the  oscillation  of  f  in  St.  It  cannot  ever  be  negative. 
Let  D  be  any  division  of  St  into  subintervals  8K,  of  length  8K.  Let 
&>«  be  the  oscillation  of/  in  8K.  The  sum 


is  called  the  oscillatory  sum  of /for  the  division  D. 
We  have 

-  m.)  SK  = 
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495.    In  order  that  the  limited  function  f(x)  be  integrable  in  S«>1,  it 
is  necessary  and  sufficient  that 


For,  by  494,  1), 


limfl/=0.  (1 


By  493,  f(x)  is  integrable  when  and  only  when 
lim  SD  =  lira  S^ 

6=0 

or  when  and  only  when 


which  is  1). 

496.    If  f(x)  is  integrable  in  51,  it  is  integrable  in  any  partial 
interval  $8  of  21. 

Let  51  =  (a,  ft),  $  =  («,  /3).     a      a  £  --  1 

Since 

lim  2(*KSK  =  0  (1 

6=0     D 

for  any  system  of  divisions  whose  norm  8  =  0,  let  us  consider  only 
such  divisions  involving  the  points  a,  /3.  Let  Dl  be  the  division 
of  23,  produced  by  D.  Then 

O^So^^Sa)^  (2 

Z>t  D 

since  the  first  sum  contains  only  a  part  of  the  intervals  8  ,  and  co  is 
^0. 
Passing  to  the  limit  in  2),  we  have,  by  1), 

lim  ^o)K8K  =  0. 

6=0      D 

Hence,  f(x)  is  integrable  in  33. 

497.  In  order  that  the  limited  function  f(x)  be  integrable  in  2(,  it 
is  necessary  and  sufficient  that,  for  each  e  >  0,  there  exists  at  least  one 
division  D  for  which 


That  this  condition  is  necessary  follows  at  once  from  495. 


CRITERIA  FOR  INTEGUABILITY  343 

It  is  sufficient.     For,  by  494,  for  the  division  D 


o  o 

But  then,  as  the  figure  shows, 

£0-S0<e; 
or,  by  491, 

ffdx-  f  fdx<€. 
Jn  «Z« 

But  then,  by  87,  5, 

Cfdx=  f  /Hz. 

Jr        J* 

Therefore,  by  493,  f(x)  is  integrable. 

498.  In  order  that  the  limited  function  f(x)  be  integrable  in  21,  it 
is  necessary  and  sufficient  that  for  any  pair  of  positive  numbers  «, 
o-,  there  exists  a  division  D  of  21,  such  that  the  sum^  of  the  subinter- 
vals*  of  D  in  which  the  oscillation  of  J'(x)  is  >&>,  is  «r. 

It  is  necessary.  For,  by  497,  there  exists  a  division  D  for  which 
H/>/  is  as  small  as  we  please,  and  therefore 


Let  the  intervals  of  D  for  which  the  oscillation  of  /  is  ^  w,  be 
denoted  by  DK,  those  for  which  the  oscillation  is  <  w,  by  ^K. 

Then 


This,  with  1),  gives 

Hence 

It  is  sufficient.     For,  having  taken  e>  0  small  at  pleasure,  take 

,  =  __£__,    «  =  ^Z^)'  (2 

where  .     OT 

$f  =  Max/,  ?7i  =  Mm/,         m  21. 

*  For  brevity,  instead  of  <um  of  the  lengths  of  the  subintervals. 
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Then,  by  hypothesis,  there  exists  a  division  D  for  which 

This,  with  2),  gives 


There  is,  therefore,  at  least  one  division  D  for  which 


Then,  by  497,  /  is  integrable  in  21. 

Classes  of  Limited  Integrable  Functions 

499.  If  f(x)  is  continuous  in  the  interval  21,  it  is  integrable  in  21. 
For,  since  /  is  continuous  in  21,  it  is  uniformly  continuous. 

Hence,  by  353,  we  can  divide  21  into  subintervals  of  length  8  >  0, 
such  that  the  oscillation  of  /  in  each  interval  is  <  co,  an  arbitrarily 
small  positive  number.  There  is  thus  no  subinterval  in  which 
the  oscillation  >&>. 

Therefore,  by  498,  /  is  integrable  in  21- 

500.  If  f(x)  is  limited  in  the  interval  21  =  (a,  b)  and  has  only  a 
finite  number  of  points  of  discontinuity  av  «2,  •••  as,  it  is  integrable 

Mt-fe. 

Let  a>,  a-  be  any  pair  of  positive  numbers.     On  either  side  of  the 
points  aK  mark  the  points  a'K,  a'K',  K  =  1,  2, 

•••  s,  as  in  the  figure;  but  such  that  the     '    '  ,  P1  '  „  -  '  ,  "2  '  „  —  > 
0  a  a\      a"         a2      a%     b 

total  length  of  these  little  intervals  is  <<r. 

Since  /  is  continuous  in  (a,  «J),  we  can  divide  it  into  subinter 
vals  such  that  the  oscillation  of  /  in  each  of  them  is  <  co. 
The  same  is  true  of  the  intervals  («{',  a'^),  (a^,  aj),  ••• 
But  this  set  of  subintervals  in  21  gives  a  division  of  21  for  which 
the  sum  of  the  intervals  in  which  the  oscillation  is  >o>  is  <cr. 
Hence,  by  498,  /  is  integrable  in  21. 
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I.\A.  £*>*- 

501.  1.  In  2£3  we  saw  there  were  point  aggregates  having 
derivatives  (not  0  of  course)  of  every  order.  This  leads  us  to 
divide  point  aggregates  into  two  classes  or  species.  The  first 
embraces  all  point  aggregates  whose  derivatives  after  some  order 
vanish.  The  second  embraces  aggregates  having  non-zero  deriva-  J 
tives  of  every  order. 

2.  Let  f(x)  be  limited  in  the  interval  21.     If  its  points  of  discon 
tinuity  form  an  aggregate  A  of  the  first  species,  f  is  integrable  in  21. 

/    /  L  ^ 

We  note  that  the  aggregate  A  in  500-  is  of  order  0. 

We  prove  the  above  theorem  by  complete  induction.     Let  us    ^  ^. 
assume  therefore  that  /is  integrable  when  A  is  of  order  n  —  1,  and  f         *'{** 
show  /  is  integrable  when  A  is  of  order  n.  ^    , 

Since  A  is  of  order  n,  A(re)  embraces  only  a  finite  number  of      C'W 
points,  by  265.     Call  these  fa   .  '  ** 

't         '  * 

ar    av   •••  at.  ^  *   (  . 

Hi 

As  in  500,  we  can  inclose  them  in  little  intervals  (a{,  a['~)  •••       f   ki 

The  points  of  discontinuity  in  the  intervals 

* 


form  an  aggregate  of  order  n  —  1.     Hence,  by  hypothesis,  /(z)  is 
integrable  in  21^  212>  ••• 

Then  each  interval  21K  can  be  divided  into  subintervals  by  498, 
so  that  the  sum  of  the  intervals  in  which  the  oscillation  of  /  is  >  CD 
is  as  small  as  we  please.  As  in  500,  the  totality  of  these  little  sub- 
intervals  furnishes  a  division  of  2t  for  which  the  sum  of  the  inter 
vals  in  which  the  oscillation  is  >co  is  <<r,  an  arbitrarily  small 
number.  Then,  by  498,  f(x)  is  integrable  in  21. 

502.  Let  f(x)  be  limited  and  monotone  in  21  ;  then  f(x)  is  inte 
grable  in  21. 

If  f(x)  is  constant,  the  theorem  is  obvious.  We  may  therefore 
exclude  this  case.  We  show  that  for  each  e>0  there  exists  a 
division  D  for  which 


e. 

Then,  by  497,  /  is  integrable. 
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To  fix  the  ideas,  suppose  /(#)  is  increasing.     Let  us  divide  2( 
into  equal  intervals  of  length 


Then 


<e,  byl). 

503.    Example. 
For 


let 


Let 


n  =  0,  1,  2,  3, 

/(O)  =  0. 


JFT; 


(1 


Here /is  monotone  increasing  and  limited  in  the  interval  91  =  (0,  1).  It  is  there 
fore  integrable  in  %  It  has  an  infinite  number  of  points  of  discontinuity,  viz.  the 
points 

X--.  71  =  1,2,    ... 


Properties  of  Integrable  Functions 
504.    Iff^z))  •••  fs(oi)  are  limited  and  integrable  in  the  interval  51. 

-Then  ^(^)  =  c\f\  H h  csff,         c's  constants, 

is  integrable  in  2(,  and 


For, 

Passing  to  the  limit,  we  get  1). 

505.    If  f(x),  g(x)  are  limited  and  integrable  in  51, 


is  mtegraole  in  St. 
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1.  Suppose  first  that  f(x),  g(x)  are  >  0  and  <  M  in  21.     Let  D 
be  any  division  of  21.     Let  8K  be  one  of  the  subintervals.     Let 

Oh,    Of,    Og 

be  the  oscillations  of  A(af),  /(a;),  #(#)  in  SK. 
Let 

-F,  /, 


be  the  maximum  and  minimum  of  /(a;)  and  g(x)  respectively  in 

t 

Then 


<  ^07  +  If  0,,. 
Hence 


Since  for  8=0, 

lira  O0/=  0,  lim  £lDg  =  0, 

we  have 

lim  IVi  =  0. 

Hence,  by  495,  A(z)  is  integrable  in  21. 

2.  If  /(a:),  g(x)  are  not  positive,  we  can  add  the  positive  num 
bers  «,  j3  to  them  so  that 


are  positive,  and  by  504,  integrable. 
Then 


Hence 


Each  term  on  the  right  side  of  1)  is  integrable  by  what  precedes 
Hence  f(x)g(x)  is. 
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506.    In  the  interval  21  let 


where  A,  B  are  both  positive  or  both  negative  numbers.     If  f(x)  is 
integrable  in  21,  so  is 


To  fix  the  ideas,  suppose  A,  B  are  positive.     Using  the  notation 
of  505, 


f     F~     fF          A* 
Hence 


. 

As  f(x)  is  integrable, 

lira  Q,Df=  0. 

8=0 

Hence  g(x)  is  also  integrable,  by  1)  and  495. 
507.    If  f(x)  is  limited  and  integrable  in  21,  so  is 


For,  using  the  notation  of  505, 

o, 

obviously.     Therefore 

As 
/7(«)  is  integrable  by  495. 

508.  In  501,  503  we  have  met  with  integrable  functions  which 
have  an  infinite  number  of  discontinuities  in  21.  There  is,  how 
ever,  a  limit  to  the  discontinuity  of  a  function  beyond  which  it 
ceases  to  be  integrable,  viz.  : 
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If  the  limited  function  f(x)  is  integrate  in  the  interval  21,  there 
are  an  infinity  of  points  in  any  partial  interval  $8  of  21,  at  which  f 
is  continuous. 

Let  &>1>G>2>"-be  positive  and  =0.  By  498  there  exists  ti 
division  such  that  the  sura  of  the  intervals  in  which  the  oscilla 
tion  of  /  is  >  &>!  is  <  a:  Thus,  if  a-  be  taken  less  than  33,  there  is 
at  least  one  subinterval  within  SB,  call  it  ®r  in  which  the  oscillation 
is  <wr  Similarly,  there  is  an  interval  332  within  $v  in  which  the 
oscillation  of/  is  <«2.  Continuing  this  way,  we  can  get  a  sequence 
of  intervals 

®,    «1,    ®8'    -  C1 

each  contained  within  the  preceding,  whose  lengths  =  0.  Then, 
by  127,  2,  the  sequence  1)  defines  a  point  c  within  33,  such  that  for 
every  point  x  in  -Z)(c)> 

\f(x)—  /(c)  <eo.          co  arbitrarily  small. 

Thus  $  contains  at  least  one  point  c,  at  which  /(#)  is  continuous. 
It  therefore  contains  an  infinity  of  such  points. 

Functions  with  Limited  Variation 

509.  An  important  class  of  limited  integrable  functions  is 
formed  by  functions  with  limited  variation,  which  we  now  consider. 

Let  f(x}  be  defined  over  the  interval  21  =  («,  &)• 
Let  D  be  a  division  of  21  of  norm  B;  let  Bv  82,  •••  be  the  sub- 
intervals  of  21  corresponding  to  this  division. 

Let  o)K  denote  the  oscillation  of  f(x)  in  BK.     Let  us  form  the  sum 

0)D=  2<WK. 

If 

CD  =  Max  WD 

is  finite  for  all  possible  divisions  D,  we  say/(V)  is  a  function  with 
limited  variation,  or  that  f(x)  has  a  limited  variation  in  21. 

We  call  fi>  the  variation  of  f(x)  in  21.  If  &  is  infinite,  we  say 
f(x)  has  unlimited  variation  in  21.  If  f(x)  is  unlimited  in  2t,  it 
cannot  be  a  function  with  limited  variation  in  21- 
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510.    Let  D  =  (a1a2.-.)  be  a  division  of  21.     Let  us  form  a  new 
division  A  by  interpolating  a  point  a  between  a^,  aL. 
Then  £t  falls  into  two  intervals  <$[,  B('  in  A. 


be  the  maximum  of  /  in       &t,     S[,     8", 
and  let  m^    m[,    m('  , 

be  the  minimum  of  /  in  these  intervals. 
Then  the  term 

(Di  —  ML  —  mt 
in  O)D  is  replaced  by 


in  «A.     Now  at  least  one  of  the  M(,  M('  equals  M^  ;  and  at  least 
one  of  the  m(',  m(  equals  mL.     To  fix  the  ideas,  let 


Then 


[')  —  ^  =  ^['  —  w[  ^  0. 


(1 


511.    1.  £e£  /(a:)  5e  a  limited  monotone  function  in  21.      _Zi 
limited  variation  in  21. 

To  fix  the  ideas,  let  it  be  monotone  increasing.     Then 


Thus,  whatever  division  D  is  employed,  w^  has  the  same  value. 
Hence 


2. 

Letf(x)  be  monotone  and  limited  in  each  interval  21K.  Then/  has 
limited  variation  in  21. 

For,  we  get  the  maximum  value  of  WD  when  D  embraces  all  the 
end  points  of  the  intervals  2IK.  In  fact,  let  D  be  a  division  which 
does  not  include  one  of  these  end  points,  say  «,  which  lies  in  the 
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interval  8L.     Let  A  be  a  division  formed  by  adding  a  to  D.     Then, 
by  510, 1), 

If,  on  the  other  hand,  D  is  a  division  including  all  the  end 
points  of  21  r  212,  •••  we  cannot  increase  o»D  by  adding  other  points 
to  D,  as  we  saw  in  1.  Thus  the  variation  of  f(x)  in  21  is  the  sum 
of  the  variations  in  each  2L.-  As  these  latter  are  finite  by  1,  /  is 
of  limited  variation  in  21- 

512.  1.  It  is  easy  to  construct  functions  having  an  infinite 
number  of  oscillations  in  21,  which  are  of  limited  or  unlimited 
variation. 

Let  b  >  1,  and  in  21  =  (0,  6)  take  the 
aggregate  i     l     1     i 

*1     2'     31     V 

Let  the  line  OL  make  the  angle  45° 
with  the  z-axis.     Between  each  pair  of    6 
points  1  -• 


m 


take  a  point  am. 

Let  /(a?)  have  the  graph  formed  of  the  heavy  lines  in  the  figure. 
Let 


Then 


As  we  shall  see  later,  the  limit  of  the  expression  on  the  right  is 
infinite. 

Hence  f(x)  is  of  unlimited  variation. 

2.  To  form  a  function  having  limited 
variation,  take  the  parabola, 


instead  of   the  right  line  OL  in  the 
last  example. 
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Then 


But  as  we  shall  see,  the  limit  of  the  right  side  is  here  finite. 
Hence  f(x)  is  of  limited  variation. 

3.  Similar  considerations  show  that 


y  =  x  sin-, 


has  unlimited  variation  in  (0,  6)  ;  while 

y  =  x2  sin  -,  x^  0  ;         y  =  0  for  x  =  0 


has  limited  variation  in  (0,  5). 

513.    Iff(x)  has  limited  variation  in  51,  it  is  integraUe  in  51. 

We  apply  the  criterion  of  498.  Let  then,  o>,  <r  be  an  arbitrary 
pair  of  positive  numbers.  Let  D  be  a  division  of  norm  S.  Let 
v  be  the  number  of  subintervals  in  which  the  oscillation  of  f(z) 
is  >  o).  Then,  for  any  division  whatever, 


where  &  is  the  total  variation  of/  in  51. 

Let 

&) 

?  =  -; 
then 

v<p. 
^hen  t 
oscillation  of /is  ^to  is 


Let  us  take  £<-•     Then  the  sum  of  the  intervals  in  which  the 


<vS<pS<cr. 


C  1  2-  Content  of  Point  Aggregates 

r 

514.  1.  Let  A  be  a  point  aggregate  lying  in  the  interval  St. 
For  example,  A  may  be  the  interval  51  itself.  Or  it  may  consist 
of  a  certain  number  of  partial  intervals  of  51.  Or  it  may  embrace 
an  infinity  of  subintervals  with  or  without  their  end  points  after 
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_x  f7  '  ^ 
the  manner  of  Ex.   7,  8  in  21~^    Or  it  may  consist  of  a  mixed 


system  of  intervals  and  points  not  forming  intervals. 
Let  us  effect  a  division  D  of  51  into  subintervals 


as  heretofore. 

Let  Si,    %.    "'  0- 

be  those  intervals  of  D  in  which  points  of  A  fall.     Let 

81',   $',   -  (2 

be  those  intervals  of  D,  all  of  whose  points  lie  in  A. 

Then 

A  =  lim2^,         A  =  limSa^' 

6=0  «=0 

exist  and  are  finite. 

In  fact,  let  us  introduce  an  auxiliary  function  /(»)  whose  value 
is  0  in  51,  except  at  the  points  of  A,  where  its  value  is  1. 

Then  evidently,  using  the  notation  and  results  of  490,  491,  A,  3  3  7, 


since  MK  =  1  if  &K  is  in  1),  but  is  otherwise  0. 
28i/  =  2wA  =  S* 

since  mK  =  1  if  8,  is  in  2),  but  is  otherwise  0. 

Hence 

A  =  iSr,         A  =  £. 

2.  The  numbers  A,  A  are  called  the  upper  arid  lower  content  of  A. 
When  A  =  A, 

their  common  value  is  called  the  content  of  A.     We  denote  it  by 

Cont  A, 

or  when  no  confusion  can  arise,  by  A. 

The  upper  and  lower  contents  may  be  denoted  by 


A  =  Cont  A,         A  =  Cont  A. 
A  limited  point  aggregate  having  content  is  said  to  be  measurable. 
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515.  Let  53  be  a  partial  aggregate  of  21.  Let  G  =  21  —  $  be  the 
complementary  aggregate.  7/21  and  53  are  measurable,  so  is  g,  and 

Cont  G  =  Cont  21  -  Cont  53.  (1 

For,  let^Z>  be  a  division  of  norm  B.  Let  $  be  the  frontier  of  53. 
Let  SLj,  53/),  ($£,  g^  be  the  sum  of  the  intervals  of  D  containing 
points  of  81,  23,  6,  $,  respectively.  Let  2lfl,  23^,  &D  be  the  sum  of 
the  intervals  which  lie  wholly  in  51,  53,  6,  respectively. 

Then 

fz>,  (2 


since  some  of  the  intervals  of  D  may  contain  both  points  of  53 
and  (£,  and  are  therefore  counted  twice  on  the  middle  member  of  2). 
Similarly, 

a/,  =.®/>  +  i^  ?,-&,-  (3 

Passing  to  the  limit,  8  =  0,  in  2),  3),  we  get 


But  1  =  1=  Cont  21,         53  =  $ 

Hence 

I  =  6  ;=  Cont  21  -  Cont  53, 
which  gives  1). 

516.    1.  By  the  aid  of  the  auxiliary  function  f(x)  introduced  in 
514,  1,  the  criteria  for  integrability  which  we  deduced  in  495,  497 
give  at  once  criteria  that  A  have  a  content.     Thus  495  gives  :  ^"b 
In  order  that  A  have  content,  it  is  necessary  and  sufficient  that  the 
sum  of  those  intervals  containing  both  points  of  A  and  point*  nut  in 
^A,  converge  to  zero,  as  the  norm  8  of  D  converges  to  zero. 

2.  From  497  we  have  : 

In  order  that  A  have  content,  it  is  necessary  and  sufficient  that  for 
each  positive  number  e  there  exists  a  division  D  of  21,  such  that  the 
sum  of  the  intervals  in  which  both  points  of  A  and  not  of  A  occur, 
is  <e. 
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EXAMPLES 

C 
517.   1.  A  =  rational  numbers  in  51  =  («,  b). 

A  =  b  -  a,     A  =  0. 


2-                                            A  —  0,  1,  £,  |,  £,  •••           -5-*5 

f 

M      ^ 

Let  e  >  0  be  arbitrarily  small. 

^a 

Let  us  define  the  division  D  as  follows.     Inclose  each  of  the  points 

^  V 
Nj 

11              1 

*'   2'   3'         n-1 

within  intervals  of  length 

e 

i       V*          ^                         ^' 

l> 

wllCrG                      "^   ^"^          ••     ~_                                                                                            A                   i  A                       ^t 

twV/V^  uv 

V^                     ^3                \    j  j      W~    l^tv»'>%^ 

W       V^E>\VJ 

-     -     — «    <>n      a^.  ^  y.  .                                              ,         *_ri                   - 

a  <-^  L>.»»  '      wVtrv^l  x-xn^^vvf 

The  remaining  points  of  A  fall  in  the  interval  ^       ^      ^    i    .  fc 

I*  h 


Then  the  sum  of  the  intervals  containing  both  points  in  A  and  not  in  A  is  <e. 

Hence,  by  516,  2,  A  has  a  content. 

As  obviously  A  =  Q)  Urc    tV\     PVVNX,      £ 

wehave  .        ContA  =  0.     ^  ^    O  ^/1( 

'  P»v\  ^          ^.  .     . 

If  E  is  the  complement  of  A  in  51, 

<J    . 
Cont  E  =  Cont  51  =  (b  -  a),  -  <j 

, 

(Y\      s^i^ 

518.   1.  A  point  aggregate  of  content  zero  is  called  discrete. 

Such  an  aggregate  is  given  in  517,  Ex.  2. . 

Every  limited  point  aggregate  of  the  first  species  is  discrete,       k  ">  ^ 

The  reasoning  is  perfectly  analogous  to  that  of  501.  '•£     'irr',  „* 

C  tl  »• 

2.  Ze£  /(V)  5g  limited  in  the  interval  3t.     If  the  points  of  discon-  '  f^/x 

titniitji  of  f(_x)  form  a  discrete  aggregate,  f(x)  is  integrable  in  St. 
This  follows  at  once  from  497. 

3.  Let  y—f(x)  ~be  univariant  in  31.     Let 

<M,   if  &z<d. 
- 
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Let  A  be  a  discrete  aggregate  in  21.  The  image  E  of  A  is  also 
discrete. 

Let  us  effect  a  division  of  21  of  norm  8  <  d. 

Let  Sj,  82,  •••  be  the  subintervals  containing  points  of  A.  Let 
7/j,  772,  •••  be  the  corresponding  intervals  on  the  ;z/-axis.  Then,  by 
Hypothesis, 


Thus  s^jra..  d 

But  A  being  discrete,  we  can  take  8  so  small  that  the  right  side 
of  1)  is  <  e. 

Hence  E  is  discrete. 


Generalized  Definition  of  an  Integral 

519.  Up  to  the  present  we  have  supposed  that  the  integrand  /(#) 
is  defined  for  all  the  points  of  the  interval  21=  (a,  6).  By  employ 
ing  the  results  of  the  last  articles,  we  can  generalize  as  follows  : 

Let  33  be  a  measurable  aggregate  in  21,  and  let  /(#)  be  a  limited 
function  denned  over  33.  Let  us  effect  a  division 


of  21  of  norm  8. 

Those  intervals 

(*Hi  v)'   (*4i  <Vi)-  (1 

all  of  whose  points  lie  in  33,  form  a  system  which  we  denote  by  Dv 
The  lengths  of  the  intervals  1)  we  denote  by  £J,  8£,  •••;  while 

fi,  £2,  •••  are  points  taken  at  pleasure,  one  in  each  interval  of  1). 
Let  us  build  the  sum 


If  as  8  =  0,  Js  converges  to  one  and  the  same  value,  however  the 
divisions  D  and  the  £'s  be  chosen,  we  call  this  common  limit  the 
integral  of  f(x)  over  33,  and  denote  it  by 


We  say  in  this  case  that  f(x)  is  integrable  with  respect  to  33- 
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520.    Let  /(#)  be  a  limited  function  defined  over  a  limited  point 
aggregate  33  of  content  zero.      Then  f(x)  is  integrable  over  33?  and 


Let 


have  the  same  meaning  as  in  519. 
Since  f  is  limited,  let 

\f(x)\<M. 
Then 


Since  33  is  of  content  zero, 

lim  28'  =  0. 
«=o 

Hence 

lim  J&  =  0, 

6=0 

which  proves  the  theorem. 

521.  1.  Let  f(x}  be  a  limited  integrable  function  defined  over  the 
measurable  aggregate  33.     Let  the  interval  21  =  (a,  5)  contain  33. 

g(x)  =  f(x),         in  SB; 

=  0,        for  points  of  21  not  in  $8. 
Then  g(x}  is  integrable  in  (a,  J),  and 


Let  us  effect  the  division  D  of  21  as  in  519. 

As  before,  let  Dl  be  the  system  of  intervals  lying  in  33.  Let  D2 
be  the  system  of  intervals  containing  no  point  of  33.  Let  A  be  the 
system  of  intervals  containing  both  points  of  33  and  points  not  in  33. 

We  build  now  the  sum 


with  reference  to  the  interval  21- 
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Since 

D  =  D1  +  X»2-f  A, 

we  have 


+  J-ffUJS.  +  ^(m-  (2 

Since  #O)  =  0  in  Z>2,  the  second  sum  in  2)  is  0.     Since 

f(x)=g(x) 

in  Dv  we  have  now 

t-  (3 


Now,  by  hypothesis,  /  is  integrable  in  33,  and 


On  the  other  hand, 

by  516  and  520. 

Hence,  passing  to  the  limit,  8=0,  in  3),  we  have  1). 

2.   The  reasoning  in  1  gives  as  corollary  : 

If  f(x)  is  limited  in  33,  and  g(x)  is  integrable  in  21,  then  f(x)  is 
integrable  in  33,  and 

\  g(x)dx  =  C  f(x)dx. 
•/•  ./SB 

This  is  at  once  evident,  on  passing  to  the  limit  in  3). 


3-  Let  f(x)  be  limited  in  21  =  (a,  5).  Ze£  A  be  a  discrete  aggre 
gate  in  21.  Let  $  =  21  -  A.  Zee  /(»  6e  integrable  in  $.  Then 
f(x)  is  integrable  in  21,  and 

Cb  C 

\    fdx=  I  fdx. 

Ja  JSQ 

The  demonstration  is  similar  to  1,  omitting  the  system  _Z>2. 

522.  1.  Let  f(x)  be  a  limited  integrable  function  with,  respect  to 
the  measurable  aggregate  33,  lying  in  the  interval  31  =  (a,  b).  Let 
D  =  (ap  a2,  ...  an_a)  be  a  division  of  21  of  norm  8.  Let 
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be  resulting  intervals  formed  of  one  or  several  contiguous  intervals  of 
_Z>,  lying  in  33-      Then 

Let  us  introduce  the  auxiliary  function  g(x)  of  521.     Then,  by 
521, 

c          cb 

fdx=       gdx. 

JSQ  ,/« 

Now  the  division  D  breaks  51  up  into  the  intervals 
(a,  aj),  (flj,  a2),  («2,  a8),  •••  («B_i,  ft). 
Letting  Dr  Z>2,  A  have  the  same  meaning  as  in  521,  we  have 


But 
while 

since  g  =  0  in  the  intervals  of  D2 
Thus, 

Now,  if 
we  have,  by  489,  4, 


But  since  53  is  measurable, 


lim  A  =  0. 

6=0 


Hence  the  second  term   on  the   right  of  2)  has  the  limit  0. 
Hence,  passing  to  the  limit  in  2),  we  get  1). 
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2.  The  preceding  reasoning  gives  the  corollary : 

If  f(x)  is  limited  in  23  and  integrable  in  each  of  the  intervals 
(«K,  /3K),  and  V  j    Kfdx  is  convergent  as  &=  0,  then 

/»  ^  r&K 

-         Tfinp  1 1  r\~\      ^       I  T/~) '/v 

i    y  ax  —  luu  / ,  i     jdx. 

JlQ  5=0    ^Ja.K 

This  is  evident  on  passing  to  the  limit  in  2). 

3.  Let  f(x)  be  limited  in  21=  (a,  5).     _Z/e£  A  be  a  discrete  aggre 
gate  in  21.     £e£  23  =  21  -  A.      Then 


Xfdx  =  lim  V  I    "fdx, 
5=0  JaK 

provided  the  limit  on  the  right  is  finite. 
For,  by  2, 

lim  V  I    */rfa;  =  f  fdx. 

5=o    ^^«a  «^5B 

But,  by  521,  3, 

\  fdx  =  \  fdx. 

J%  Ja 


CHAPTER   XIII 
PROPER  INTEGRALS 

First  Properties 

523.  In  the  last  chapter  the  integrand  /(V),  as  well  as   the 
interval  of  integration  21,  were  limited.     Integrals  for  which  this 
is  the  case  are  called  proper  integrals,  in  contradistinction  to  those 
in  which  either  f(x)  or  21  is  unlimited.     These  latter  are  called 
improper  integrals. 

In  this  chapter  we  consider  only  proper  integrals.  We  wish  to 
establish  their  more  elementary  properties. 

In  21  =  (a,  £),  we  shall  take  a<6,  unless  the  contrary  is  stated. 
All  the  functions  employed  as  integrands  are  supposed  to  be  limited 
and  integrable  in  21- 

524.  For  the  sake  of  completeness,  we  begin  by  stating  the  three 
following  properties  already  established   respectively  in  489,  2 ; 
489,  4 ;  504,  viz.  : 

jT*ft»<fc  =  -  j^/(ar)(fo,  a  <  b.  (1 

\ff(*)dx\<M\b-a\,       a^b,  (2 

|/(z)|  being  <  M in  the  interval  (a,  b). 

f  \cl.fl  +  -  +  ctft\dx  =  cl  fbfdx+-  +  ct  Cfsdx,      a^b.    (3 

c/o  %/a  +J a 

525.  Let  a,  6,  c,  be  three  points  in  any  order.      Then 

/•&  fc  /»& 

I  fdx=   I  fdx+   I  fdx.  (1 

*/a  «/a  «/c 

361 
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Suppose  first  that  a  <  c  <  b.     Since 


is  the  same,  whatever  system  of  division  D  we  choose,  let  us  con 
sider  only  such  divisions  in  which  c  enters.     The  points  of  D  which 
fall  in  (a,  <?),  let  us  call  J)1  ;  those  falling  in  (c,  6),  call  .Z>2. 
Then 

=  2  fSK  +  2  A-  (2 

* 


K 

*       /> 


Now  f(x)  being  integrable  in  2t,  is  integrable  in  (a,  c)  and 

,  5),  by  496. 

Hence,  passing  to  the  limit  in  2),  we  get  1). 

The  theorem  is  now  readily  established  for  any  other  order  of 


526.    1.  In  21  =  (a,  6), 


HenCe 
or 

Passing  to  the  limit,  8  =  0,  we  get  1) 
2.  7w  21  Zee 


^  (2 

For, 

AO)  =  /(»)  -  ^(«)  >  °'         in  9t- 
Hence,  by  1), 

I  7ic?^  =    I  fdx  —  I  o'c?^  \  0, 

J«         Jsi-7        JIT 

which  gives  2). 
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527.  1.  We  saw  in  508  that,  if  /<V)  is  integrable  in  21,  it  must 
have  points  of  continuity  c,  in  any  subinterval  of  2t.  This  fact 
leads  us  to  state  the  following  theorem  : 

Letf(x)>  0  in  21.     Iffi*  continuous  at  c,  and/O)>0,  then 


To  fix  the  ideas,  suppose  c  is  an  inner  point.     Then  by  351,  2, 
there  exists  an  interval  (V,  c")  about  c,  in  which  f(x)  >  p  >  0. 
Hence  by  526, 


^Q,     C'fdx^ptci'-c'  ~)  =  <r,      C 

«/  c- 


2.  As  corollary  we  have  : 

Letf(x)  ^ff(x)  ^  21.      If  at  a  point  c  of  continuity  off  and  g, 
>  then  c 

I    fdx>  I  gdx. 

Jr       ^ 

3.  By  means  of  the  preceding  inequalities,  we  can  often  estimate 
approximately  the  value  of  an  integral  with  little  labor,  as  the 
following  examples  show. 

Ex.1.  .6<f*—  ^=<.5236,         »>2.  (1 

Jo   Vl  -  x" 

For,  ifO<x<l,  !  i 

1  <-.  :<• 


Hence  * 

which  gives  1). 

Ex-  2.  j-g-x*  <  f  *  g-u^u  <  arctg  x,        x  >  0.  (2 

For  by  413,  2, 


*  In  order  to  illustrate  these  and  a  few  immediately  following  theorems  we  assume  the 
elementary  properties  of  indefinite  integrals,  which  are  treated  m  536  seq. 
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Hence  ez >  1  -f  z         2  >0 

Thus  , 

6-  <«-•'<-_ L-          itO<u<x. 
Hence,  x  being  a  constant, 

Cx      2          Cx  /**    ft 

which  gives  2).  °  ^°  J  + y2' 

528.    1.  Letf(x)  be  limited  and  integrable  in  21;  ^Aew  Ifr^l  is 
integrable  in  21,  aw6? 


In  the  first  place,  |/|  is  integrable  by  507. 
On  the  other  hand, 


The  relation  1)  follows  now  by  526. 

2    The  reader  should  guard  against  the  error  of  assuming  that 
/<>)  is  necessarily  integrable  in  21  if  \f(x)\  is  integrable  in  21. 
i  or  example,  let 

/O)  =  1  for  rational  x  in  21, 

=  —  1  for  irrational  x  in  21. 
Then 

[/(*)  I  =  1»         for  every  x  in  21, 

and  is  therefore  integrable  in  21-     But/(*)  is  obviously  not  inte 
grable  in  21. 

529.    1.  7w2C  =  O,  *),  let 


When  not  zero,  let  f(x)  be  positive.     Then 

mS^dx^S^x<M^dx.  \  (2 

For,  multiplying  1)  by  f(x\  we  have 

We  have  now  2)  by  526. 
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2.  In  21  let  /(V>>0.     Let  m<g(x)<M.     At  a  point  c  of  con 
tinuity  0//O),  g(x\  let 

/(c)>0,         m<g(c)<M. 
TTien 


We  have  only  to  apply  527,  1  to  the  functions 
(M-g^f   and    (<7-m)/. 

Ex.  1.  C*  dx  arcsin 

arc  smx<  \    —  —  =  <  — 

Jo   Vl  -  a;2  .  1  -  Xx2      Vl  - 

where  0<X<1,    0<z<l. 


Vl  -  Xx2     Vl  -x 
Hence 


dx 


i  -  x2Vi^^x72    vi  -  x 

which  gives  3). 

Ex.2.  .333<  r1xV2cZx<.907.  (4 

For,  if  0<x<l, 

1  <  e*2  <  e. 
Hence 

C1x2fZx<  ('1xVV?x<e  £*«*&, 
Jo  Jo  Jo 

which  gives  4). 

530     1.  Let  f(x)  =  g(x}  in  21,  except  for  the  points  of  a  discrete 
aggregate  A  ;  then  /,  g  being  limited  and  integrable, 


For'set  K^)=/(^)-^). 

Then  h  =  0,  except  for  the  points  of  A. 

Let  D  be  a  division  of  2t.     Let  D1  embrace  those  intervals  con 
taining  no  points  of  A.     Let  D2  embrace  the  other  intervals  of  D, 
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Let  now  8=0.     The  limit  of  the  left  side  is 

I  hdx.     • 
•Jf 

Since  A  is  discrete,  the  limit  of  the  right  side  is  0  by  520.     Hence 


which  proves  1). 

2.  As  a  corollary  we  have  : 
In  the  integral 


we  may  change  at  pleasure  the  value  of  f(x)  at  the  points  of  an 
arbitrary  discrete  aggregate,  without  changing  the  value  of  J,  pro 
vided  the  new  integrand  is  also  limited  in  21. 

First  Theorem  of  the  Mean 

531.    Let  f(x),  g(x)  be    limited   and   integrable   in   $  =  (a,  b). 
When  not  0,  let  f(x)  be  positive. 
Then 


a  =  Mean^(rr),         in  St. 
For,  by  definition,  268,  4, 

m  <  &  <  M, 

where  m  and  M  are  respectively  the  minimum  and  maximum  of 
g(x)  in  51.     Also,  by  529, 

m  Cfdx<  Cfgdx<MCfdx,         a<b, 

^21  c/2t  Jgt 

which  gives  1)  in  this  case.     The  case  of  a  >  b  follows  now  at 
once.  »• 

The  above  is  called  the  first  theorem  of  the  mean.     We  give  now 
some  special  cases  of  it. 
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532.    Letf(x)  be  integrable  in  21  =  (a,  b~).     Let 

9ft  =  Mean/(V),         in  51- 
Then 


Proved,  by  taking  one  of  the  functions  in  531,  equal  to  1. 

533.    In  the  interval  21  =  (a,  6),  te£  f(x)  be  limited,  integrable, 
and  non  negative.     Let  g(x)  be  continuous.      Then 


=g(ft  ffdz, 

«/3l 

For,  by  531,  setting  G-  =  Mean^(x), 

Cfadx=  a  ffdx. 
Ja  ^21 

But  g(x)  being  continuous,  takes  on  every  value  between  its 
extremes  including  end  values,  while  x  runs  over  21,  by  357.  Hence 
for  some  £  in  21, 

which  proves  1). 

534.  In  the  interval  21  =  (a,  b)  let  f(x)  be  limited,  integrable  and 
non  negative.  Let  g(x)  be  continuous.  At  some  point  of  continuity 

o//O)  let 

m<g(x)<M, 

where  m  =  Min^(x),  M=  Max#(V),  in  21. 
Then 


For,  by  527,  2, 

m  Cfdx<  Cfgdx<M(fdx. 
J  21  •'»  «^2l 

Hence, 

f/<7^a;  =  (7  ffdx,         m<G<M. 
4/21  ^/a 
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Now  g(x)  being  continuous  takes  on  its  minimum  m  at  some 
point  «,  and  its  maximum  at  some  point  /3  in  21,  by  357.  More 
over,  at  some  point  £  in  the  interval  (a,  /3),  g(x)  must  take  on  the 
value  Gr.  As  g(x)  has  the  values  m  and  M  at  the  end  points  of 
this  interval,  £  must  lie  within  this  interval.  Hence 


535.    Letf(x~)  be  continuous  in  21  =  (a,  5).      Then 


This  is  a  corollary  of  534,  one  of  the  functions  being  1,  provided 
f(x)  is  not  a  constant,  when  the  theorem 
is  obviously  true. 

This  theorem  admits  a  simple  geo 
metric  interpretation.  It  states  that 
there  is  a  point  £,  a<|;<5,  such  that 
the  area  of  the  rectangle  ABC'  D'  is  the 
same  as  that  of  the  figure  ABCD,  determined  by  the  graph  of  f(x). 


TJie  Integral  considered  as  a  Function  of  its  Upper  Limit 

536.    Letf(x}  be  limited  and  integrable  in  21  =  (a,  b).      Then 

fm 
F(x)  =  I  f(x\dx,         a,  x  in  21, 

*/a 

is  a  one-valued  continuous  function  of  x  in  21. 

Since  f(x)  is  integrable  in  21,  F  has  one,  and  only  one,  value  for 
every  x. 

Let  \f(x)\<M. 

We  have 

&F=F(x  +  K)-F(x)=  fX+*f(x)dx-  fXf(x)dx=  {*+hf(x)dx. 

•/a  t/a  »/.r 

HenCG  by  524,  2). 
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Thus  if  we  take  x  .   e 

'<*' 
we  have  |AJj<e, 

for  every  A,  such  that  x  +  h  falls  in  2(,  and 


Hence  -F(z)  is  continuous  in  21. 

537.    1.  Letf(x)  be  limited  and  integrable  in  21  =  (a,  b~).     Let 

f»x 

J(x)  =   I  f(x)dx,         «,  x  in  21. 

»/a 


is  continuous  at  x,         ,  T 

^=f<».  a 

ax 

To  fix  the  ideas,  let 

h<b. 

.  •>• 

/'•r+/t        T-1"        /»^+* 
=  I       -I    =1 

•/a  «/a  «/x 

=  7i9K,     by  532, 

where  90Z  =  Mean  f(x)  in  (a;,  a;  +  Ji). 
But  since  /(#)  is  continuous  at  #, 

2W  =  /(^)+77,         H<e, 
for  any  h  <  some  B. 

Hence  Ae7      /..  -, 

-r-=/(^)  +  ^ 

Ax 

Passing  to  the  limit,  we  get  1). 

2.  As  a  corollary  we  have  : 

Letf(x}  be  limited  and  integrable  in  21  =  (a,  i).      Then 

lim-  r+hf(x~)dx  =/O),         a:  »ro  21,  (2 


(f/  Z8  continuous  at  the  point  x. 
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538.    1.  In  the  interval  21,  letf(x)  be  a  limited  integrable  function. 
Let  F(oc)  be  a  one-valued  function  whose  derivative  isf(x).      Then 

£fdx  =  F(J3)  -  F(a)  .         «,  /3  in  21.  (1 

For,  let  .£>  =  («!,  «2,  •••  an_^)  be  a  division  of  the  interval  (a,  /3). 
Then  by  the  Law  of  the  Mean, 


2, 

\A 

Sra. 
Adding  the  equations  2),  we  get,  since  terms  on  the  left  cancel 

Pairs<  *X/3)-JW 

Since  f(x)  is  integrable, 


6=0 

Passing  therefore  to  the  limit  in  3),  we  get  1). 

2.   Example.     By  differentiation  we  verify 

£   _  %  —  X  arctg  (X  tan  a:)  _  1 

1  -  X2  ,  .  1  +  X2tan2a;' 

for  |\|  ^tl  and  a;  =£  (2m  +  l)7r/2.     Hence  by  538,  1, 

<fa          _  X  -  X  arctg  (X  tan  a:) 
" 


1  \  o  '  v  ""*"•  "^  ^~^  —  *  I         ^t         * 

The  integrand  is  not  defined  for  x  =  w/2  ;  let  us  therefore  assign  it  the  value  0. 
The  integral  on  the  left  is  continuous,  by  536.     Hence 

j*7^2  =  L  lim  C*  =  L  lim  X  ~  X  arc  tg  CX  tan  x\ 
or 

(4 


As  we  have  derived  this  formula  we  have  been  obliged  to  assume  |  X  |  =£  1      It 
is,  however,  valid  even  when  |  X  |  =  1.     For, 


_2         4 
which  agrees  with  4)  when  |X|  =  1. 
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539.    Criticism.     A  common  form  of  demonstration  of  the  pre 
ceding  theorem  is  the  following.     Since 


ft=o  n 

we  have 


*  ^  n          F(x  +  A)  —  F(x)      ff  ,        , 
e>0,          S>0,  —^—         ^=/(V)-f-e', 

for  |A|<8.     The  equations  2)  of  538  are  now  written 


Adding,  we  get 


If  e  is  numerically  the  greatest  of  the  eK, 

<  e2AK  =  e(/3  -a),          /3>  a. 


It  is  now  assumed  that  e  ==  0  with  8.  Hence  passing  to  the  limit, 
8  =  0,  1)  gives  538,  1). 

The  objection  to  this  demonstration  lies  in  the  tacit  assumption 
that  the  difference  quotient  converges  uniformly  to  the  derivative. 
Cf.  404.  In  other  words,  that  it  is  possible  to  divide  the  interval 
(«,  /?)  into  subintervals  hv  A2,  •••  hn  such  that  er  e2,  •••  en  are  all 
<  <7,  a  positive  number,  small  at  pleasure.  As  elementary  text 
books  say  nothing  of  uniform  convergence,  the  above  reasoning  is 
incomplete. 

Change  of  Variable 
540.    1.  Let  /(a;)  be  limited  and  integrable  in  21  =  (a,  J),  a  ^b. 

U=<KX>  a 

be  a  univariant  function  in  31  having  a  continuous  derivative  $' 
Let  33  =("?  /3)  be  the  image  0/31  afforded  by  1).     Let 
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be  the  inverse  function  of  $.      Then,  if  f\^(u)~\ty'(u)  is  integrable 
in  23, 

(2 


By  358,  the  correspondence  between  the  two  intervals  51,  23  is 
uniform. 

Let  ^(MJ,  w2,  •-.)  be  a  division  of  23,  of  norm  S. 
Let  AzK  in  21  correspond  to  AwK  in  23- 
By  the  Law  of  the  Mean, 


XK  =        i7««*B,         77,      tw#  w     M,. 

Let  £K  in  2l  correspond  to  97*  in  23.     Then 

2/(£K)AzK  =  2/[^<>0]^'0?«)M,  (3 

/(*),        /[^W]^'(u) 

are  limited,  and  integrable  by  hypothesis,  we  have  2)  by  passing 
to  the  limit  in  3). 

2.  If  the  conditions  of  1  are  not  satisfied  in  the  intervals  21,  23,  it 
may  be  possible  to  divide  them  up  into  subintervals,  in  each  of 
which  these  conditions  hold. 

541.    1.  Let  us  evaluate 

J=  fUogCl  +  aQdx  n 

Jo        1  +  x2  v 

We  set 

x  =  tan  M  =  ^(?<),    or  ?t  =  arc  tan  «  =  (/>(«). 

Then 

a=(0,  1),    33  =(0,  ir/4). 

The  conditions  of  540  are  obviously  satisfied.    Hence 

/*7T/4 

J=  \      log(l 
Let  us  make  a  new  transformation 

U  =  7T/4  —  V. 

The  conditions  of  540  being  again  satisfied, 

J=  f^log  {  1  +  tan  (  £  -  v      dv. 
Jo  \* 
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But  I-K        \      1  —  tan  v 

tan    -  -  v  }  -  • 


1  +  tan  v 
Hence 


or  2, 7  =  \og2£'/tdv  =  |  log  2. 

ThuS  J=,r/81og2.  (2 

2.  That  we  should  not  affect  a  change  of  .variable  in  a  definite 
integral,  without  due  precaution,  is  illustrated  by  the  following 
example. 

Let 


Let  us  change  the  variable,  setting 


Then  ., 

o=-l,    6  =  1;      «  =  -!,    /3  =  1. 

Also 


The  two  integrals  3),  4)  are  not  equal.     The  reason  for  this  is  that  the  function 


of  540  does  not  have  a  continuous  derivative  in  3C  =(-  1,  1).     Indeed,  it  is  not 
even  defined  throughout  31. 

542.  Let  x  =  ^r(u)  have  a  continuous  derivative  in  33  =  (a,  /3), 
«</3.  Let  91  fo  ffo  iwa^e  of  33-  Let  f(x)  be  limited  and  inte- 
f/rable  in  91,  arcd  ?6^  /[^(M)]^T'(M)  *^  integrate  in  33- 


1.  Let  us  note  first  the  difference  between  this  theorem  and  that 
of  540.  In  540  ^-(w)  is  univariant,  and  91,  53  are  in  uniform 
correspondence. 

In  the  present  theorem,  ^  may  have  any  number  of  oscillations 
in  33.  Furthermore,  the  intervals  91  and  (a,  6)  may  not  be  the 


same. 
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Example.  Let  x  =  ^O)  =  sin  w,  93  =(0,  J64?r).  Then  the  image  of  SS  is  the 
interval  21  =(—  1,  1).  On  the  other  hand,  a  =  sin  0  =  0,  b  =  sin  ^  ir  =  J.  Thus 
(a,  &)  =  (0,  £)  is  different  from  21. 

Let  /(x)  =  x.     Then 


r*         r  r/s  /* 

I  J«  —  l**B  =  i  j    I    f(tWu  du  =  I 

«/a  •/O  »/(i  ^/O 

Thus  the  two  integrals  are  equal,  as  the  theorem  requires. 
2.  To  prove  the  formula  1),  consider 

)  fll 

f&>dx  -  Ja  000** 


We  shall  show  that  F(u)  is  a  constant  in  ^.     As  it  is  0  at  «, 
7  =  0  throughout  33. 

To  this  end  we  show 

.F'O)=0,         in®. 

Then,  by  400,  2,  ^(V)  is  a  constant  in  23,  and  therefore  0. 
At  any  point  u  of  33,  we  have 


/»?/+A?* 

-jr  *(«)<&•         (2 


There  are  two  cases  : 


1°.  ^-'(V)  ^  0.      Then,  by  403,  i/r(w)  is  univariant  in   V(u). 
We  can  thus  apply  540.     Hence 


,          n       u 

and  therefore 

F'  =  0,         at  u. 

2°.    ty'(u)=  0.     Let  us  apply  the  theorem  of  the  mean  532  to 
each  integral  in  2).     Then 


where 

3>  =  Mean  /(«),    "^  =  Mean 

in  A>/r,  AM  respectively.     Thus 

M  =  3>M_^ 

Aw          Aw 
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Now 


AM 

Also 

Inn  ¥  =  0, 

since  /[-^(w)]  is  limited  in  51,  and 


being  continuous.     Hence  F'(u)=  0,  also  in  this  case. 


543.  Letf(x)  be  limited  in  2l  =  (a,  5),  a^6.  £<?£  w  =  (/>(V) 
a  continuous  derivative  </>'(V)  =£  0  w  2l.  Ze£  23  =  (a,  /3)  5e  the  image 
0/2t;  «=  ^>(a),  /3=  0(6).  iet  a;  =  i/r(w)  6e  iAe  inverse  function 
of  <f).  Then 


rfu.  .  (2 

Let  us  prove  1)  ;  the  demonstration  of  2)  is  similar.  Since  <f> 
is  univariant,  the  intervals  %  and  53  stand  in  uniform  correspond 
ence  by  358.  To  fix  the  ideas  let  <f>  be  an  increasing  function. 

Then  by  381,  ty'  (u)  >0,  and  continuous.  Let  E=  (uv  uv  •••) 
be  a  division  of  53  of  norm  S  into  subintervals  AMK,  to  which  cor 
responds  a  division  D=  (x^  x^  •••)  of  31  of  norm  d  into  intervals 
AzK.  Let 

LK  =  Max/O),  in  &XK. 

=  Max/(-»/r(w)),  in  AuK. 

MK  =  Max/M)'%,  in  AW. 


w,         n 

^=Max|/|,  in  81. 

We  have  to  show  that 

SD  = 
have  the  same  limits. 
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Since  (/>'<»  and  ^'  (u)  are  continuous,  they  are  uniformly  con 
tinuous.  Hence  d  and  B  converge  to  0  simultaneously.  For  this 
reason  for  any  B  <  some  S0, 

'    uniformly  in  ®- 


By  the  Law  of  the  Mean, 

A^  =  ^( 
Hence 


But,  obviously, 

Max/Min  <f'  <  Max/f  ^  Max/  Max  ^'; 

if  Max/>0,  while  the  signs  are  reversed  if  it  is  <  0. 

Thus  in  either  case  MK  lies   between   LK\K  and    LK^K.     Also, 
L'v*    lies  between  these  same  bounds.     Hence 


Hence  < 


544.  Let  x  —  ^r(u)  have  a  continuous  derivative  in  53  =  («,  £), 
«>/3.  ie^  i/r'  vam'aA  over  a  discrete  aggregate  A,  ftw£  otherwise  let 
it  have  one  sign.  Let  51  =  (a,  ft)  be  the  image  of  «B,  a  =  f  («> 
If  one  of  the  integrals 


ga;z*<«,  tAe  o^Aer  does,  and  both  are  then  equal. 

To  fix  the  ideas  let  U  exist.  By  403  the  correspondence  between 
21,  33  is  uniform. 

Let  us  effect  a  division,  of  norm  8,  of  33.  Let  the  norm  of  the 
corresponding  division  of  21  be  77.  Let  ^  be  those  intervals  con 
taining  no  points  of  A,  .while  $.2  =  33-«i  ™  the  complement  of  %r 

Let  31  r  9I2  correspond  to  «Br  ^32  respectively. 
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Now 


^=  L+  L 

But,  by  543, 


while,  since  A  is  discrete, 

lim   f  =0. 

6=0   ^»2 

Hence  1)  gives 

X=  lim    I     =  lim    I 
J  £=0     ./S  =0    »/* 


b^  522'  3-      .  . 

A  similar  reasoning  holds,  if  we  assume  that  X  exists. 

Second  Theorem  of  the  Mean 

545.    Let  f(x)  he  limited  and  integrahle  in  31  =  (a,  #)• 
ie^  ^(x)  be  limited  and  monotone  in  21.     Then 

f'fgdz  =  g(a  +  0)  f*fdx  +  g(b  -  0)  f  /<&,  a  <  f  <  6.         (1 

«/a  c/l  c/5 

Since  t<7  is  limited  and  monotone,  it  is  integrable  in  21  by  502. 
"Hence  fg  is  integrable,  by  505. 

By  277,  8,  ^  +  ^  ^  _  Q)  exist< 

If  g(a+  0)  =  g(h  —  0),  the  relation  1)  is  obviously  true.     We 
therefore  assume  that  these  limits  are  different. 
To  fix  the  ideas,  let  g(x~)  be  monotone  increasing. 
We  begin  by  effecting  a  division  of  2t, 


of  norm  8.     We  also  set 

a  =  a0,         5  =  an. 

T  pfr 

Jf.  =  Max/,         7nK  =  Min/, 

in  the  interval  .  5,  N 
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Let  £K  be  any  point  in  SK. 

From 

wehave 

and  also  r 

^A>J,  /(£,)**  >™A-  (3 

From  2),  3)  we  have 


Hence 

(4 


Multiply  4)  by  ^C^)  ;  and  letting  K  =  1,  2,  •••  w,  let  us  sum  the 
n  resulting  equations.     We  get 


fo  +  2^(fJ.  (5 

K 

NOW 


or  more  briefly, 

Hence  letting  «  =  1,  2,  •  •  •  w,  we  get 


o  f  =^«.)f  .• 

*/5w  »/n-l 

Adding,  we  have, 

+  i;  {^(f.)  -  ^(^-0  }  J  /^- 

«.=2     ^  J          <C      1 
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Since  g  is  monotone  increasing, 


cb 

Let  30?  be  the  maximum  of  the  integral  I  fdx,  and  m  its  minimum 

+/X 

as  x  ranges  over  51.     Then 


and  adding, 

-        a 


Thus  7)  gives 

ff&-J  }L/dx  =  ®  {  ^  ~  ^l}  }  '          (8 

where  m<e<3R.  (9 

Thus  5),  6),  8)  give 


In  this  equation  let  8  =  0.     The  limit  of  the  left  side  is 


=  g(a  +  0)  ;    lim  ^(fc,)  =  g(b  -  0). 

Let 


then 


2<r^f>/,     by  494. 
As  /  is  integrate,  limn/=0; 

17 


hence  the  last  term  of  10)  has  the  limit  0. 

Thus  all  the  terms  of  10),  besides  that  in  @,  have  finite  limits. 
Hence  the  limit  of  ®  exists.     Call  it  6. 

Hence 
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But  F  being  a  continuous  function  of  x,  it  takes  on  the  value  6 
for  some  point  £  in  51  by  357. 
Hence 

0=  r/dx. 

c/f 

Passing  now  to  the  limit  in  10),  we  have 

b 


}   C 

J  *s  £ 


fdx.      (11 

\ja  J  *s  £ 

But  since  Ch  _  ft      Cb 

c/a          Ju          *)  £ 

we  get  1)  at  once  from  11). 

546.  If  #(#)  is  not  monotone,  the  formula  1)  of  545  may  not 
be  true,  as  the  following  example  shows. 

Let 

/(z)  =  x-,        g(x)  =  cos  x. 
Then 

I*"7  x2cosxcfe>0,       by  527,  1, 

•/  —  7T/- 

since  the  integrand  is  never  negative  and  is  in  general  positive.     On  the  other  hand, 
g(a  -f  0)  =  cos  -  ir/2  =  0  ;         gr(6  -  0)  =  cos  7r/2  =  0. 

Hence  the  right  side  of  1),  545,  is  zero.     The  formula  1)  is  thus  untrue  in  this 
case. 

INDEFINITE    INTEGRALS 

Primitive  functions 

547.  1.  The  theorem  of  538  is  of  great  importance  in  evaluating 
integrals.     For,  to  find  the  value  of 


J 


=  (*fdx,  (1 

»/  a 


f(x)  being  limited  and  integrable  in  51  =  («,  #),  we  have  only  to 
seek  a  function  F(x)  which  is  one-valued  in  51  and  has  f(x)  as 
derivative.  Then,  as  we  saw. 
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Let  6r(z)  be  any  other  function  which  is  one-valued  in  21  and 
has/Or)  as  derivative.     Then 

J=  0(aO  -#(«)•  C3 

Comparing  2),  3),  we  have 

(7(2:)  =  ^(rc)  +  (7, 
where  (7  is  a  constant. 

The  functions  F(si),  G(x)  are  called  primitive  functions  of  f(x)  . 

They  are  denoted  by  ~ 

lf(x)dx, 

no  limits  of  integration  appearing  in  the  symbol.  Primitive 
functions  are  also  called  indefinite  integrals.  In  contradistinction, 
integrals  of  the  type  1)  are  called  definite  integrals. 

2.    Every  formula  of  differentiation,  as, 


/O)  being  limited  and  integrable  in  an  interval  21,  gives  rise  to  a 
formula  of  integration, 


For  reference,  we  add  a  short  table  of  indefinite  integrals.* 
We  observe,  once  for  all,  that  in  all  formula;  involving  indefinite 
integrals,  we  shall  suppose  that  the   integrands  are  one-valued, 
limited,  and  integrable  in  a  certain  interval  21,  while  the  functions 
outside  the  integral  sign  are  one-valued  in  21- 

543.  I  adx  =  ax. 

J        X~ 


Jdx_ 
x  " 

I  exdx  = 


\oz\x\ 


e*. 


•An  excellent  table  of  integrals  is  "A  Short  Table  of  Integrals"  by  B.  O.  Peirce. 
(iinn  &  Co.    Boston. 
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—    i  1  I*  x**  V. 

log  a 

C    dx       _1  x 

J^T72~aa   3tga'          ^°' 

Jefc  ^ 

.  =  arc  sin  -,  a^O. 

V  aj  —  ar  * 

I  sin  x  dx  =  —  cos  x. 

\  cos  xdx  =  sin  #. 

I  tan  xdx=  —  log 

I  cot  xdx=  log 

J  tan  a;  sec  xdx  =  sec  #. 

I  sec2  xdx  =  tan  a:. 

549.    Not  every  limited  integrable  function  in  21  =  (a,  6)  has  a 
primitive,  as  we  now  show. 

Let  f(x)  be  continuous  in  2t;  let 


cos 


sn 


Then,  by  537, 

dF      „,  .  -or 

Tx  =/(*),        m  a. 

Let  us  define  a  limited  function  g(x)  in  %  as  follows  :  it  shall 
/O)  except  at  points  of  a  discrete  aggregate  in  A,  at  which 
-  Then,  by  530, 


Suppose  now  g(x)  had  a  primitive  G(x)  in  21.     Then,  by  538, 

dx=a(x^-G-(a).  (2 
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Comparing  1),  2),  we  get 

&(x)  =  F(x)  +  (7,         0  a  constant. 
Hence  ^^  .^ 

dx      dx 

or  /(aO  =  0C*)»  in2t' 

which  is  a  contradiction. 

Methods  of  Integration 

550.  In  order  to  find  the  primitive  of  a  function  f(x)  we  may 
proceed  as  follows  :  We  first  consult  a  table  of  indefinite  integrals. 
If  the  integral  we  are  seeking  is  not  there,  we  try  to  transform  it 
into  one  or  more  integrals  which  are  in  the  table. 

The  principal  transformations  employed  are  : 

1°.  Decomposition  of  the  integrand  into  a  sum. 
2°.  Integration  by  parts. 
3°.  Change  of  variable. 

We  treat  these  now  separately. 

551.  Decomposition  of  the  integrand  into  a  sum.     This  method, 
as  its  name  implies,  consists  in  breaking  f(x)  up  into  a  sum  of 
simpler  functions.     Thus,  if 


then  ffdx  =  ff^dx  +  •  •  •  +  ffsdx. 

Ex.  1. 

J  =  fcos2xcZx. 

As 

1  +  cos  2  x 


cos  x  = 

m 


J  =  i  (dx  +  i  (cos  2  x  dx 
=  $  x  +  i  sin  2  x. 
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Ex.  2. 


a  +  PX 
Since 

a±  bx  _  b       aft  -  ab 
a  +  px     p  +  p(a  +  px) 


Now 

dx         1  d.(cc  +  px~)      1  7    ,      , 
—  — —         SB  -a  •  log  («  4-  /3x). 

Hence 


Thus 


Integration  by  Parts 

552.    In  the  interval  21,  let  w(a;),  «(«)  be  one-valued  functions 
having  limited  integrable  derivatives.     Then 

Dxuv  =  uv'  +  vu' . 

Hence  x,  _ 

J  uv'dx  =  uv  —  (  vu'dx.  (1 

The  application  of  1)  to  evalue 

J=ffdx, 
is  as  follows.     We  write 

f=uv'. 

Then  1)  shows  that  /» 

«/=  uv  —  t  vu'dx. 

The  determination  of  J"  is  thus  made  to  depend  upon 

I  vu'dx. 

553.  Ex.1.  r 

J  =  \  x  log  x  dx. 

Set 

M  =  log  x,        v'  =  x. 
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Then 
Hence 

554.  Ex.2. 


J  -  \  &  log  x  -  \  j  x  dx 


J  -  f  ear  sin  bx  dx,        a,  b  =£  0. 


Set 

u  —  sin  bx,         v'  — 

eax. 

Then 

u'  =  6  cos  bx,         v  = 

-  —  6ax. 

a 

Hence 

1                      b 
J  =  -  eax  sin  bx  — 

f 
\  cax  cos  bx  dx. 

a                     ft- 

J 

To  find 

K—  \  e°xcos  bxdx, 

set 

u  =  cos  bx,        v'  = 

eax. 

Then 

u'  =—  b  sin  bx, 

.«!*.. 

a 

Hence 

T\  =-  e,a*  cos  bx  +  - 

\  .ear  sin  bx  dx 

-  J. 


This  placed  in  1)  gives 
The  same  method  gives 


J 


_  Pax{a  sin  bx  —  b  cos  bx} 
az  +  b* 

e^^a  cos  bx  +  b  sin  bx} 


(2 
(3 


Change  of  Variable 
555    Letf(x)  be  continuous  in  the  interval  21.     Let  u  =  <£(»  have 


a  continuous  derivative  </>'<»  ^0  in  «.     Let  » 
anc?  2:  =  ^-(w)  5e  f/te  inverse  function  of  $•      Then  if 


of  5t, 


we  have 
For, 


Cf  [-x|r(w)]>|r'  (tt)dl*  =  6r(u), 

f/oo  ^  = 


dx 


d<i        dx 
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But  by  hypothesis, 


As 
1)  gives 

556.  Ex.  i. 

Set 
Then 

557.  Ex.  2. 

Set 
Then 


du 


du 


du     dx  _  -. 


-=  r 


J  x  log  x 


u  =  log  a;. 


«  =  V2  ax  —  a2. 


a'2  +  w2     a  a 


=  -arctg 
a  a 


558.   Ex.  3. 

Set 
Then 


559.   Ex.  4. 

Set 
Then 
an  integral  evaluated  in  Ex.  3. 


'•«  r. 
J 


dx 


Vx2  ±  a2 
M  =  x  -f  Vx2  ±  a2. 

=  log(x  +  Vx2±  a2). 

r—  f  ^ 

"  —  i  —  ' 

J  V(x-a)(x-6) 
M  =  Vx  —  a. 

dw 


J"  = 


+  a  -  6 
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INTEGRALS  DEPENDING  ON  A  PARAMETER 

560.    Let  the  rectangle  bounded  by  the  lines  x  =  a,  x  —  5,  y  —  «, 

y  =  ft  be  denoted  by 

R=  (a,  5,  a,  y3). 

Let  31=  (a,  5),  S  =  (a,  £). 

Let  /O,  y)  be  denned  over  E.  If  we  give  to  y  an  arbitrary  but 
^zerf  value  in  23,  /(a;,  y)  is  a  function 
of  a;  defined  over  21.  But  since  its 
value  also  depends  on  the  particular 
value  assigned  to  y,  we  say/  is  a  func 
tion  of  x  which  depends  upon  the  param 
eter  y.  If  for  each  value  of  y  in  23, 
J(x,  y~)  is  a  limited  integrable  function 
of  x  in  21,  we  shall  say  it  is  regular  in 
R.  When  /(#,  #)  is  regular  in  .72, 


defines  a  one-valued  function  of  #,  over  the  interval  25- 

In  performing  the  integration  indicated  in  1),  we  consider  y  as 

constant  and  integrate  with  respect  to  x. 

In  the  present  section  we  propose  to  study  the  function 

with  respect  to  continuity,  differentiation,  and  integration. 


21  =  (0,  ?r) ,  93  any  interval. 

EX.  2.  ^TT 

,7(y)  =  I    log  (1  —  2  y  cos  x  +  y*)ax. 

Jo 

21  =  (0,  TT),  33  any  interval  not  including  y  =  ±  I. 
For,  log  M  is  continuous  when  u  >  0.     Here 

u  =  1  -  2  y  cos  x  +  yz  =  (y  -  cos  a;)2  +  sin2x  5>  0, 
and  hence  w  =  0  only  for  the  points  whose  coordinates  are 

z  =  m7T,  y  =  (-  I)"1.  (2 
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Continuity 

561.    Let  77  be  an  arbitrary  but  fixed  value  of  y  in  23  =  («, 

Let  us  denote  the  line  y  —  77  by  H. 

Let  <£(#)  be  defined  over  21  =  (a,  5). 

If  for  each  e  >  0,  there  exists  a  8  >  0,  such  that 


for   each    0  <  h  <  S,    and    every    z 
in    21,    we    say:    /(#,    ?/)    converges 
uniformly  to  </>(#)  along  the  line  H, 
or  with  respect  to  the  line  H. 
We  denote  this  by 

lira  /(a;,  y)  =  $(V),          uniformly  ; 
»=T) 

OT* 

/(«,  y)  =  <£(#),         uniformly  along  H. 

If  in  the  relation  1),  only  positive  values  of  h  are  considered,  we 
say  /(#,  ?/)  converges  ow  ^e  rf^Ai  uniformly,  etc. 

If  only  negative  values  of  h  are  considered,/(rc^)  converges  on 
the  left  uniformly,  etc. 

If/C3^)  converges  uniformly  to/(z,  17)  with  respect  to  the  line 
-ff,  we  shall  say  f(zy')  is  a  uniformly  continuous  function  of  y  with 
respect  to  the  line  H,  or  along  the  line  H. 

lif(xy)  is  a  uniformly  continuous  function  of  y  with  respect  to 
each  line  y  =  77  in  $  =  («#),  we  shall  say  f(xy)  is  a  uniformly  con 
tinuous  function  of  y  in  33. 

562.    1.   Letf(x,  y~)  be  regular  in  any  R  =  (a£»7/3),  «  <  7  <  /3. 
Let 


uniformly  along  the  line  y  =  a. 

Let  <$>(x)  be  limited  and  integrable  in  21. 
Then 

JTHm 


For,  let 

(x,  a  +  A)  -  d>^)  }  dx.     (2 
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We  have  to  show  that 

e>0,  S>0,    A!<e,  0<h<B.  (3 

But  by  hypothesis,  for  each  e>0,  there  exists  a  S>0,  such  that 


e 


(4 


Uf  V~*>  •-/        -rv~y  I   ^7 

0         (AI 

for  each  0  <  h  <  8,  and  any  a?  in  21. 

Hence  3)  follows  from  2),  4),  and  524,  2). 

2.   That  the  relation  1)  may  not  hold  when  /(#,  y)  does  not 
converge  uniformly  to  <£(V),  ig  shown  by  the  following  example  : 

Let  11 

f(x,  y)  =  — * — - ,         for  x  ^t  0  ; 

=  0,  for  x  =  0. 

Here 


Hence  /., 

V 

On  the  other  hand, 

/= 


!  +  2/ 
Hence 


fci.  (6 

jM)  2 

As  5),  6)  have  different  values,  the  relation  1)  does  not  hold  here.     Obviously 
f(x,  y)  does  not  converge  uniformly  to  0  in  any  interval  containing  the  origin. 

563.    1.   As  corollaries  of  562  we  have  : 

Let  /(#,  y)  be  regular  in  R  =  (W>«/3).     Let  it  be  uniformly  con 
tinuous  in  y,  along  the  line  y  =  ij.      Then 


is  a  continuous  function  of  y  at  77.          ft<7?.</3. 

2.  Let  /(#,  y)  be  regular  in  J?  =  (a#«/3).     ie^  ^  5«  a  uniformly 
continuous  function  of  y  in  $Q.      Then  J(y~)  i*  continuous  in  $Q. 
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3.  If  f(x,  y~)  be  continuous  in  jR(a6«/3),  «/(«/)  is  continuous  in 
«  =  («,  £). 

This  follows  at  once  from  352. 

Example.    In  538  we  proved  the  relation 

i 


l  +  X2tan2z      2     1  +  |X| 

for  all  values  of  X.  It  required,  however,  a  separate  integration  to  establish  it  for 
X  =  ±  1.  By  the  aid  of  3,  we  may  prove  the  correctness  of  1)  for  these  values 
without  any  calculation.  Consider,  to  fix  the  ideas,  X  =  1.  Since  the  integrand  of 
1)  is  obviously  a  continuous  function  of  x,  X  in  the  band  H  =  (0,  ?r/2,  1  —  5,  1  +  5), 
the  integral  is  a  continuous  function  of  X  at  1.  Hence  1)  holds  for  X  =  1. 

564.    The  results  of  562,  563  may  be  generalized  as  follows: 

Let  A  be  a  discrete  point  aggregate  in  51.  We  can  divide  51  into 
two  systems  of  intervals,  Q.  and  £),  such  that  £  contains  no  point 
of  A,  and  the  total  length  d  of  the  intervals  £)  is  as  small  as  we 
please. 

We  shall  say  f(x,  y)  converges  uniformly  to  </>(#)  along  the  line 
y  =  77,  except  at  the  points  A,  when,  for  each  e  >  0  and  any  (£,  there 
exists  a  8  >  0,  such  that 


for  each  0  <  |  h  <S  and  every  x  in  £. 

The  terms,  f(x,  y~)  converges  on  the  right,  or  on  the  left  uniformly, 
except  for  the  points  A,  need  no  special  explanation. 

Also  the  meaning  of  the  term  f(x,  y}  is  uniformly  continuous 
along  the  line  y=r],  except  for  the  points  A,  is  obvious. 

565.  Let  f(x,  y~)  be  regular  in  the  rectangle  R(a,  b,  a,  /3).  Let 
f  converge  uniformly  to  $>(x)  along  the  line  y  =  77,  except  for  the 
points  of  a  discrete  aggregate  A.  Let  <j>(x)  be  limited  and  integrable 
in  51  =  (a,  &).  Then 

Cb  Cb  Cb  r> 

lim  I  f(x,y~)dx=  I    lim/(#,  y~)dx=  I  <t>(x")dz,          «<*?<P- 

»/  a  +/a     y_  c/" 

Let  7^       i  ^^_.       ,   i\  j_ |  (hCx^dx 

Ja 
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We  must  show  that 

e>0,         8>0,         |2>|< 
Since  /  is  limited  in  R,  and  <£  in  21, 


Choosing  e  >  0  small  at  pleasure,  and  then  fixing  it,  we  choose 
the  system  £)  such  that  its  length 

e 


d< 


4:M 


?,  77  +  A)  —  <£(V)  |  dx. 


C2 


Then 

JD»JVOM  +  *)- 

Hence 

But 


On  the  other  hand,  by  hypothesis, 


for  each  0  <  |  A  |  <  8,  and  every  x  in  S.     Hence 

Hence  2)  gives 

which  proves  1). 

566.    As  corollary  we  have  : 

Let  f(x,  y)  be  regular  in  the  rectangle  R=  (a,  b,  a,  /S). 
be  uniformly  continuous  in  y  along  the  line  y  =  77,  except  for  the 
points  of  a  discrete  aggregate  A.     Then 


Cb 

=  I  /O, 

*/  a 
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Differentiation 

567.    1.   1°.  Letf(x,  y},f'y(x,  y)  be  regular  in  M  = 
2°.   Letf'y  be  uniformly  continuous  in  y  along  the  line  y  —  T),  ex 
cept  for  the  points  of  a  discrete  aggregate. 

Let' 


Then 
For, 

/          Cb  i 

•/a 

AT? 
But  by  the 

h                  Ja                    h 
Law  of  the  Mean, 
f(x,  77  +  A)  -/(»,  77)  _  -       yN 

where  ^  lies  between  77  and  77  +  h  and  depends  on  x  and  A.     But 

by  2°,   " 

/£(*,  D=/K^)  +  <n 

where  ,.  •/•       7  ^  /• 

lim  cr  =  U,          uniformly  except  for  A. 

A=0 

Thus  AT     r"  r* 

^=  \fl(x>i)dx+  iadx,  (3 

ATI        •»  •      '  »-'« 

which  gives  1),  on  passing  to  the  limit,  h  =  0. 

2.  As  corollary  we  have  : 

Let  f(x,  y~),f'y(x,  y~)  be  continuous  in  the  rectangle  («&«/3).     Then 

-f  f  /(*,  y)rfa:  •  f/^(x,  y)dx.         *<y</3.      (3 
a^/-^  «  ^a 

3.  Criticism.     Many  text-books   give    the    following  incorrect 
demonstration    of   1.     From   2)  we  have,  changing  slightly  the 

notation, 

dJ     ,.     AJ"     ..      f6Af  ,. 

—  =  lim  —  =  lim  I    -^-  •  (4 

ay  Ay  «-7«  A?/ 
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It  is  now  assumed,  without  further  restriction,  that 


-r 

Ay 

As 


Cb&f      fV 
lim       T-**\    I 

Ja    A  Ja 


r    A/    a/ 

Inn  -r^-  =  —  , 


4)  and  5)  give 


But  we  have  already  seen  in  562,  2,  that  an  interchange  of  the 
symbols 

lim,         J 

is  not  always  permissible. 

4.  Example,  .. 

(6 


Here,  f(x,  y)  and 

2  (y-  cos  a;) 

1  -  2  y  cos  x  +  y'2 

are  continuous  in  the  rectangle  (0,  TT,  a,  /3)  if  (a,  j8)  does  not  contain  the  points 
y  =  ±  1.     Cf.  560,  Ex.  2.     Hence 


6^2  f-    (y-cosx)dx  7 

dy        Jo  l-2j/cosa;  +  2/2' 


5.  The  following  is  an  example  where  the  conditions  of  theorem 
1  are  not  satisfied,  and  where  differentiation  under  the  integral 
sign  leads  to  a  wrong  result. 

Let 

F(x,  ?/)  =  —  Xy      ,          except  at  origin  ; 
VSP  +  J/2 

=  0,  at  origin. 

Then  ^ 

DxF(x,  y)  =  —        —  7,        except  at  origin  ; 
(x2  +  1/2)* 

=  0,  at  origin. 

Hence  x 

i  DtV(ry}iljf.=.       y       ,  y  arbitrary. 

JO  VI  _|-      % 
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«3 

f(x,  y)  =  —      — -,        except  at  origin ; 

=  1,  at  origin. 

Then 

C^  C^  v 

Hence 

On  the  other  hand, 

fit  O)  0)  =  0,  x  arbitrary. 

Hence  , 

»/o  v 

The  equations  8),  9)  show  that  in  this  case  differentiation  under  the  integral 
sign  is  not  permissible.    In  fact,  we  observe  here  that 

r )        except  at  origin  ;  " 

=  0,  at  origin, 

and  is  therefore  not  limited  about  the  origin.    Thus,  condition  1°  of  theorem  1  is 
not  fulfilled. 

Integration 

568.  1.  Let/O#)  be  continuous  in  the  rectangle  R=  (a,  J,  a,  /3). 
Since 

fx 

I  fax  a<x<b.  (I 

*/a 

is  a  continuous  function  of  y  by  563,  2,  it  is  integrable  in  (a,  £). 
Therefore 

f*V          f*x 

\  dy  I  fdx  (2 

c/a          «/o 

is  convergent  for  each  «<y </3. 

The  integral  2)  is  obtained  from  1)  by  integrating  with  respect 
to  the  parameter  y.  It  is  called  a  double  iterated  integral;  or  more 
shortly,  when  no  ambiguity  can  arise,  a  double  integral. 

2.  Let  /(#,  y)  be  continuous  in  R  =  (aba/3).     Let 


Then 

inR.  (3 
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For,  by  537,  f-f=  C'fdx, 

Ja 
^= 

On  the  other  hand,  by  567,  2, 


,     by  537. 

Hence,  by  537,  *%=/Oy).  (5 

The  relation  3)  follows  now  from  4),  5). 

Inversion  of  the  Order  of  Integration 
569.    The  integral  of  568,  viz. 

ydy  (*fdx,  (1 

«xCt 


is  obtained  by  integrating  first  with  respect  to  x,  and  then  with 
respect  to  y, 

But  we  might  have  integrated  in  the  inverse  order,  getting 

f'dx  f'fdy.  (2 

i/a         »/a 

It  frequently  happens  that  the  integrals  1),  2)  are  equal,  and 
this  fact  is  of  greatest  importance  in  transforming  such  integrals. 
When  these  two  integrals  are  the  same,  we  say  that  we  can  invert 
the  order  of  integration,  or  the  integral  2)  admits  inversion.  We 
give  now  a  simple  case  when  this  inversion  is  possible.  Later  we 
shall  give  a  broader  criterion. 

570.  1.  Let  f(xy~)  be  limited  in  the  rectangle  R  =  (abaft').  Let 
it  be  continuous  in  R,  except  possibly  along  a  finite  number  of  lines 
parallel  to  the  x  or  y  axes,  along  which,  however,  f  is  integrable. 

b  ~b 

)  dy     f(xy^dx=  \  dx  \ 

,/a          %J  a  »/  a         «/  a 
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Case  1.     Let/  be  continuous  in  R  without  exception. 

We  saw  in  568  that 

1.     <tf[_=f(x\ 
dx      dy 

Hence,  by  538, 

J»* 
* 

For  the  same  reason, 


Similarly, 


=  F(b,  /3)  -  F(b,  «)  -  F(a,  ft)  +  F(a,  «).       (2 


?ff,    _  dF(xft) 

'         ' 


C?ff,    _ 

i  j&y  — 

Jo- 


dx 


. 

dx 


and  Cdx  fj%  =  F(b&)  -  F(a$)  -  F(ba)  +  F(aa)  .  (3 

i/a          ^/a 

From  2),  3)  we  get  1). 

Case  2.      Let  /be  continuous  in  _R,  except  for  points  on  the  line 
x  =  b. 

By  1  we  have,  a  <  b'  <  6, 

/»6'  /»8  /»/3  /»6' 

J    axjfd#=\  dy(  fdx.        (4 

c/  «  »./a  «/a  «/« 

Moreover,  by  563,  3, 

)  /(*, 

c/a 


6'  6 


being  a  continuous  function  of  x  in  («,  5)  except  possibly  at  5,  and 

limited  in  (a,  6), 

/»&       /»p 
I   dx  I    /% 

c/a  t/a 

exists. 

Now,  by  536, 

/»6'         fB  fb         (*$ 

lim  l-dbl/^-jdbl  /dy.  (5 

j,-_i    «/«  c/a  «/«  «/a 


INVERSION  OF   THE  ORDER  OF  INTEGRATION 
On  the  other  hand, 

/»6'  fb  f*b 

$.f**-$.f **-&**• 

But  since  /  is  limited,  let 
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\f\<M, 


Then 


Cjd 

*Jb' 

Hence  the  right  side  of  4)  gives 

/•&'  s*P      Cb  C 

[  /&  r  1  W**  - 1 


Thus 


Cdx  ffdy  -  f'dy  Cfdx  <M($  -  a)(6  -  6')- 

i/a  «/a  «xa  «x(" 


Letting  b'  =  b  and  using  5),  we  get  1). 

Evidently  the  same  reasoning  applies  when  /  is  continuous  in 

,  except  on  one  of  the  sides  of  R  parallel  to  z-axis. 

Case  3.     Let  /  be  continuous  in  R  except  on  the  two  lines, 
=  b,  y  =  &- 
Let  a  <  &'  <  ft.     Then,  by  Case  2, 

f/3' 


We  can  reason  with  this  equation  in  the 
same  manner  as  we  did  with  4).  This 
proves  the  theorem  also  for  this  case. 


Case  4.  If  /O#)  is  discontinuous  within 
R,  we  have  only  to  divide  R  into  four 
rectangles  ft,  as  in  the  figure. 

Then  each  of   the  rectangles  9?  falls  • 
under  Case  3.     By  breaking  up  the  given 
integrals  into  these  rectangles  ft,  we  prove  1)  readily. 
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Case  5.  General  Case.  By  breaking  R  into  smaller  rectangles 
9?,  bounded  by  the  lines  on  which  the  points  of  discontinuity  lie, 
we  reduce  this  case  to  Case  4. 

2.  We  have  shown  in  1  that  inversion  is  permissible  when  f(xy) 
is  continuous,  except  at  points  lying  on  a  finite  number  of  lines 
parallel  to  the  x  and  y  axes.  It  will  be  shown  in  Chapter  XVI 
that  inversion  is  permissible  under  much  wider  circumstances. 

The  points  of  discontinuity  may  lie  on  an  infinite  number  of 
lines ;  moreover,  these  lines  do  not  need  to  be  parallel  to  the  axes ; 
they  do  not  even  need  to  be  right  lines. 

Example.     We  saw  by  538,  2,  that 

rY  *     *    ' 


+  y2 tan2  x     2 
Hence 


j=  f  w  f  "*  __  * 

Jo    J  Jo      i  +    2 


tan2  x     2  >   i  +  y     2 


As  the  integrand  is  limited  in  the  rectangle  fO-01  J,  and  is  discontinuous  only 
when  x  =  ir/2,  we  can  invert  the  order  of  integration.     Hence 

fn-/2          /*! 

J=  \       dx  \    - 

Jo  Jo  i 


+y2tan2x      Jo  L         tanx         Jo 

=  r-/2  xdx_. 

Jo       tan  x 

Thus  1),  2)  give  f"/s.*!feL  =  Tlo 

Jo      tanx     2 


CHAPTER   XIV 
IMPROPER  INTEGRALS.    INTEGRAND  INFINITE 

Preliminary  Definitions 
571.    1.  Up  to  the  present,  we  have  considered  only  integrals 

r6 

Ja 

in  which  the  integrand  is  limited,  as  well  as  the  interval  of  inte 
gration  2l  =  («,  &)• 

It  is  desirable  to  extend  the  definition  of  an  integral  to  embrace 
integrands  and  intervals  of  integration  which  are  not  limited. 
Such  integrals,  we  said,  are  called  improper  integrals. 

In  this  chapter  we  consider  improper  integrals  for  which  21  is 
limited,  and/(z)  is  unlimited  in  21- 


=  f  **,         X.  f- 

Jo    x  Jo  _ 


dx 


VI  -x2 

are  examples  of  such  integrals. 

2.  The  reader  will  observe  that  the  integrand  of  J  is  not  defined 
at  x  =  0,  and  the  integrand  of  K  at  x  =  1.  When  convenient,  we 
may  assign  to  the  integrand  at  such  points  any  value  at  pleasure. 
Cf.  598. 

572.  Let  f(x)  have  a  finite  number  of  points  of  infinite  discon 
tinuity  in  21,  347, 

•*  M          Jt  •      «! 

wjl    °2'  "»* 

We  shall  call  these  singular  points,  and  say  /(#)  is  in  general 
limited  in  21 ;  or  that  it  is  limited  except  at  these  points.  Let  us 
inclose  each  point  CK  within  a  little  interval  (£*  containing  no  other 
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singular  points.  Let  33  be  what  is  left  after  removing  the  inter 
vals  (£„  from  21.  On  varying  the  intervals  GK,  33  will  vary.  If  for 
each  choice  of  33,  f(x)  is  integrable  in  33,  we  say  f(x)  is  regular 
in  21  except  at  the  points  cx  •••  cm;  or  we  say  /(#)  is  in  general 
regular  in  21- 

573.    1.   Let  f(x)  be  regular  in  21  =  (a,  ft)  except  at  ft.     If 

r& 
lim  I  f(x)dx,         a  <  /3  <  ft,  (1 

(3=5  */0 

is  finite;  we  say /(a;)  is  integrable  in  21,  and  define  the  symbol 

J=faf(x)dx 

to  be  this  limit. 

Similarly,  if /(a;)  is  regular  in  21  except  at  a,  and 

Cb 
lim  I  f(x)dx,         a  <  a  <  ft,  (2 

is  finite ;  we  say  /(a;)  is  integrable  in  21,  and  define  J"  to  be  this 
limit. 

Finally,  if /(a?)  is  regular  in  21,  except  at  a,  ft,  and 

/*/i 

\im\  f(x)dx,         a<«</3<ft,  (3 

o==a  *^  **• 

18=6 

is  finite;  we  say  f(x)  is  integrable  in  2(,  and  define  J  to  be  this 
limit. 

When  these  limits  1),  2),  3)  are  finite,  we  say  J"is  finite  or  con 
vergent.  When  these  limits  are  infinite,  we  say  J  is  infinite.  If 
these  limits  do  not  exist,  finite  or  infinite,  we  say  J  does  not  exist. 

2.  In 


we  have  taken  a<b.     Precisely  similar  definitions  would  apply  if 
a>b. 

Obviously, 

(fdx=-\fdx.  (4 

•/ft  Ja 
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For,  to  fix  the  ideas,  suppose  /(»  regular  except  at  a,  and  let 
the  integral  on  the  right  be  convergent.     Then,  if  a  <  «  <  ft, 

ffdx=-fifdx,  by  524,  1). 

»/a  «/S 

Passing  to  the  limit,  we  get  4). 

574.    1.  Let  /O)  be  regular  in  31  =  (a,  ft),  except  at  b. 
For  /(»  to  be  integrable  in  91,  according  to  the  definition  just 
given,  it  is  necessary  and  sufficient  that 


e>0, 


<e 


for  any  pair  of  numbers  £,  /3'  within  (6  —  8,  6),  by  284. 
Since  -p,      ^      ^ 

Ja  Ja          Jfr 

it  is  necessary  and  sufficient  that 
The  integral 


jc>fo,         ft-8</3,  /3'<ft,         (2 

is  called  the  left-hand  singular  integral  of  norm  8  for  the  point  b. 
Similarly,  , 

I  fdx,  a  <  a,  a'  <a  +  8, 

«xa 

is  called  the  ri^ht-hand  singular  integral  of  norm  Bfor  the  point  a. 
We  have  thus  this  result  : 


Let  /O)  be  regular  in  21  =  (a,  ft)  ea;cgjp«  a£  aw  eraf  pow£,  say  ft. 
JW  /(«)  ^o  be  integrable  in  SI,  i'£  t's  necessary  and  sufficient  that  the 
singular  integral  at  b  have  the  limit  0  ;  i.e. 


x)dx  =  Qi          a<b-S<!3,  (3'<b.  ( 

.     1> 
2.  When  a  singular  integral  such  as  2)  converges  to  zero  as  its 

norm  8  =  0,  we  shall  say  the  singular  integral  is  evanescent. 
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3.  Let  f(x)  be  regular  in  51  =  (a,  5)  except  at  the  end  points  a,  b. 
For 

J= 

to  be  convergent,   it  is  necessary  and   sufficient   that  the  singular 
integrals 


fjfdx, 


a<a'<a",         V  <  b"  <  b 


be  evanescent. 

It  is  necessary.     For,  when  J"is  convergent, 


e>0,         S>0,          J-  C 

*J  a. 


a<a<a  +  8,         b-8</3<b. 


Also 
Adding, 


J- 


if; 


<  e,  a  <  a,  a'  <  a  +  8. 


Thus  the  singular  integral  at  a  is  evanescent.  The  same  is  true 
for  b. 

It  is  sufficient.  For  the  singular  integrals  being  evanescent, 
we  have 


'2' 


<i 


Hence 
Hence 


<€. 


4'          /*6"  f*a"  (*b" 

*Sa"  «/a'  ,/ft' 

c* 

lira     I  /c?a:,         a<a<@<b 

a=o,  /3=6»^  a 

is  finite,  and  hence  by  definition  J"  is  convergent. 
575.    Ex.  i. 


J= 


Now,  for  0</3<1, 


:  =  arc  sin  /3. 
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As 

lim  arc  sin  8  =  ir/2, 

J=TT/2.  P=l 

The  singular  integral  at  1  is 

i     — =  =  arc  sin  8'  —  arc  sin  8.  (1 

As 

lim  arc  sin  x  =  K/2, 

the  difference  on  the  right  of  1)  is  numerically  <e  in  Ffi(l),  for  a  sufficiently  small  5. 
Ex.2. 


Hence  J  is  infinite,  viz.  J=  +  oo. 
The  singular  integral  at  0  is 


o.'    x  a' 

But  „,, 

lim  log  £- 
a=o        «' 

does  not  exist,  by  321. 

Ex.  3.  rl 


x>o. 


Now,  if  0<«<1, 
But 


Cl                1  —  «A 
\  x^~\lx  — 

Jo.  \ 


0=0       X          X 
Hence 


si,        by  299,  2. 


576.    Letf(x)  be  integrable  in  21=  (a,  J),  and  regular  except  at 
a,  b.     Let  c  be  any  point  within  21.      Then 

Xb  /V  /»6 

/^  =  (  /rf«  +  I  fdx.  (1 

»/a  «/c 

For,  since  «7is  convergent, 


e>0, 


;     b-S<j3<b.     (2 


404  IMPROPER  INTEGRALS.    INTEGRAND  INFINITE 

By  574,  3,  the  integrals 

(fdx,          (fdx 

«/<z  J  <• 

are  convergent.     We  can  therefore  take  8  such  that  also 


Cc       Cc        e  C^3        C 

Ja         Jo.  4  *s c         *JC 


Adding  these  last  inequalities  gives 


Adding  2),  3)  gives 


<i 


J- 


From  this  follows  1). 

577.    1.  Definition.     We    can  now  generalize  as  follows.     Let 
f(x)  be  regular  in  21  except  at  the  singular  points 


If  f(x)  is  integrable  in 

(a,  cj),    (cj,  c2),    •••    (cm,  5), 
we  say  /(*)  is  integrable  in  21,  and  set 

Xb  f»ci  /»(?2  /»6 

/dar=  \  fdx+(  fdx+-  +  I   /^. 
«/0  «/f!  «^rm 

2.  We  can  therefore  say  : 

Letf(x)  be  regular  in  2t=  (a,  ^),  except  at  certain  points  cv  cy  •••  <;,„. 
For  f(x}  to  be  integrable  in  2t,  ^  zs  necessary  and  sufficient  that  the 
s'ngular  integrals  at  cv  c2,  •••  be  evanescent. 

3.  From  this  follows  at  once 


is  in  general  regular  and  is  integrable  in  21,  it  is  integrable 
in  any  partial  interval  of  21- 
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4.  To  avoid  confusion  and  errors  of  reasoning,  the  reader  should 
remember  that,  when  /(z)  is  not  limited  in  31  but  yet  integraUe 
in  3t,  there  are  only  a  finite  number  of  singular  points  in  21 ;  and 
/  is  limited  and  integrable  in  any  partial  interval  of  21,  not  em 
bracing  one  of  the  singular  points. 

Criteria  for  Convergence 

578.    1.  The  integral 

K=  I    f(x)\dx 

Jo, 

is  called  the  adjoint  integral  of 


We  write  K  =  AdjJ. 

Letf(x}  be  in  general  regular  in  31.     If  the  adjoint  of 

.7=  Cfdx 

»/2l 
is  convergent,  J  is  convergent. 

Let  c  be  a  singular  point  of  /(*).  We  wish  to  show  that  the 
singular  integrals  at  this  point  are  evanescent.  To  fix  the  ideas 
let  us  consider  the  left-hand  singular  integral.  By  528, 


f\f 


< 


By  hypothesis,  the  integral  on  the  right  vanishes  in  the  limit 
8  =  0.  Hence  the  integral  on  the  left,  which  is  the  left-hand 
singular  integral  at  c,  is  evanescent. 

When  AdjJis  convergent  in  31,  Jis  said  to  be  absolutely  conver 
gent  in  31  and/(z)  is  absolutely  integrable  in  21. 

2.  Letf(x)  be  absolutely  integrable  in  3t,  and  in  general,  limited. 
Then  f  is  absolutely  integrable  in  any  partial  interval  o/3l- 

The  demonstration  is  obvious. 

3.  The  reader  should  note  that  f(x)  may  be  integrable  in  31 
and  yet  not  absolutely  integrable,  as  the  following  example  shows. 
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Let  us  divide  the  interval  21  =  (0, 1)  into  partial  intervals,  by  inserting  the  points, 

*'*•*'•"  /  i      n 

In  the  interval  2In  =  ( -,  -   ,  n  =  l,  2,  •••  let  us  erect  a  rectangle  7?,,  of  area 

\w  +  l     nj 

-.     Let  these  rectangles  lie  alternately  above  and  below  the  ar-axis.    In  the  interval 
n 

2ln,  excluding  the  left-hand  end  point,  let  /(*)  =  height  of  En  taken  positively  or 
negatively  accordingly  as  Rn  is  above  or  below  the  axis.    Then  /(z)  has  a  singular 
point  at  x  =  0. 
We  have  now, 


'1  /M  /•!  /  1         1  C —  \\m\ 

,  Jdx  =  Inn  I  fdx  =  lim  I  /<&e  =  lim  I  1  —  -  +  i [-  i — L!_  \ , 

0=0  Ja  m=xJ^  m=x  \  23  m  —  1    / 

Also,  m 


2      3  m-1 

As  the  reader  probably  knows,  or  as  will  be  shown  later,  the  first  limit  is  finite, 
the  second  infinite.    Thus /is  integrable  but  not  absolutely  integrable  in  21. 

4.  The  reader  should  note  this  difference  between  proper  and 
improper  integrals,  rb 

J=if(x)dx. 

i/a 

If  J  is  an  improper  integral,  we  have  just  seen  that  <7is  conver 
gent  if 


is  convergent. 

But  if  J"  is  a  proper  integral,  we  saw  in  528,  2,  that  we  could 
not  conclude  the  existence  of  J  from  that  of  K. 

On  the  other  hand,  if  J"  is  a  proper  integral,  the  existence  of  K 
follows  from  that  of  J",  by  507  ;  while  if  J  is  an  improper  integral, 
we  cannot  conclude  the  convergence  of  K  from  that  of  J,  by  3. 

579.  1.  The  /z  test.  Letf(x^)  be  regular  in  21  =  (a,  ft)  except  at  a. 
For  some  0  <  /*  <  1,  and  M>0,  let  there  exist  a  F*(a)  such  that 


in  v*. 

Then  f(z)  is  absolutely  integrable  in  31. 
Consider-  the  singular  integral  at  a.     We  have 

» 


which  vanishes  in  the  limit,  by  299,  2. 
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2.  As  a  corollary  we  have: 

Let  f(x)  be  regular  in  51  =  (a,  £>)  except  at  a. 
For  some  0  <  /JL  <  1,  let 


fo  finite.     Then  f(x)  is  absolutely  integrable  in  31. 
Ex.  1. 


is  convergent. 

For,  by  454,  Ex.  2, 

Ex.  2. 

is  convergent. 
For, 


\  logxdx 

e|=0,         M>0. 


r1  — ?     i 

I   x  3  sin- 
Jo  x 


clx 


=  0, 


580.    Ze^  /(»)  5g  regular  in  2t  =  (a,  5)  except  at  a. 
In  F*(a)  £e£  /(^)  have  one  sign  <r,  while 


Then 

For,  let 
Then 


~h 
J=  I  fdx  =  a-  ao. 


Hence 


x  —  a  a—  a 

=  +  GO,  when  a  =  a. 

=  CT  •   00  . 

+  oo. 


fl    dx 

=1  —  = 

Jo  l  -  x2 


For, 
for  x  near  1. 


,         , 

(1  -  x)/(x)  =  —  —  >  -, 
l  +  x     2 
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581.    Let  f(x)  be  regular  in  21  =  (a,  6),  except  at  a. 
Let  \=\\.m(x-a 


exist.     If  f(x)  is  integrable,  X  must  be  0. 

Let  us  prove  the  theorem  by  showing  that  the  contrary  leads  to 
a  contradiction. 

To  fix  the  ideas  suppose  X  >  0.     Then,  for  each  /*  such  that 


there  exists  a  F^*(a)  such  that 


inTr*. 


Then  the  singular  integral, 

z  =  +  <x>,.   by  580. 
Hence  /  is  not  integrable  in  51. 

582.    The  criteria  of  579,  580  admit  a  simple  geometric  inter 
pretation  . 

Consider  the  family  of  curves 


in  the  vicinity  72  F*  (a). 

The  curve  H^  is  a  hyperbola. 

If  /i<l,  H^  lies  below  Hr  while 
if  /*>!,  H^  lies  above  ffr  Further 
more,  if  1  >  fji  >  /u/,  H^  lies  above  .ff^-. 
The  curves  H^  all  cut  each  other  at 
the  point  x  —  a  +  1.  As  we  are  only 
interested  in  these  curves  in  the 
immediate  vicinity  of  the  point  #=«, 
the  point  a  +  1  lies  beyond  the  range 
of  the  figure. 

The  fji  tests  may  now  be  stated  as  follows  : 

If  in  some  F*(a),   \f(x}\  remains  below  some  H^  which  lies 
below  ffv  /OE)  is  integrable.     If,  on  the  other  hand,  f(x)  has  one 


sign  in  F*(a),  and 
integral  is  infinite. 


remains  above  ffv  the  corresponding 
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583.  Ex.  1. 


_  f1       dx 

1 

-70  v/1  -  x2 


The  only  singular  point  is  x  =  1.     Let  us  apply  the  /a  test  at  this  point.     Since 

' 


VI -x2     Vl-x     Vl-fx 
we  see  that  i.       (        \ 

x=i  V2 

We  may  therefore  take  n  =  \,  and  J  is  convergent. 

584.  Ex.  2. 


The  singular  points  are  1,    -• 

K 

Consider  the  point  x  —  I. 


Vx2  -  1  •  1  -  /c2x2  =  Vx-lVx  +  l-l-  K2x2. 

Hence  -,^  ff  \  1 

7?lim(x  -  l)2/(x)  =—  • 

x=l  V2(l  -  K2) 

In  the  /x  test  we  can  therefore  take  /j.  —  i. 

Consider  the  point  x  =  -  • 

As  / 1        \  2  ,,2 


Llimfl-x)  /(z)=          *_= 
x=i  U        /  V2(l  -  /c2) 


we  can  take  ^  =  £  at  this  point. 
Thus  J"  is  convergent. 

585.   Ex.3.  J^  Plogsinxdx,        O<X<TT. 

Jo 
The  singular  point  is  x  =  0. 

We  saw 


*=o     x 
sin  x  = 
=  1. 


x=0 

Thus  log  sin  x  =  log  x  +  log  g  (x) , 

x^  log  sin  x  =  x^  log  x  +  xa  log  g  (x) ,        M  >  0. 


But 
Hence 


lira  x^  log  x  =  0,        limxMoggr(x)  =  0. 

i=0  x=0 


lim  x*1  log  sin  x  =  0. 

Thus  in  the  ^  test,  we' can  take  for  /A  any  positive  number  <  1.      Hence  J  is 
convergent. 
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586.    Ex.4. 


T-     racosx, 

J-  \    -    — dx,        « 

Jo      -M 


The  singular  point  of  the  integrand  /(x)  is  x  =  0.     In  its  vicinity  F*(0),  f(x) 
has  one  sign  <r  =  +  1. 

Then,  by  579,  J  is  convergent  for  /*  <  1  ;  and,  by  580,  it  is  divergent  for  /*  ^  1. 

587.    Ex.  5.  fainr 

</=  \    -    — 'dx,        a>0. 

fc/0         i-fp- 

The  only  singular  point  is  x  =  0.     In  F*(0),  the  integrand  has  one  sign  <r  =  +  1. 
As 


x=i     a; 


we  see,  by  579,  that  J"  is  convergent  if  p  <  2  ;  and,  by  580,  that  it  is  divergent,  if  /*  5  2. 

588.  Logarithmic  tests.  Letf(x)  be  regular  in  21  =  (a,  5),  except 
at  a.  For  som.e  M>0,  X  >  1,  s,  let  there  exist  a  F^O),  such  that 
in  it 


'x-a      "x-a  x-a       x-a 

Then  f  is  absolutely  integrable  in  21. 
By  389,  5),  for  x  >  a  sufficiently  near  a,  and  s=  1,  2, 
,1  X-l 


#  —  a      f          ^i      1 
(#  —  a)/r 


—  a     x  —  a         x  —  a 
Integrating,  we  have,  for  a  <<*'<«"<  a  +  8, 


a;  —  a        '  x  —  a 

<  e,         for  8  sufficiently  small. 

Thus  the  singular  integral  of  j/(z)  |  at  a  is  evanescent  ;  for 
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589.    Letf(x)  be  regular  in  31  =  (a,  6)  except  at  a. 
Letf(x)  have  one  sign  a  in  F*(a),  where 


Then 


x— a         x—a 


J=   I   fdx  =  cr  -  co. 


r-  ffdx  = 

c/a 


From  389,  4),  for  s  =  1,  2,  ••-,  and  x>a  sufficiently  near  a, 
1  -1 


i 
x  —  a 


Integrating, 


dx  '     c"a           a<«<C<a+S. 


Hence 


7      1  ;      1  a  —  a 

h •"  »j 

x—a         x—a 


c  —  a 


s+l  ' 

a  —  a 

=  +  co,         when  a  =  a. 
Hence  T 

e/=  <T  •  CO. 

590.    The  logarithmic  tests  588,  589  admit  a  simple  geometric 
interpretation. 

Consider  the  family  of  curves 

C 


and 


in  .KF*(a). 

It  is  shown  readily  that  any  C  curve  finally  lies  constantly  below 
any  D  curve. 
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For  a  given  X,  the  0  curves  rise  as  s  increases ;  while  the  D 
carves  sink  as  in  the  figure. 

The  logarithmic  tests  may  now  be 
stated  as  follows : 

If  |/(z)  |  finally  remains  below  some 
C  curve,  f(x)  is  integrable.  On  the 
other  hand,  if  f(x)  preserves  one  sign 
near  a,  and  f(jx)  \  remains  above  some 
D  curve,  the  corresponding  integral  is 
infinite. 


Properties  of  Improper  Integrals 

591.  In  the  following,  as  heretofore  in  this  chapter,  we  shall 
suppose  that  the  integrands  have  but  a  finite  number  of  singular 
points  in  the  intervals  considered. 

When  /(#)  has  more  than  one  singular  point  in  21  =  (a,  6),  we 
can  break  51  into  partial  intervals,  such  that  f(x)  has  a  singular 
point  only  at  one  end  of  each  such  interval. 

For  example,  if  the  points  a,  cv  c2  are  the  singular  points  of 
/<»  in  21,  we  have,  by  576,  577,  /  being  integrable, 


Cb 

1     ' 

«/  c2 


where  av  a2  are  points  lying  between      £ ^ — i ^ 1 

the  singular  points. 

On  account  of  this  property,  we  may  simplify  the  form  of  our 
demonstration  often,  by  supposing  51  to  have  but  one  singular 
point,  which  for  convenience  we  shall  take  at  the  lower  end  of  the 
interval. 


592.    Let  /,(»,  •••  fn(x)  be  integrable  in  (a,  6).      Then 


Suppose  /,  •••/„  limited  except  at  a. 
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Then,  if  a  <  a  <  b, 

f     Ol/l  +  •  •  •  +  Cnfn)<*Z  =  Cl  I  A**  +  •  •  •  +  Cn   f  f*&' 

c/  a  %x  a  «y  a 

Passing  to  the  limit,  we  have  1). 

593.    Let  f(x)  be  integrable  in  (a,  6).      jPAerc 

i*  a<c<b. 


If  e  is  a  singular  point  of  /,  the  above  relation  is  a  matter  of 
definition  by  577. 

If  c  is  not  a  singular  point,  the  demonstration  follows  at  once 
from  576,  577. 

594.  In  51  =  (a,  5)  let  f(x)  be  integrable,  and 

/OO^Jf. 

f/(*)da?^Jf(6-a),        a<b.  (1 

«/  1 

For,  suppose  a  is  the  only  singular  point  in  21. 
Then,  if  a  <  a  <  5, 

f/rfa;  ^  Jf(&  -  a),      by  526,  1. 

«/a 

Passing  to  the  limit  a  =  a,  we  have  1). 

595.  Let  /(a;),  #(z)  5e  integrable  in  (a,  6). 

Except  possibly  at  the  singular  points,  let  f{x)>^g(x^).      Then 


fb  fb 

J  fdx>\  gdx.  (I 

«/a  t/a 

Suppose  /,  g  are  limited  except  at  a. 
If  a<«<  J, 

(V^     by  526,  2. 

c/a 


Passing  to  the  limit  a  =  a,  we  have  1). 
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596.    Let  /(»,  g(x)  be  integrable  in  (a,  £). 

Except  possibly  at  the  singular  points,  let  f(x)>g(x). 

At  a  point  of  continuity  c  of  these  functions,  letf(c}  >#(<?).     Then 


Cb     •  Cb 

I  fdx>  I  qdx. 

tJa  Ja 


Suppose  /,  g  are  limited  except  at  a. 
Let  a  <  a  <  c  <  b.     Then,  by  527,  2, 


/•&  /»6 

I  fdx>   I  gdx\ 

«/a  «/a 

Ca  Ca 

I  fdx>  \  gdx. 

a  c/a 


by  595, 

Adding,  we  have  1). 


597.    Let  f(x)  be  absolutely  integrable  in  (a,  6).     Then  f(x)  is 
integrable  in  (a,  b),  and 


In  578  we  saw  that /(z)  is  integrable  in  (a,  5). 
Suppose  /(a;)  is  limited,  except  at  a. 
Let  a<a<b.     Then,  by  528, 


fdx 


\f 


Passing  to  the  limit,  we  have  1). 

Suppose  cv  cv  •••  cs  are  the  singular  points.     Then,  if  cK<aK<cK+l, 
K=  1,  2,  •••  s  —  1, 


Hence 


< 


/*<•!  /* 

f          +        f 

»/a  »/(?! 


by  2), 
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598.    Letf(x)  be  integrable  in  21  =  («,  b). 
Let 


We  may  change  the  values  of  f(x)  over  any  discrete  point  aggre 
gate  in  3(  without  altering  the  value  of  J,  provided  the  new  values 
of  f  are  limited. 

Suppose/  limited  except  at  a.     Let  a  <  a  <  b.     Then,  by  530,  2, 


where  g  is  the  new  function. 

Let  now  a  =  a.    The  integral  on  the  left  converges  to  J.    Hence 

lim 


r>b  f*b 

im  I  gdx=  I  gdx  —  J. 
=  *r«  J" 


599.  1.  Let  f(x),  g(x)  be  absolutely  integrable  in  51  =  (a,  6), 
having  none  of  their  singular  points  in  common.  Then  h=fg  is 
absolutely  integrable  in  21. 

To  fix  the  ideas,  let  c  be  a  singular  point  of  /,  but  not  of  g  ; 
a<c<b.  Then  g  is  limited  and  integrable  in  F"a(c). 

Consider  one  of  the  singular  integrals  of  h(x)\  at  c;  say  the 
right-hand  one, 

R=  fy  \fg\dx, 


Let  ®  be  a  mean  value  of  |#(z)    in  F(c).     Then,  by  531, 


But  \f(x)  |  being  integrable, 

lim  r  |/| da;  =0. 


Hence  ,.      D     r\ 

lim .«  =  0, 

as  0  is  less  than  some  positive  number  M. 
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2.  In  21  =  (a,  6),  let  /(V)   be  integrate   and  g(x)  limited  and 
monotone.     Then  fg  is  integrable  in  21. 

For  simplicity,  suppose  /  is  limited   except  at  b.     We  must 
show  that 


€>0,  g>0,  f 

«x  c 

Now,  by  the  Second  Theorem  of  the  Mean,  545, 

Xrf  /«f 

/^  =  #(c  +  0)  I  fdx  +  g(d  -  0) 
«yc 


But  /  being  integrable  in  21,  the  integrals  on  the   right  are 
numerically  as  small  as  we  choose  if  B  is  chosen  sufficiently  small. 

600.    If  /(V),  g(x)  have  a  singular  point  in  common,  fg  may  not 
be  integrable,  as  the  following  example  shows  : 

l 


x)  =  g(x)  = 


21  =  (0,  1). 


Vl  -  x- 

Here,  by  583,  /  and  g  are  absolutely  integrable  in  21     On  the  other  hand, 

j 

Hence,  by  580,  2, 


o  1  - 


and  h  is  not  integrable  in  (0,  1). 


601.    Letf(x)  be  absolutely  integrable  in  21  =  (a,  J).     Let  g(x)  be 
integrable  in  21  and  \g(x)\<Gr.      Thenfg  is  integrable  in  21,  and 


f#<fe   <^f|/|^. 

t/ 51  *^2t 


(l 


For,  g(x)  being  limited  and  integrable,  \g(x)  \  is  also  integrable, 
by  507.  Hence  \fg\  is  integrable  in  21,  by  599.  For  simplicity, 
suppose  that  b  is  the  only  singular  point  of  /(V).  Let  a</3<b. 
Then,  by  528,  „ 

<  I 

-»/a 


by  529. 


Passing  to  the  limit  /3=  b,  we  get  1). 
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602.    1.  Let  f(x)  be  non-negative  and  integrable  in  51  =  (a,  6). 
Let  g(x)  be  integrable,  and 


m  ffdx  <  ffgdx  <  M  ffdx ;  (1 

»/3l  1/21  */?t 

ffgdx  =  G  ffdx,        a  =  Mean g(x~) .     (2 
C/2J  */3l 

For,  as  in  601,  fg  is  integrable.     If,  to  fix  the  ideas,  we  suppose 
I  is  the  only  singular  point  of/,  we  have,  by  529, 


mffax  <  f'fffd*  <  Mffifa         «<£<&, 


which  gives  1)  on  passing  to  the  limit  /3  =  b. 

Equation  2)  is  obviously  only  another  form  of  1). 

2.  As  a  corollary  we  have  : 

Let  f(x)  be  non-negative  and  integrable  in  (a,  b)  ;   while  g(x)  is 
continuous. 

Then  rb  rb 

I  fgdx  =  g(&\  fdx,        a<£<b. 

«/a  *s  « 

3.  By  repeating  the  reasoning  of  534  and  using  596,  we  have  : 
Let  f(  x)  be  integrable  and  non-negative  ;  while  g(x)  is  continuous 

in  51.     Let  c  be  a  point  of  continuity  o//(a;),  and 

Min#(aO<.?O)<  Max#(V),         in  51. 

Then  rb  fb 

\  fgdx  =  g^\  fdx,  a<t<b. 

\s  a  */" 

603.    1.  Letf(x)  be  integrable  in  51  =  (/*,  ft).      Then 

J(x)  =   fXfdx,          a,  x  in  51, 

\)  a. 

is  a  continuous  function  of  x  in  21. 

To  fix  the  ideas,  let  a  <  a  <  x  <  b. 

Then  /*x+h 

A./=     fdx. 

Jx     ' 
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If/(V)  is  limited  in  V(x), 


lim  AJ"=  0 

ft=0 


by  536.     If  a;  is  a  singular  point,  1)  still  holds  by  574,  since  /  is 
integrable  in  51. 

2.  As  corollary  we  have  : 

Letf(x)  be  integrable  in  (a,  5).      Then 


Xx  s*b 

/(a?)  dx  =  I  f(x)  dx,         a<x<b. 
___  \J  a, 


604.  1.  Letf(x)  be  integrable  in  5l  =  (aJ).  Iff(x)  is  continu 
ous  at  x, 

•jrjjfo  =/O),         <*,  ^  in  51. 

To  fix  the  ideas,  let  a  <  a  <  x  <  b.  Since  /  is  continuous  at  x,  this 
is  not  a  singular  point  of  /.  Let  c  be  chosen  so  that  a  <  c  <  x, 
while  (<?,  x)  contains  no  singular  point.  Then  setting 

Cx  Cc  f*x 

j=j  ,  0=  r,  K=  r, 

c/a  »/a  \jc 

we  have  J=  C+K.     But,  by  537, 

dK       s 


Hence,  since  C  is  a  constant, 
dJ      d 


2.  Letf(x)  be  integrable  in  51  =  (a,  5).     7//  &  continuous  at  x, 

(x~)dx  =/O)>         »  in  51. 
This  is  a  corollary  of  1. 

605.    In  51  =  (a,  J)  let  f(x)  be  integrable.     Let  it  be  continuous 
except  at  certain  points  cl---  cs,  ivhere  f(x)  may  be  unlimited. 
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If  F(x)  is  a  one-valued  continuous  function  in  21,  having  /(a;)  as 
derivative,  except  at  the'  points  c, 

f'f(x)dx  =  .F(&)  -  ^(«).  C1 

*J  a 

Suppose  /(V)  is  continuous  except  at  a. 
Let  a  <  a  <  b.     Then,  by  538, 

(bfdx=F(b}-F(a).  (2 

%Ja. 

Since  F  is  continuous, 

lim  Fa~  =  Fa. 


Passing  to  the  limit  in  2),  we  get  1). 

Suppose  now  a  and  c  are  points  at  which/  is  discontinuous.    To 
fix  the  ideas,  let  a<a<c<b. 

Then  /•&       fa      fc       /*& 

I    .=  I    +  I    +  I  (3 

c/a  «/a          »/a          «/c    . 

Now  as  just  shown, 


r= 

•/a 


Adding,  we  have  1)  from  3). 
Ex.  1. 


, 
=  [arc  sm  a;]     =  v. 


is  integrable  in  51  =(—  1,  1).     Its  points  of  discontinuity  in  21  are  x  =  ±  1. 

.F(x)  =  arc  sin  x 

is  one-valued  and  continuous  in  21,  and  has  /(x)  as  derivative. 
Ex.  2. 


This  result  is  obviously  false,  since  the  integrand  is  positive.     The  integrand  is 
not  an  integrable  function  in  (—  1,  1),  by  580. 


420  IMPROPER  INTEGRALS.    INTEGRAND  INFINITE 

Change  of  Variable 
606.    1.  Letf(x)  be  in  general  regular  in  21  =  (a,  b~)  a  ^b.     Let 


u  = 


have  a  continuous  derivative  $'  (x)  =£  0,  in  21.     Let  33  =  («,  /3)  be  the 
image  of  21,  and  let 


x  — 


be  the  inverse  function  of  (f>.     If  either 


is  convergent,  the  other  is,  and  Jx  =  Ju. 

By  hypothesis  the  points  of  21,  33  stand  in  1  to  1  correspondence. 
To  fix  the  ideas,  let  /  be  regular  except  at  a.  Let  c,  7  be  corre 
sponding  points  in  21,  33-  Then,  by  543, 

jT/O)<fe  -jpTiK*)]^*)*!  C1 

since  f(x)  is  limited  and  integrable  in  (c,  b~).  If  now  c  =  a,  7  =  «, 
and  conversely.  Thus  if  either  integral  Jx  or  </„  is  convergent, 
the  relation  1)  shows  that  the  other  is,  and  both  are  equal. 

2.  In  33  =  («,  /3),  «^/S,  ?e£  x—ty(u)  have  a  continuous  derivative 
which  may  vanish  over  a  discrete  aggregate,  but  otherwise  has  one 
sign.  Let  21  =  (a,  5)  be  the  image  of  SQ.  Let  f(x)  be  in  general 
regular  in  21.  If  either 

^*'  or  ^«- 

z«  convergent,  the  other  is,  and  Jx  =  Ju. 

We  employ  the  reasoning  of  1,  with  the  aid  of  544. 

607.  Ex.  1.  '          ,     dx 


T  pt 

x  -  sin  u  -  ^(M). 
Here  ^'  is  positive  in  S3  =(0,  ir/2)  except  at  ir/2. 
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Also 


Ju  =  \      du  =  -. 
Jo  2 


Obviously  Ju  is  convergent.     Hence,  by  606,  2, 

J*  =  T/2, 

a  result  already  obtained. 
Ex.  2. 


Let 
Then 


Jn  = 


Vl  —  K2  sin2  u 


But  the  integrand  of  <7«  is  continuous  in  (0,  Tr/2)  =  33.     Hence  </„  is  finite. 
Therefore  Jz  is. 

Both  these  examples  illustrate  how,  by  a  change  of  variable,  an 
improper  integral  may  be  transformed  into  a  proper  integral. 


Second  Theorem  of  the  Mean 

608.    Let  f(x)  be  integrable  in  31  =  (a,  6).     Let  g(x)  be  limited 
and  monotone  in  5t.      Then 


=  g(a  +  0)/<fe  +  0(ft  -  0  ) 


We  assume  that  #(a  +  0),  ^(6  —  0)  are  different,  as  otherwise  1) 
is  obviously  true. 

Let  us  suppose  first,  that  /  is  regular  in  31  except  at  a.     Then,  by 

545,  11), 

a  <  <t  <  b 

/<**  +  *(«)•  {tf(A-0)-0(«  +  0)|,      (2 
where  #(«)  is  a  mean  value  of 

Cfdx,         a<x<b.  (3 

•/•' 
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In  2)  let  ct  =  a.     We  have 


rh         cb 

lim  I  fdx  =   I  fdx. 

*J  a.  *Ja 


As  all  the  terms  in  2),  except  #(«),  have  a  finite  limit,  it  follows 
that  #(«)  must  have  a  finite  limit  #.     Hence 

V)-g(a  +  Q}\,          (4 

Reasoning  now  as  we  did  at  the  close  of  545,  we  arrive  at 
equation  1). 

Suppose  next,  that  /  is  regular  in  81,  except  at  a,  b.     Then  if 


as  we  have  just  seen  in  3). 

Passing  to  the  limit,  we  have,  as  before, 


This  may  be  transformed  as  before,  giving  1)  also  for  this  case. 
Let  us  suppose  finally,  that  the  singular  points  of  /  are 


If  a  or  b  are  singular  points,  the  first  or  last  integral  may  be 
discarded. 

By  the  preceding, 

C'=  g(a  +  0)  f^fdx  +  g  (c,  -  0)  f'fdx 

a  «-/a  *S£ 
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Similarly, 


Adding  all  these  equations,  we  get,  setting  <?0  =  a,  cg+l  =  b  : 
J=  g(a  +  0)jT6  +  2    ^(c.  +  0)  -  KC.  -  0)    JT 


.  (5 

Now  m,  3ft  denoting  the  extremes  of  the  integral  3), 


Which  added  give 
m(ff(b  -  0)-  //(a  +  0))<  S+  T<W(y(b  -  0)-</(a  +  0)). 

Thus  5)  gives 

Ij=g(a  +  0)  f6+  K^  -  0)-  ^O  +  O)). 

This  is  an  equation  of  the  same  form  as  4).     Thus  reasoning  as 
we  did  on  4),  we  get  1). 


424  IMPROPER   INTEGRALS.    INTEGRAND  INFINITE 

INTEGRALS   DEPENDING  ON  A  PARAMETER 

Uniform  Convergence 

609.  Let  /(z,  y)  be  defined  over  a  rectangle  R  =  (a,  6,  a,  /3),  ft 
finite  or  infinite,  and  be  unlimited  in  72.     Let  51=  (a,  6),  33  =  («,  /3). 

For  each  ^  in  33,  let  6 

^Q/)  =  I  /O,  y)^* 

c/a 

be  convergent.     Then  <7is  a  one-valued  function  of  y  in  33. 

As  in  Chapter  XIII,  we  wish  now  to  study  J  with  respect  to 
continuity,  differentiation,  and  integration,  restricting  ourselves 
to  certain  simple  but  important  cases. 

610.  1.   For  brevity  we   introduce  the  following  terms.     We 
shall  say  f(xy}  is_re^ular  in  R  =  («i«/3),  /3  finite  or  infinite,  when 

1°.  f(xy)  has  no  points  of  infinite  discontinuity  in  R. 
2°.  f(xy~)  is  integrable  in  51  =  (a,  5)  for  each  y  in  33  =(«,  fr). 
When  /3  is  finite,  we  shall  sometimes  need  to  integrate  f(xy^) 
with  respect  to  y.     In  this  case  we  shall  also  suppose 
3°.  f(xy}  is  integrable  in  33  =  («<  /3)  for  each  x  in  31. 

For  example,  f(x,  j/)  =  y  sin  x  is  regular  in  E. 

If  /3  is  finite,  /  is  limited  in  J?.  If  /3  =  oo  ,  /  is  not  limited  in  J?  although  it  has 
no  points  of  infinite  discontinuity. 

2.  If  f(xy)  is  regular  in  jft,  except  that  it  may  have  points  of 
infinite  discontinuity  on  certain  lines  x  —  av  •••  x  =  ar,  we  shall 
say  f(xy)  is  regular  in  R  except  on  the  lines  x=  ar  ••• ;  or  that  it  is 
in  general  regular  with  respect  to  x. 

3.  Let  f(xy)  be  continuous  in  R  except  on  certain  lines 

x  =  av  •••  x=ar\  y  =  al,  •••  y  =  as. 

On  the  lines  x  =  a^  •••  it  may  have  points  of  infinite  discontinuity  ; 
on  the  lines  y  =  al  ...  it  may  have  finite  discontinuities.  If  f(xy} 
is  otherwise  regular,  we  shall  say  it  is  simply  regular  except  on  the 
lines  x  =  av  •  •  •  x  =  ar ;  y  =  «1?  •••  y  =  «, ;  or  that  it  is  simply  irregu 
lar  with  respect_tg^x~- 

Thus  the  simply  irregular  functions  are  a  special  case  of  the 
functions  which  are  in  general  regular. 
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4.  The  lines  x=  ar  •••  x=  ar,  on  which  f(xy)  may  have  points 
of  infinite  discontinuity  are  called  singular  lines. 

The  integrals 

I     /cfo,        !       fdx       8  >  0,  arbitrarily  small 

*^«t-6  •A/i 

are  called  the  left  and  right  hand  singular  integrals  relative  to  the 
lines  x  =  at,  t  =  1,  2  •••  r. 

5.  In  609  we  made  the  formal  requirement  that  f(xy}  should 
be  denned  at  every  point  of  R.     It  usually  happens  in  practice 
that  /  is  not  defined  at  its  points  of  infinite  discontinuity.     Such 
is  the  case  in  such  integrals  as 


f-^=,        f  ,yl~**,  ,  dx,        (V1  log"  x  dx. 

J  V^      J  O2  +  /)2         •> 

It  is,  however,  easy  to  satisfy  the  above  requirement  in  all  the 
cases  we  shall  consider  ;   for,  by  598.  the  value  of 


\   is  not  affected  by  a  change  of  the  value  of  f  at  points  lying  on 
the  lines  x=  ax  •••  subject  to  the  restrictions  of  that  theorem. 

6.  This  fact  may  also  be  used  to  advantage  sometimes  to  sim- 
,    plify  f(x,  y)  by  changing  its  value  at  points  lying  on  these  lines. 


611.    1.   Let  f(xy)  be  regular  in  R  =  (a6«/3),  /3  finite  or  infinite, 
except  on  x  =  av  ••• 

If  the  singular  integrals  relative  to  these  lines  be  uniformly 
evanescent  in  33,  we  say 

Cb 

J  =  I  /(«i  y)** 

c/a 

is  uniformly  convergent  in  $Q. 

2.  If  J  is  uniformly  convergent  in  the  intervals  $&r  •••  33OT,  it  is 
obviously  uniformly  convergent  in  their  sum. 

3.  If  J  is  the  sum  of  several  uniformly  convergent  integrals  in 
53,  it  is  itself  uniformly  convergent  in  33. 
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4.  Letf(xy^)  be  in  general  regular  with  respect  to  x  in  72  =  (#ft«/3), 
(3  finite.     If  J  is  uniformly  convergent  in  33,  it  is  limited  in  33- 

For  simplicity  suppose  x=  b  is  the  only  singular  line.     Then 


Xb 
fdl 


uniformly  in  33. 


But  in  the  rectangle  (aft'a/3), 


Now 
Hence 


Xb'          fb 
+/• 
*nt 

\J\<M(b-d)  +  <r. 


612.    Let  f(xy)  be  regular  in  R=  (abaft),  ft  finite  or  infinite, 
except  on  x=b. 

The  singular  integral  ~b 

i  f(xy}dx,         ft0<ft'<ft,  (1 

•ft! 

is  uniformly  evanescent  in  33  =  («,  /3)  if 


«K*),       m  a'  =  (6,,,  ft), 

and  <^>  is  integrable  in  21'. 

For,  f(xy)   being   limited  and    integrable  in   (ft',   ft"),   where 
ft'  <  ft"  <  ft,  we  have  for  any  y  in  33 

|jf  V'fdx  <  £\f  dx,     by  528 

/•y 

<  I    <f>dz,        bv  526,  2. 
»^V 

But  ^>  being  integrable  in  51',  we  can  take  ft0  so  near  ft  that  the 
last  integral  is  <  e.     But  as  this  is  independent  of  ?/, 

Xv 
f(xy*)dx  <e,         in  33. 

Hence  1)  is  uniformly  evanescent. 
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613.    Example.     Let  us  consider  the  integral 

-  2  ?/  cos  x  +  ?/2)c?x  (1 


for  values  of  y  in  33  =  (a,  /3),  0  finite.     The  integrand  f(xy)  is  continuous  except  at 

the  points 

x  =  mir,     ?/=(—  l)m»     m  =  0,   ±  1,  ••• 

by  560,  Ex.  2.     Let  us  first  consider  the  singular  integral 

8='  fdx,         0<a'<5 


relative  to  the  line  x  =  0.     Since  y  =  lis  the  only  point  of  infinite  discontinuity  on 
this  line,  we  may  restrict  ourselves  to  an  interval  SB'  =(1  -  <r,  1  +  <r).     We  set 


y  =  l  +  h,        \h\<<r. 
Then 


Obviously  S\  is  uniformly  evanescent  in  33'. 

To  show  that  #2  is  uniformly  evanescent,  we  observe  that 


log    l  -  cos  x  + 


<  I  log(l  -  cos  x)  |, 


since  log  x  increases  with  x,  and  is  negative  for  small  values  of  the  argument.     We 
apply  now  612.     To  this  end  we  show  that 

0(x)=  log(l  -  cosx) 

is  absolutely  integrable  in  (0,  a'),  using  the  /x-test. 
Now  in  454,  Ex.  1,  we  saw  that 

-cosx)=0,        0<M<1- 

Hence  |  0  is  integrable,  and  8»  is  uniformly  evanescent.  Hence  S  is  uniformly 
evanescent  not  only  in  33',  but  in  33. 

The  same  reasoning  may  be  applied  to  the  singular  integral  relative  to  the  line 
x  =  TT.  Here  the  only  point  of  infinite  discontinuity  is  y  —  —  1. 

Hence,  by  611,  2,  the  integral  J  is  uniformly  convergent  in  33. 
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614.    Example.     Let  us  consider  the  integral 

C  1 
J=\xv-'i\\ogx\ndx,         n^.0. 

We  show  first  that  it  is  convergent  only  for  y  >  0. 


For,  lety>0.     Applying  the  /x-test,  we  have 

=  lii 
=  0,     by  454,  Ex. 


lim  x*  •  xv-1  \  log  x  I  "  =  liin  x*  \  log  x  \  »,        X  >  0 


for  properly  chosen  0  <  /*  <  1. 
Hence,  by  579,  J  is  convergent. 

Let  y  e  0.     Then 

llm*.x»-1|logafj«=  limx*|logjc|»,       x<o 

=  +  oo. 
•    Hence,  by  580,  J"  is  divergent. 

Let  0  <  a  <  0.  We  show  that  J  is  uniformly  convergent  in  %  =  (a,  /3).  In  the 
first  place  we  note  that  the  integrand  is  continuous  in  Ii  =  (0,  1,  «,  /3),  except  on 
the  line  x  =  0,  where  it  has  points  of  infinite  discontinuity.  We  have,  therefore, 
only  to  show  that  the  singular  integral  8  relative  to  this  line  is  uniformly  evanes 
cent.  To  this  end  we  use  612.  Now 


But  we  have  just  seen  that 

^(aO^zi-1  1  log  x  [».  (2 

is  integrable.     Hence  S  is  uniformly  evanescent  in  $8. 


615.    £e£  f(xy}  be  regular  in  R  =  (>&«£),  /S  J^te  or  infinite, 
except  on  x=b.      The  singular  integral 


b'<l, 

is  uniformly  evanescent  in  33  =  («,  /3),  if 

f(*y)  =  4>(.x)g(ixy},     in  Rb  =  (b  —  B,  b,  «, 

1°  <f>(x)  is  integrable  in  21'  =  (i  —  8,  5") : 
9° 


*«  Kmzterf  m  ,R6,  and -integrable  in  any  (b  —  S, 
y  in  $&. 


Then  by  1°,  there  exist  for  each  e>0,  a  S>0  such  that 

it-  0 


CONTINUITY 


Then  for  any  y  in  33, 


/*&-  fb" 

\  fdx  =    I    fad 

«/6  »/& 

b" 
* 


<M 


<e,  by  1). 


Continuity 

616.    1.  £<?£  /Oy)  6«  regular  in  R=  («&«£),  /S  >'mVe  or  infinite, 
except  on  the  lines  x=  av  •••  x  =  ar. 

1°.  ief  the  singular  integrals  relative  to  these  lines  be  uniformly 
evanescent  in  33  =  («,  /3). 

2°.   .£<?£  rj,  finite  or  infinite,  lie  in  33,  aw-cZ 

<£(»         uniformly 


in  21  =  (a,  6),  except  possibly  at  x  =  av  •••  x=  ar. 
3°.  Let  $(x)  be  integrable  in  21.      Then 


lim 


=  f 


For  simplicity,  we  shall  suppose  there  is  only  one  singular  line, 
viz.  x  =  b  ;  we  shall  also  take  77  =  oo. 


Let 

v=  I  {/(«*)  ->(*)!<**• 

*/« 

We  wish  to  show  that 

e>0,      a,     |D|<e,         for  any  y>  a. 
Now 


430  IMPROPER   INTEGRALS.     INTEGRAND   INFINITE 

Now  by  1°,  3°,  the  last  two  integrals  are  numerically  <  e/3,  if  b' 
is  sufficiently  near  £,  for  any  y.  On  the  other  hand,  if  Gr  is  suffi 
ciently  large,  we  have  for  any  y>Gr, 


'3(6 -a)' 

for  every  x  in  (a,  b'~),  by  virtue  of  2°. 
Hence  \Dl  <e/3.     Hence 


which  establishes  1). 

2.  Letf(xy}  be  regular  in  R=  (a£«/3),  fi  finite  or  infinite,  except 
on  the  lines  x  —  av  •••  x  =  ar. 

1°.  Let  the  singular  integrals  relative  to  these  lines  be  uniformly 
evanescent  in  33  =  («,  /3). 

2°.  Let  77,  finite  or  infinite,  lie  in  33,  and 

Y\\\\f(x,  y)  —  <$>(x)         uniformly 

in  51  =  («6),  except  possibly  at  x  =  av  •••  x=  a,.. 

Then 

C 
j  =  lim  I  f(xy)dx         exists. 

.._.    %J  ci 

3°.  Let  </>(#)  be  integrable  in  51.      Then 

/*6  (*b  f»b 

lim  I  f(xy)dx=   I    lim/(^)^=   I  d>(x)dz. 

W=TJ    *^^  4X  ft         «=•»  *x  flt 

We  need  only  show  that  j  exists,  since  the  rest  follows  by  1. 
Let  us  suppose,  to  fix  the  ideas,  that  x  =  b  is  the  only  singular 
line,  and  that  77  =  co . 

Then 
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But  by  1°,  there  exists  a  b'  such  that 

D2|,      J93  <e/4 
for  any  y  in  33. 

By  2°,  we  can  take  7  such  that  for  any  x  in  (a,  6') 


Hence 


for  any  y' ,  y"  >7,  and  x  in  (a,  6'). 
Thus 


|D|<e,          foranyy>7; 
and  the  limit/  exists. 

617.  1.  In  561  we  have  denned  the  term /(»,  y}  as  a  uniformly 
continuous  function  of  y  in  33.  It  may  happen  that /(a;,  y  +  li) 
converges  to /(a;?/)  for  each  y  in  33  and  any  a;  in  21,  but  that  the 
uniform  convergence  breaks  down  at  points  lying  on  the  lines 
ar  =  «r  •••  x=ar.  In  this  case,  we  shall  say/  is  a  regularly  con 
tinuous  function  of  y  in  33-  If  /O,  y  +  A)  converges  uniformly  to 
f(xy)  except  on  x=a1,  ••-,  where  it  may  not  even  converge  to 
f(x,  y),  we  shall  say  that  f(xy)  is  a  semi-uniformly  continuous 
function  of  y. 

In  both  cases,  we  can  inclose  the  lines  x=av  •••  in  little  bands 
of  width  small  at  pleasure  but  fixed,  such  that  the  convergence  is 
uniform  in  33,  when  x  ranges  over  21,  excluding  values  which  fall 
in  the  above  bands. 

2.  It  may  happen  that /(re,  y}  is  a  regularly  or  a  semi-uniformly 
continuous  function  of  y  in  33  except  on  the  lines  y '  =  av  •••  y  =  as. 
We  shall  say  in  this  case  that  /  is  in  general  regularly  or  semi- 
uniformly  continuous  in  y. 

3.  We  wish  to  make  a  remark  here  which  will  sometimes  per 
mit  us  to  simplify  the  form  of  a  demonstration  without  loss  of 
generality.     In  questions  of  uniform  convergence  or  uniform  con 
tinuity,  the  uniformity  may  break  down  at  points  lying  on  certain 
lines  x  =  av  •••  x=am.     In  this  case  we  may  count  such  lines  as 
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singular  lines.  When  $  is  finite,  and  no  points  of  infinite  discon 
tinuity  lie  on  these  lines,  their  singular  integrals  are  obviously 
uniformly  evanescent  in  33. 

618.    1.  As  corollaries  of  616  we  have,  using  611,  4: 

Let  /(##)  be  in  general  regular  with  respect  to  x  in  R  =  (a£«/3), 
ft  finite. 

Let  f(zy)  be  a  semi-uniformly  continuous  function  of  y,  except  at 

y  =  av  •••  y  =  <*m- 

Let 


be  uniformly  convergent  in  $Q  —  («£). 

Then  J  is  limited  in  33  and  continuous,  except  possibly  at  «r  •••  am. 

2.  Let  f(xy)  be  continuous  in  R,  except  on  x  —  ar   •••  x  =  ar. 
Let  1)  be  uniformly  convergent  in  $.      Then  J  is  continuous  in  23. 

619.    Ex.  1.  The  integral 

fw 

J=\    log  (I  -  ~2  y  cos  x  +  y*)dx 

*^0 

is  a  continuous  function  of  y  in  any  interval  33  =  («/3).  For  the  integrand  is  contin 
uous  in  (0,  x,  «,  0),  except  on  the  lines  x  =  0,  x  =  *.  In  613  we  saw  J  is  uniformly 
convergent  in  33.  Hence,  by  618,  2,  J  is  continuous. 

Ex..  2.    The  integral 

J=  \  w-i  \\ogy  \» 
Jo 

is  continuous  in  (a,  /3).        0  <  a  <  /3. 
This  follows  from  618,  2,  and  614. 


Integration 

620.    1.   Up  to  the  present  we  have  been  considering  the  case 
when  the  singular  integrals 


»dx 


relative  to  a  line  x=c  are  uniformly  evanescent. 


INTEGRATION 

For  the  purpose  of  integrating 
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with  respect  to  the  parameter  y  over  a  finite  interval  33  =(«,  /3), 
we  can  take  a  slightly  more  general  case. 

As  before,  let  f(xy)  be  in  general  regular  in  J?  =  (a6«/3).  To 
fix  the  ideas,  let  us  consider  the  left-hand  singular  integral  at  c. 

Suppose  now  that  for  each  e>0  there  exists  a  8>0  such  that 
for  any  y  in  33*  =  (a,  /3*), 


for  every  c'  in  (c  —  S,  c).  Here  <r  is  regular  in  33  except  at  $,  and 
is  integrable  in  33  ;  it  is  also  independent  of  e.  In  this  case  we 
shall  say  this  singular  integral  is  normal.  Similar  remarks  hold 
for  the  right-hand  singular  integral  at  c. 

2.  Obviously,  if  the  singular  integrals  at  c  are  normal,  they  are 
uniformly  evanescent  in  any  partial  interval  -(«/3')  of  33- 

Also,  if  the  singular  integrals  at  c  are  uniformly  evanescent  in 
33,  they  are  a  fortiori  normal. 

3.  When  the  singular  integrals  of 


C 
=  I 

c/« 


are  normal,  we  shall  say  '/is  normally  convergent  in  33- 

4.   //'  the  singular  integrals  at  c  are  normal,  there  exists  for  each 
e  >  0,  a  8  >  0,  such  that 


y  f 

c/f 


for  any  c'  in  (c  —  8,  c)  or  (c,  c  +  8),  and  any  X,  /JL  in  33. 

To  fix  the  ideas  consider  only  the  left-hand  singular  integral. 
Then 

<    — 'a— ' 


where 


X 


> 


dy. 


Hence 
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821.    Let   f(xy)    be   in   general    regular   with   respect   to   x,    in 
R  =  (a5«/3),  /3  finite. 

1°.  Let  f  be  in  general  a  semi-uniformly  continuous  function  of 
y  in  23  =  («,  /3). 

2°'     Let  TS    A          fV       ^ 

J(y)=Jaf(xy^dx 

be  normally  convergent  in  23. 

Then  J  is  integrable  in  23- 

To  fix  the  ideas  let  x  =  b  be  the  only  singular  line.  Since  the 
singular  integral  is  normal  in  23,  it  is  uniformly  evanescent  in  any 
(«y),  7  <  &  by  620,  2.  Hence,  by 
618,  1,  </is  integrable  in  («,  7). 

To  show  that  J  is  integrable  in 
23,  we  have  only  to  show  that 


Xft" 
Jdy, 


b'   b 


converges  to  0  as  77  =  0. 

Now  re"      r»          re"  r*1     rn"  r» 

T  =  I     dy\  fdx  =1      I    +  I      I    =  T, 

*Jf?  *Ja  «/j8'     •/•          */p'     *fy 

But,  by  620,  4,  there  exists  a  5'  such  that 


however  /3',  /8"  are  chosen. 

On  the  other  hand,  f(xy)  being  by  hypothesis  limited  in  any 

(a,  J',  «,  /3),         J'< 5. 

f/^  <Jtf". 
We  can  therefore  choose  77  so  small  that 

*ii<«yi 

Hence  1)  shows  that  for  each  e  >  0,  there  exists  an  77  >  0,  such 


for  any  pair  of  values  /3'/3"  in  (yS  —  ?;, 
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Inversion 

622.  1.  Let  f(xy}  be  in  general  regular  with  respect  to  x,  in 
R  =  (abaft). 

1°.  Let  the  singular  integrals  be  normal. 

2°.  Let  f(xy)  be  in  general  a  semi-uniformly  continuous  function 
of  y  in  33. 

8°.  Let  inversion  of  the  order  of  integration  be  permissible  for 
any  rectangle  in  R  not  embracing  the  singular  lines. 

Then 


exist,  and  are  equal. 

For  simplicity,  let  us  suppose  x  =  b  is  the  only  singular  line. 
By  1°,  2°,  and  621,  the  integral  K  exists. 


o     /*!,•  /»(,'      /•« 

dyf  fdx=  f  dxf'fdy.        b-S<b'<b.    (1 

•/•  *^"  «-^a 

rr=fT-rT. 

%/a.    va  *sa-    *J  a.  *J  a.    *s  b' 


Hence  1),  2)  give 

JT-*  = 

»/a     */a  «^ 

<e,         by  620,  4 

if  8  is  taken  sufficiently  small. 
Now,  by  603,  2, 

I     I     =lim  I      I    . 

%/rt   «/a  j'_jc/rt     */a 

Hence,  by  3),  p  ^ 


2.  Letf(xy)  be  simply  irregular  in  JB  =  (a6a/3)  w^A  respect  to  x. 
Let  the  singular  integrals  be  normal.      Then 


/*6  /*6          /* 

I  fdx,  I    rfa:  I 

»/rt  »/•            «^a 

«^  and  are  equal. 
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This  is  a  special  case  of  1.  For,  by  617,  3,  /  is  in  general  a 
regularly  continuous  function  of  y.  Thus  condition  2°  is  satisfied. 
That  condition  3°  is  fulfilled  follows  from  570,  1. 

623.    Example.     We  saw,  575,  Ex.  3,  that 

£V-Vb  --,        y  >  0. 

Hence  for  0  <  a  <  /3, 


We  can,  by  622,  2,  invert  the  order  of  integration,  since 

\"xy-}dx,       0<a 

is  uniformly  evanescent  in  (a,  /3)  by  614. 
•    Thus  1)  gives,  inverting, 


(2 

For  a  =  1,  this  gives 

/•l-vfi-l  1 

<3 


If  we  set  here  /3  =  2,  it  gives 


«  logx 


(4 


624.    We  give  now  an  example  where  it  is  not  permitted  to 
invert  the  order  of  integration. 

We  have  for  all  points  different  from  the  origin, 


Thus 


y    -  x*  -  y* 

*  +  tf     (a*  +  if)« 


Hence  A,  B  are  both  convergent  ;  but  they  are  not  equal. 
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625.  1.  Up  to  the  present  we  have  supposed  that  the  points  of 
infinite  discontinuity  of  the  integrand  f(xy)  lie  on  certain  lines 
parallel  to  the  #-axis. 

We  consider  now  a  more  general  case. 

Let  us  suppose  that  these  points  of  infinite  discontinuity  do  not 
lie  only  on  a  finite  number  of  lines  parallel  to  the  ?/-axis,  but  that 
it  is  necessary  to  employ  in  addition  a  finite  number  of  lines  par 
allel  to  the  z-axis. 

To  fix  the  ideas,  let  these  lines  be 


If  f(xy}  is  otherwise  regular,  i.e.  if  properties  2°,  3°  of  610,  1 
hold,  we  shall  say  f(xy)  is  regular  in  R  except  on  the  lines  1),  or 
that  it  is  in  general  regular  with  respect  to  x,  y. 

2.  Similarly  we  extend  the  term  simply  regular,  viz.  :    If  f(xy~) 
is  continuous  in  R  except  on  a  finite  number  of  lines  parallel  to 
each  axis,  say  the  lines  1),  where  it  may  have  points  of  finite  or 
infinite  discontinuity  ;  if,  moreover,  it  enjoys  properties  2°,  3°  of 
610,  1,  we  shall  say  f(xy)  is  simply  regular  in  R  except  on  the 
lines  1),  or  that  it  is  simply  irregular  with  respect  to  x,  y. 

3.  The  lines  y  =  «1,  •••  are  also  called  singular  lines,  and  the 
integrals 


r 


are  singular  integrals  relative  to  the  lines  y  =  «,„,  m  =  1,  2  •••  s. 

4.  In  accordance  with  the  present  assumptions,  we  should 
modify  the  definition  of  normal  singular  integrals  given  in  620,  1, 
so  as  to  allow  o-(j/)  to  have  singular  points  at  av  •••  as. 

As  an  example,  consider 


Here  every  point  on  the  lines  x  =  1>,  y  =  ft  are  points  of  infinite  discontinuity. 

If  R  =(tf,  ft,  «,  ft),  a  <  6,  «</3,  we  see  at  once  that /is  continuous  in  R  except 
on  the  above  lines.  Obviously,  /  is  integrable  with  respect  to  x  or  y  in  R.  Thus  / 
is  simply  regular  in  R  except  on  the  lines  x  —  ft,  y  =  ft. 
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626.  1.  Let  f(xy~)  be  regular  in  72  =  (a5«/3),  except  on  the  lines 
x  =  av  •••  x=ar;  y  =  nv  •••  y  =  as. 

1°.  Let  it  be  in  general  a  semi-uniformly  continuous  function  of  y 
in  33  =  («/3). 

2°.  Let  the  singular  integrals  relative  to  the  lines  x  =  av  •••  be 
normal  in  33- 

3°.  Let  the  singular  integrals  relative  to  the  lines  y  =  nv  •••  be 
uniformly  evanescent  in  any  interval  of  51  =  (a6),  not  embracing  the 
points  «j,  •••  ar. 

4°.  Let  any  integral         £dy£fdx 

admit  inversion  if  the  rectangle  (V5'«'/3')  does  not  embrace  one  of  the 
singular  lines. 
Then 


is  integrable  in  33. 

For  simplicity,  let  us  assume  that  there  is  only  one  singular  line 
x  —  b,  and  one  line  y  =  ft. 

We  observe,  first,  that  J  is  integrable  in  any  («/3'),  /3'  </3  by 
1°,  2°,  and  620,  2,  621.  Therefore,  to  show  that  J  is  integrable 
in  33,  it  suffices  to  prove  that,  for  each  e  >  0  there  exists  an  77  >  0, 
such  that 


is  numerically  <  e  for  any  pair  of  numbers  ft'  ft"  in  g  =  (/3  —  77,  /3)  . 
-Now  ~p.      ~b  ~p,  ~v     ~p.  pb 

T=(  dy\fdx=(,  l+f    \=Tl  +  TT  (i 

»//3'       uJa  *//3      Ja       J$     Jb' 

But  by  2°  and  620,  4, 

if  b'  is  taken  sufficiently  near  b.     Suppose  b'  so  chosen  and  then 
fixed. 

On  account  of  4°,  T  =  Cb'  C?\ 

By  virtue  of  3°  we  can  take  77  >  0  sufficiently  small,  so  that 
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Hence  Tl<e/2.  ' 

Theref°re  T\<e,         for  any  ff/3"  in  Q>. 

2.  .Lg£  f{xy}  be  simply  regular  in  R  =  (a£>«/3),  except  on 
x=av  •••  y  —  ctv  ••• 

1°.   Let  the  singular  integrals  relative  to  x=  av  •••  be  normal  in  33. 
2°.  Let  the  singular  integrals  relative  to  y  =  av  •••  be  uniformly 
evanescent  in  any  interval  of  51  not  embracing  the  points  av  ••• 
Then 


is  integrable  in  $Q. 

For,  conditions  1°,  2°,  3°  of  1  are  obviously  fulfilled. 
That  4°  is  satisfied,  follows  from  570. 

627.    1.  Let  /(:n/)  be  regular  in  72  =  (a6«/3)  except  on  the  lines 
x—  av  •••  x=ar;  y  =  av  •••  y=  a,. 

1°.  Let  the  singular  integrals  relative  to  the  lines  x=a^  •••  be 
normal. 

2°.  Let  the  integral 


admit  inversion,  if  (<?,  t?)  does  not  embrace  the  points  av  av 

f, 

K=\ 

c/a 


be  convergent. 

Then  T       f6,    C^, 

L  =  I  dx\  fdy 

«/a         c/a 

is  convergent,  and  K=  L. 

For   simplicity,  let   x  =  6,  y  =  /3   be   the   only  singular  lines. 
Then,  by  2°, 

Xb'        /»/3  f$         Cv 

dx\  fdy=\  dy\  fdx,       b-B<b'<b.  (1 

*/a  »/a          »xa 

n6       /»p  /»6 
—  I     I  ,       since  A  is  convergent. 
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But,  however  small  e>0  is  taken,  we  may  take  S>0  so  small  that 

rr<-  by620-4-      <3 

From  1),  2),  3)  we  have 

n3 
-K<e,         b-8<b'<b. 
.. 

But  then  b  r  rv  r 

L=\        =  lim  =  K. 

«/«  *J  a.  v—i*/a    \J  a. 

2.  Let  f(xy~y  be  simply  regular  in  R  =  (a6«/3),  except  on  x  =  al  •••, 

1°.  Let  the  singular  integrals  relative  to  the  lines  x  =  at  •••  be 
normal  in  33. 

2°.  Let  the  singular  integrals  relative  to  the  lines  y  =  at  •••  be  uni 
formly  evanescent  in  any  interval  of  21  not  embracing  the  points  a1  ••• 

Then  the  integrals 


are  convergent  and  equal. 

For  condition  2°  of  1  is  satisfied  by  622,  2  if  we  replace  x  by  y 
in  that  theorem.     Condition  3°  is  fulfilled  by  626,  2. 

628.    Example.     As  an  application  of  627,  2  let  us  consider 

T/3      C 
\    ay  \ 

Jo       Jo 

The  singular  lines  are  x  =  0,  y  —  0. 
The  singular  integral  relative  to  x  =  0, 


_  Ca  dx 
Jo  ,/— 


is  normal  in  33  =  (0,  /3).     For, 


setting 
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Here,  for  any  e  >  0,  there  exists  a  5  >  0  such  that  «'  <  e,  for  any  0  <  a  <  5.     On 
the  other  hand,  cr  is  integrable  in  23. 
The  singular  integral 

~  J° 


relative  to  y  =  0  is  uniformly  evanescent  in  any  (a,  6),        a  >  0.     For, 


But  for  any  e  >  0  there  exists  an  «0  >  0,  such  that 

* 

a^.<eVa,        0<a<«0. 


Hence  T<  e        for  any  a  <  «0. 

Thus  the  conditions  of  627,  2  being  fulfilled,  both  integrals 

f^-,          Pete  f  "-4:  (1 

yjo      —          Jo       Jo 


are  convergent  and  equal. 

This  result  is  easily  verified  by  actually  evaluating  these  integrals.     For, 


f 

Jo 


b  dx         1     ibdx      2V& 


^°  \/xy      Vj/  *^°  Vx 
Hence 

rr= 

Jo  Jo 


Differentiation  ./ 

629.   Let  f(xy~),  f'y(xy}  be  regular  in  R  =  (a£>«/3),  except  on  the 
lines  x  =  av  •••  x  =•  ar, 

1°.   Letf'y  be  a  semi-unifonnly  continuous  function  of  y  in  ^3  =  («/3). 
2°.   /?i  fAe  elementary  rectangles  (a^  —  T,  at  -f  T,  «,  yS), 


(^         ^  =  1,  2,  .-  r, 
zVj^r  integrable  in  (t/t  —8,  at  +  S). 

r» 

x  =J  / 
•*• 


442  IMPROPER   INTEGRALS.     INTEGRAND   INFINITE 

For  simplicity,  letx=b  be  the  only  singular  line,  and  let^  be 
uniformly  continuous  in  21  =  (a,  i),  except  at  b.     Then 


X6  _ 
/£(#,  77)cfo,         by  Law  of  Mean 


¥J>.  (2 

But 


Also,  by  2°, 
Hence 


provided  b'  is  taken  sufficiently  near  b. 

On  the  other  hand,/£  being  uniformly  Continuous  in  2T  =  («,  br 
we  can  take  8  so  small  that 

Then  ,  n  • ,        /n 


Hence  |Z>|<e,  for  any  |A|<S;  and  1)  follows  at  once  from  2). 
630.    Example.     As  an  application  of  629,  let  us  consider  the  integral 

r\ 

\   xy-1  log"  x  dx,        n  >  0,  integral, 
*/o 

which  was  taken  up  in  614.     The  integrand 


is  not  defined  for  x  —  0.     Let  us  give  it  the  value  0,  when  x  =  0.     Then 

f'v(x,  y*)  =  xv~l  log"*1  x        for  x  >  0 
=  0  for  x  =  0. 


dJ=  Cxy~l  \ogxdx; 
dv      Jo 
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Then  /  and/^  are  simply  regular  in  E  =  (0,  1,  a,  /3),  a>0  except  on  the  line 
x  =  0.  Moreover,  f'y  is  a  uniformly  continuous  function  of  y  in  S3  =  («,  j3),  except 
possibly  on  the  line  x  =  0.  It  is  therefore  a  regularly  continuous  function  of  y  in  S. 
Thus  condition  1°  of  629  is  fulfilled.  Condition  2°  is  also  satisfied,  as  614,  2)  shows. 

Hence  if  we  set 

T1 
J=  \  xy~ldx, 

Jo 

we  get,  by  629, 

dy 
or  differentiating  n  times,  n  l 

—  (  a;y-1  log™  x  dx.  (1 

dy"      Jo 

But,  by  575,  Ex.  3,  ! 

f 

Hence  ^n »-  , 

Comparing  1),  2),  we  get 

/•i  j.  i 

I  aj^"1  log™  x  dx  =  (—  l)n — — ,        y  >  0.  (3 

•/O  W'1"^"^ 

631.  1.  By  using  double  integrals,  we  can  obtain  more  general 
conditions  than  those  given  in  629,  for  differentiating  under  the 
integral  sign  in 


For  example,  the  following. 

Let  f(x^  y~),  f'y(x,  y)  be  in  general  regular  with  respect  to  x  in 


1°.  Let  f'v(xy)  be  a  gemi-uniformly  continuous  function  of  y  in 
=  («,£). 
2°.  Let 


be  uniformly  convergent  in  33. 

3°.  Let  " 

f*v+h 

J,     d 

admit  inversion. 

Then  , 
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' 


'  610'  6 


(2 

But  by  1°,  2°,  and  618,  1,  #(y)  is  continuous  in  53.     Thus  on 
passing  to  the  limit  li  =  0,  in  2),  we  get  1),  using  537,  2. 

2.  As  a  corollary  of  1  we  have  : 

Let  f(xy},  fy(xy)  be  regular  in  72  =  (a5a/3),  except  on  the  lines 
x=  av  •••  x  =  ar. 

be  continuous  in  R,  except  on  these  lines. 


Let 

b 


be  uniformly  convergent  in  $&  =  («,  /3). 

Then 

d    Cb 

n 


CHAPTER   XV 
IMPROPER  INTEGRALS.    INTERVAL  OF  INTEGRATION  INFINITE 

Definitions 

632.  1.  If  f(x)  has  no  points  of  infinite  discontinuity  in 
3(  =  (a,  co),  and  is  integrable  in  any  partial  interval  (a,  6),  of  31, 
we  shall  say  that  /(»  is  regular  in  31.  If  on  the  contrary,  f(x) 
has  a  finite  number  of  points  of  infinite  discontinuity  cv  <?2,  •••  in 
31,  but  is  integrable  in  any  partial  interval  (a,  5),  we  shall  say 
f(x)  is  in  general  regular  in  31-  The  points  cr  c2,  •••  are  singular 
points. 

Let  /(V)  be  in  general  regular  in  31-     Let  us  consider 


lira 

z=»* 

which  we  denote  more  shortly  by 

(2 


and  which  is  called  the  integral  of  f(x)  from  a  to  +00,  or  the 
integral  of  f(x)  in  21. 

If  the  limit  1)  is  finite,  we  say  the  integral  2)  is  convergent  or 
that  /(a)  is  integrable  in  31.  If  the  limit  1)  is  infinite,  the  inte 
gral  2)  is  divergent.  If  the  limit  1)  does  not  exist,  i.e.  if  it  is 
neither  finite  nor  definitely  infinite,  the  integral  2)  does  not  exist. 

If  |  f(x)  |  is  integrable  in  31,  f(x)  is  absolutely  integrable  in  31, 
and  the  integral  2)  is  absolutely  convergent. 

2.  We  make  a  remark  here  which  will  often  enable  us  to  sim 
plify  our  demonstrations,  without  loss  of  generality. 

445 
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If  /(a?)  is  in  general  regular  in  21=  (a,  GO),  we  can  take  b  so 
large  that  f(x)  is  regular  in  (b,  GO).     But  the  integral 


has  been  treated  in  Chapter  XIV.     We  have  thus  only  to  consider 

r/(x)ck 

Jb 

in  which  the  integrand  is  regular.  We  may  therefore  often  as 
sume  in  our  demonstration,  without  loss  of  generality,  that  f(x) 
is  regular  in  21- 

Ex   1 

f00  dx 

\     —  =  1 ;        it  is  convergent. 

For, 


Ex.  2. 

/*     fl'X, 

I     —  =  +  co  ;        it  is  divergent. 

i/*      X 

For, 

lim  \    —  =  lim  logx  =+  oo. 

x=xJi     X 

Ex.  3. 

\    cos  x  dx        does  not  exist. 
For, 

lim  |    cos  x  dx  =  lim  sin  x 
does  not  exist. 

633.    1.    Greneral  criterion  for  convergence. 
Letf(x)  be  regular  in  21  =  (a,  oo).     For 


to  be  convergent,  it  is  necessary  and  sufficient  that,  for  each  e  >  0, 
there  exists  a  Gr  >  0,  such  that 

:•  (2 


/or  any  pair  of  numbers,  «,  /3  ^  6r. 
This  is  a  direct  consequence  of  284. 
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2.  The  integral  2)  is  perfectly  analogous  to  the  singular  inte 
grals  considered  in  Chapter  XIV.     It  is  convenient  to  call  it  the 
singular  integral  relative  to  the  point  x  =  GO  ;  and  also  to  call  this 
point  a  singular  point. 

Instead  of  2)  it  is  convenient  at  times  to  call 

2;)<fo,         b>G-,  (3 

the  singular  integral.     The  integrals   2)  and   3)    are   obviously 
equivalent. 

3.  Le,tf(x)  be  regular  in  1  =  (a,  ao).     Iff(x)  **  absolutely  inte- 
grable  in  51,  it  is  also  integrable  in  21. 

For  by  hypothesis 

I   \f(x)\dx<c,         a<a</3. 

Jo. 

But  in  any  given  («,  /3),/(V)  is  integrable  by  hypothesis  and 
\f^fdx<f]f\dx,        by  528,  1. 

4.  The  reader  should  note  that  an  integral  may  be  convergent 
and  yet  not  absolutely  convergent.     Thus 

r™**x 

•/I         X» 

converges  for  0  <//,<!,  while 

f°°|sin  a; |  , 
Jo    V"^ 

is  divergent  for  these  values  of  /i.     Cf.  646,  Ex.  2. 
634.    1.  The  symbol 

is  defined  as 

Ca 
lim    I  f(x}dx, 

0=— «>  *^a 

and  is  called  the  integral  of  /(#)  from  —  oo  to  a. 
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The  symbol 

is  defined  as 


X/3 
f(x)dx. 


The  terms  introduced  in  632  have  a  similar  meaning  here. 
The  integral  1)  is  not  essentially  different  from 


f 

*/a 


and  requires  therefore  no  comment. 

2.   In  regard  to  2),  we  have  the  theorem  : 

Let  f(x)  be  in  general  regular  in  (—  oc,  cc).     In  order  that 


be  convergent,  it  is  necessary  and  sufficient  that 


be  convergent  for  any  a.      When  J  is  convergent, 


If  J  is  convergent,  we  have 
e>0,    #>0,    J 


> 


-£ 


Subtracting,  we  get 


or 


ir-r 
if.**** 
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Hence,  by  633, 

Ca 

\  fdx 
<J  -v> 

is  convergent.     Similarly, 


is  convergent.     Therefore  when  J  is  convergent,  Jv  J2  are  con 
vergent. 

Conversely,  if  Jr  J"2  are  convergent,  J  is  convergent. 

For,  let  a  be  fixed  and  «  <  a  <  /3.     Then 


,     by  593. 

For  a  sufficiently  large  (r,  and  e  >  0  arbitrarily  small, 
J^^Jj  +  e',         «<-<?,   |«r| 

f=^  + 

c/a 

Hence  i  /»JB 

I     -(Jj  +  J 

'  w-'  a. 

for  all  a  <  —  6r,  and  /3  >  6r.     Therefore 

X^ 
=  t/i  +  tTo- 
.  __ 

Hence,  when  Jj,  J"2  are  convergent,  J  is,  and 

^=^  +  ,72. 

3.  As  a  result  of  the  foregoing,  we  see  that  the  integrals 

dx,  r/dx  (3 

«^_o> 

do  not  differ  essentially  from 


For  convenience,  we  shall  therefore  study  only  this  last  ;  the 
results  we  obtain  are  then  readily  extended  to  the  integrals  3). 
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635.    1.    The   //.  tests  for  convergence.     Let  f(x)   be  regular  in 
51  =  (a,  oc).     If  there  exists  a  /*>!,  such  that 


,   M>0, 

f(x")  is  absolutely  integrable  in  21. 

For  let  a  <  a  <  0  lie  in  V.     Then,  by  526,  2, 


<  e,  if  Gr  is  taken  sufficiently  large. 

2.  Let  f(xy  be  regular  in  21  =  (a,  cc).     If  for  some  //.  >  1 


is  finite,  f(oc)  is  absolutely  integrable  in  21. 

3.   As  corollary  of  2  we  have  : 
In  21  =  (a,  GO),  a  >  0,  let 


or 


r  is  limited  in  21  awe?  integrable  in  any  (a,  6).     J7iew  /(#)  is 
absolutely  integrable  in  2t. 

636.    Test  for  divergence.     Let  /(V)  be  regular  in  21  =  (a,  ac). 
/w  F(co)  ^g^  /  have  one  sign  <r,  and 


Then 

J=  I    fdx=  a-  •  oo. 

»xa 

For,  let  a  <  a  <  x  ;  while  a,  x  lie  in  F 


Now,  by  526,  2, 

fv<fo> 

»/a 

when  2:  =  +  oo. 


- 

o.      X  « 
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637.    Logarithmic  test  for  convergence.     Let  f(x)  be  regular  in 
51  =  (a,  oc).     If  there  exists  «/*>!,  and  an  s,  such  that 

xl^xl^x  •••  ls_lxl!fx\f(x)\<M,         in  F(oo), 

/(#)  is  absolutely  integrable  in  51. 

We  have,  by  389,  2),  for  x>0  sufficiently  large, 


Hence,  if  0  <  Q-  <  a  <  /3, 


when  G-  =  +  oc  . 

Now 


fdx 


<  e,  for  Gi  sufficiently  large. 


f 


dx< 


r 

<M( 

^a- 


638.    The  logarithmic  test  for  divergence.     Let  f(x)  be  regular  in 
=  (a,  ao).     In  F~(ao),  let  /(«)  have  one  sign  o-,  and 


•••  lsx  •  crf(jK)  >  M  >  0. 

Then  ^ 

j    fdx  =  <r  •  oo. 

»/a 


p  />«  /•* 

*/,.,         «y  re         «y  a 


C*  C 

J    afdx>M\ 

Ja  Jo. 


o.     Xl-^X  •••   1SX 

since  by  389,  1),  for  sufficiently  large  x  >  0, 

-Z>A+i«  =  -7  -  r~' 
^a;  •••  i^c 

As 

4* 

lim^+1-  =  +  Qo, 
our  theorem  is  established. 
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639.     Ex.  1.    A  quarter  period  of  Jacobi's  function  SH(M,  /c)  is 

g= 

Jl/ 


l/K 


The  point  x  =  I/K  is  the  only  finite  singular  point.  Applying  the  /JL  test  of  579 
at  this  point,  we  see  that  we  can  take  /u.  =  L  The  singular  integral  at  this  point  is 
therefore  evanescent.  Consider  now  the  point  x  =  oo.  We  have 


This  shows  that  the  /j.  test  of  635  is  satisfied  for  any  n  ^  2.     Hence  the  singular 
integral  relative  to  this  point  is  evanescent.     Hence  K  is  convergent. 

640.     Ex.  2.  A  half  period  of  Weierstrass's  function  £>(w,  gr2,  03)  is 

dx 


V4  x3  -  g-iX  -  g3 
where  ei  is  the  largest  real  root  of 

4  x"  -  g.2x  -  #3. 

The  point  ei  is  the  only  finite  singular  point.  Applying  the  yu  test  of  579  at  this 
point,  we  see  that  we  can  take  M  =  5-  Hence  the  singular  integral  relative  to  this 
point  is  evanescent.  Consider  the  point  x  =  oo.  We  have 

1  ] 


\/4  x3  -  g.2x  -  fj3        a    /        02      93 

t     V-^-^3 

This  shows  that  the  /x  test  of  635  is  satisfied  for  any  /*  %  f  .    Hence  w  is  convergent. 

641.     Ex.3.    The  Beta  function, 

B(ii.tQ  =  r     *"ld*    •  (1 

Jo      i      a;«+. 


The  point  a;  =  0  is  a  singular  point  if  u  <  1  .     Applying  the  tests  of  579,  580  at  this 
point,  we  see  that 


Ca    xu~ldx 

Jo  (iT^r.'     a>0' 


is  convergent  when  w>0;  and  divergent,  when  u^O.     Consider  the  point  x  =  00. 
We  have 

"-1  ! 


x 
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Applying  now  the  tests  of  635,  636,  we  see  that 

z)cte,         w>0. 


converges  for  t?>0,  and  diverges  for  v^Q. 

Thus  the  integral  1)  has  a  finite  value  for  every  u,  v>0.     The  function  so  de 
fined  is  called  the  Eulerian  integral  of  the  first  kind  or  the  Beta  function. 

642.     Ex.4.    The  Gamma  function, 

r(w)  =  fV-'a;"-1^.  (1 

The  point  x  =  0  is  a  singular  point  if  u  <  1. 
Applying  the  tests  579,  580  at  this  point,  we  see  that 


r 

Jo  , 


is  convergent  when  u  >0,  and  divergent  when  u^  0. 

On  the  other  hand,  applying  the  fj.  test  of  635,  3,  we  see  that 


f 

Ja 


is  convergent  for  any  u.     The  integral  1)  therefore  defines  a  function  of  u  for  all 
w>0.    It  is  called  the  Eulerian  Integral  of  the  second  kind  or  the  Gamma  function. 

643.    1.   Let  f(x)  be  regular  and  integrable  in  any  partial  interval 
(a,  b),  o/5(=  (a,  ao). 


be  limited  in  21. 

In  F"(oo),  let  g(oi)  be  monotone,  and  #(<x>)  =  0. 

Thenf(x)g(x)  is  integrable  in  21. 

We  apply  the  criterion  of  633.     Let   Gr<u</3  lie  in 
Then  by  the  Second  Theorem  of  the  Mean,  545, 


f 


fgfe  =  g(a  +  V)fdx  +  g(&  -  0  ) 

v 


We  can  take  G-  so  lare  that 


are  numerically  as  small  as  we  please.     As  the  integrals  on  the 
right  are  numerically  less  than  some  fixed  number,  we  have 


X 


fgdx 


<€ 


for  any  pair  of  numbers  a,  /3>  6r.      Hence/^r  is  integrable  in 
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2.  Letf(x)  be  regular  and  integrable  in  51  =  (a,  oo).     Let  g(x)  be 
limited  and  monotone  in  51. 
Thenfg  is  integrable  in  51. 

For,  by  545, 


Let 


Cfgdx  =  g(a  +  0)  Cfdx  +  ff(/3  -  0)  Cfdx.  (1 

•^ a  *Sa.  */f 


\g(x)\<M. 
Since /is  integrable  in  51,  we  can  take  7  so  large  that 


Xf  /• 

fdx ,         J 


2  If' 


«,  /3>y. 


Then  the  right  side  of  1)  is  numerically  <e.  Hence  fg  is 
integrable. 

3.  Let  f(oi)  be  regular  and  absolutely  integrable  in  51  =  (a,  oo). 
Let  g(x)  be  limited  and  integrable  in  51.  Thenf(x)g(x)  is  absolutely 
integrable  in  51. 

We  have  only  to  show  by  633  that- 
e>0,         #>0, 

for  any  pair  of  numbers  a,  /3  >  Gr. 
Now  ^r(a:)  being  limited,  we  have 


\ff(x)\<M,         in  51. 


Hence 


But  /(#)  being  absolutely  integrable  in  51,  we  can  take  (7  so 
large  that 


This  in  2)  gives  1). 


644.    £e£  /(^)  &e  in  general  regular  in  51  =  (a,  oo),  but  not  inte 
grable  in  51.     Let 
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be  limited  in  51.     Let  g(x)  be  monotone  in  51  and  ^(cc)  =  #  =£  0. 
Then 


\f(x)g(x)dx 

«xa 

is  not  convergent. 

For,  if  2)  were  convergent,  we  would  have 


(2 


<e, 


e>0,          b,  ffffd 

But  this  is  impossible.     For 

f'fffdx  =  «7(«  +  0)  C*fdx 

»/a  «/a 


Let  the  integral  1)  be  numerically  <  IT. 
We  can  take  b  so  great  that 

\g(x)-  6r|<<r, 

where  <r  is  small  at  pleasure. 
We  can  therefore  write  3) 


£fgdx  = 
Hence 


(3 


rft 
jfdt 

«x  a 


a 


which  states  that  f(x)  is  integrable  in  51. 
645.    Ex.  1.    For  what  values  of  p.  does 

J=  r 

Jo 


converge  ? 
Set 


a>0. 


The  integral  ,72  is  convergent  by  643,  1,  provided  /*  >  0.    For  M  <0,  it  obviously 
does  not  converge.    The  integral  J\  is  convergent,  as  we  saw,  586,  only  when  /*<!• 
Thus  J  is  convergent  when  and  only  when 
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646.   Ex.2. 


j 


=  r 

JO 


Set 

^i=lB~    — dx,        J-2=  \     S^^dx;        a>0. 

t/V         3yU  JO,          qtfJi 

In  587,  we  saw  «/i  is  convergent  only  when  M  <  2. 

By  643,  1,  «/2  is  convergent  when  /* > 0.     When  M^ 0  it  obviously  does  not  con 
verge. 

Hence  J  is  convergent  when,  and  only  when, 


That  J  does  not  converge  absolutely  for  0  <  /*  <  1,  is  shown  as  follows.     We  have 
jf  _  Cnir\sinx\dx      f77  .   f-'n-  ,  f«T 

Jin  =   I        -1  -  !  -  =1       4-1        4.  ...  4.  I 

^0  XH  Jo    TJ,r  ^J(,.-l)ff 


Let 
Then 

Hence 


C*       tiny  ay       .       1      r71  .       .          2 

=   \      :  -  ^—  -  -  >  —       —  \      Sill  M  (7>/  =  - 

^0  {y  +  (m  -  I)TT}M       (WITT)"  Jo  (mir)'4 


when  n  i  co,  as  the  reader  probably  knows,  or  as  will  be  shown  later. 

Properties  of  Integrals 

647.    In  Chapter  XIV  we    established   the   properties   of   the 
improper  integrals, 


by  a  passage  to  the  limit.  We  propose  now  to  develop  the 
properties  of  improper  integrals,  the  interval  of  integration  being 
infinite,  by  a  similar  method.  In  many  cases  the  reasoning  is  so 
similar  to  that  employed  to  prove  the  corresponding  theorems  in 
Chapter  XIV,  that  we  shall  not  repeat  it,  referring  the  reader  to 
the  demonstrations  given  in  that  chapter. 

648.    1.  Letf(x)  be  integraUe  in  (a,  oo).      Then 
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2.  Letf(x)  be  integrate  in  (a,  GO).      Then 

Cfdx  =  ffdx  +  ffdz,         a<b. 

J  a  *J  a  Jb 

3.  Letf^x)  •••/,„(»  be  integrable  in  (a,  oo).      Then 

i/i  +   '  •  +  c,Jm~)dx  =  c^J^dx  +•••  cmjafmdx. 
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649.    1.   Letf(x),  g(x)  be  integrable  in  (a,  GO).     Except  possibly 
at  the  singular  points  let  f(x)  5  g(x)  .      Then 


2.  Letf(x),  g(x}  be  integrable  in  (a,  oo).  Except  possibly  at  the 
singular  points,  let  /(z)  ^g(x).  At  a  point  c  of  continuity  of  these 
functions,  letf(c')>g(c).  Then 


~oo  x»oo 

I  fdx>  I   gdx. 

Ja  Ja 


3.  Letf(x)  ^0  be  integrable  in  (a,  oo).     At  a  point  c  of  continuity 
off,letf(c)>Q.      Then 


4.  Letf(x)  be  absolutely  integrable  in  (a,  ac).      Then 

ffdx  <T  f\dx. 

*Ja  *J  a 

5.  Let 


be  convergent.  We  may  change  the  value  of  f(x)  over  a  limited  dis 
crete  aggregate,  without  altering  the  value  of  J,  provided  the  new- 
values  off  are  limited. 

650.    Let  f(x)  be  integrable  in  ^  =  (a,  ac).     Then 
J(x)=  I    fdx         a<x. 

J  x 

is  a  continuous  limited  function  of  x  in  5t. 
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For,  by  648,  2, 

r=jrxf. 

But 


is  a  continuous  function  of  x  in  (a,  c),  by  603.     As 


is  a  constant,  J(x)  is  continuous  in  St. 

«/  is  limited  in  21.     In  fact,  for  each  e>0,  there  exists  a  c  such 
that 

f  /^  <  e. 
*> 

But 

I  /^, 

•fm 

being  continuous  in  the  limited  interval  (a,  c),  is  limited.     Hence 
t7is  limited  in  21. 

651.    Let  f(x)  be  inferrable  in  21  =  (a,  oo).     Then 


dx< 

for  any  point  x  of  21,  at  which  f(x)  is  continuous. 
For,  if  c  >  x, 


C  being  a  constant.     By  604,  1, 

dK 
•&= 
Hence 


=        _       ,,, 
dx  ~      /C 


652.  Jw  21=  (a,  oo  ),  let  /(»  5e  continuous  excepting  possibly  at 
certain  points  c,  ...  <?„  w/ie^  &  wa^  Je  unlimited.  Let  it  be  inte- 
grable  in  any  (a,  5). 
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Let  F(x)  be  one-valued  and  continuous  in  21;    having  f(x)   as 
derivative  except  at  the  points  c. 
Then 

I    fdx 

c/a 

where  F(  +  oo)  is  finite  or  infinite. 

For,  by  605,  rb 

I  fdx  = 

Ja 

however  large  b  is.     Passing  to  the  limit,  we  get  1). 


Theorems  of  the  Mean 

653.    First  Theorem  of  the  Mean.     In^.=  (a,  GO)  let  g(x)  be  inte 
grable  and  limited. 

Let  f(x)  be  integrable,  and  non-negative  in  21.      Then 


where  901  is  a  mean  value  of  g  in  21. 
For,  by  602, 

m  \  fdx<  \  fgdx^M  \  fdx,         a<b.  (2 

*/a  «^a  ^a 

where 


Let  b  =  +  oo  ;  since  all  the  integrals  in  2)  are  convergent,  by 
643,  3,  we  get  in  the  limit, 

m  Cfdx<  f  fgdx<M\   fdx, 
Ja  Ja  *** 

which  gives  1). 

654.    Second  Theorem  of  the  Mean.     In  21  =  (a,  oo),  let  f(x)  be 
integrable  and  g(x)  limited  and  monotone.      Then 


=  g(a  +  0)  f'f^dx  +  0(00  )  f 

*' 
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If  $r(&  +  0)  =  £r(  +  oc)  tlie  theorem  is  obviously  true.  We  may 
therefore  assume  that  these  limits  are  different.  Next  we  observe 
that  the  integral  J"is  convergent,  by  599,  2  and  643,  2. 

To  fix  the  ideas,  let  g(x)  be  monotone  increasing. 

Let  b  be  arbitrarily  large.     Then,  by  608, 

ffgdx  =  g(a  +  0)  f*fdx  +  g(b  -  0)  Cfdx.  (2 

•'a  */a  %J  £ 

Let  us  add 


to  both  sides  of  2)  ;  observing  that 

lim  B  =  0.  C3 

4=+oo 

We  get 

B  =  g(a  +  ^  f*fdx  +  g(b  -  0)  f/<fa  +  g(  +  oc)  f'/rfa; 

«A<  »/jJ  c/ft 

=  ^(«  +  0)  f  fdx-ff(a  +  Q)  r/dx+g(b-^  Cfdx 

*S(l  %/  £  \J  £ 

-  gQ>  -  0)  /  fdx  +  </(  + 

^6 

=  «/(«  +  o)jT  /^ 


=  ^(«  +  0)  f'fdx  +U+V.  (4 

«^« 

Let  X,  fi  be  the  minimum  and  maximum  of 

ffdx 

•s* 

in  51.     Then  obviously, 

X<  I     f 
• 


t 

\<  f 
*Ji 
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Hence 


Adding,  we  get 

\g(  +  oo)  -  g(a  +  0)  }  X  <  U  +  V<  \g(  +  oo)  -  g(a  +  0)  }  /*. 

Hence  tf  +  r=  2R'^(+  »)-K«  +  <0!»  (5 

where 


From  4)  and  5)  we  have 


( 

where 


Passing  to  the  limit  b  =  oo,  and  using  3),  we  have 

^)-K«  +  0)l;  C6 

J 

v     rvvw      <v« 
Inn  yJc  =  iUc, 

J»=QO 

and 

The  integral 


~ 

I 

i/^ 


being  a  continuous  function  of  x  in  (a,  oo),  must  take  on  the  value 
2ft  for  some  point  x  =  r],  finite  or  infinite,  in  this  interval.     Then 


From  6)  we  have  now, 

J=  ff(a  +  0)  Cfdx+  {//(+  cc)-  #(a  +  0)  }  f  /<fo 

«^a  J^r) 

=  ^(a  +  0)  f>^  +  ^/(+  oc)  f  /rf^ 

''o  ^ij 

which  is  1). 
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c 

Change  of  Variable 

655.    Let  53  =  (a,  /3),  a  ^  /3  ;  either  a  or  /3  may  be  infinite. 
Let  x  =  i/r(w)  have  a  continuous  derivative  in  53,  which  may  vanish 
over  a  discrete  aggregate,  but  has  otherwise  one  sign. 
Let  21  =  (a,  5)  be  the  image  of  53,  where 


and  b  may  be  infinite. 

Letf(x)  be  integrable  in  any  (a,  b'*),         b'  <b. 
If  now,  either 


or  «» 


is  convergent,  the  other  is,  and  both  are  equal. 

There  are  various  cases.  Let  us  take  the  following  as  illustra 
tion.  Let  21  =  (a,  oo),  53  =  (a,  oo).  By  virtue  of  403,  the  points 
of  21  and  53  are  in  1  to  1  correspondence. 

Let  b',  ft'  be  corresponding  points  in  21,  53.  Then  as  /3'  =  oo, 
b'  =  oo  also,  and  conversely. 

%  606,  2, 


Suppose  ^  is  convergent.  Then  1)  shows,  passing  to  the  limit, 
that  Ju  is  convergent  and  Jx  =  Ju.  The  supposition  that  Ju  is  con 
vergent  leads  to  a  similar  conclusion  for  Jx. 

656.    Ex.  1.     Consider  the  convergence  of 

J  —  \    sin  x2  dx. 

Jo 

Since  the  integrand  is  continuous,  J  converges  if 

Jx  =  \    sin  x2  dx 

Ji 
converges.     Let 

x  =  ^(11)  —  Vw  ; 

and  2l  =  (l,  oo),  33  =  (1,  «)• 

Then 


which  is  convergent  by  646. 

Hence,  by  655,  <7X,  and  therefore  J,  is  convergent. 
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Ex.  2.     We  found,  by  630,  3),  that 

C&-i  log"  x  dx  =  (-1)"**1          y  >  0.  (1 

JO  yn+l 

Let  us  set 


x  —  fu)  —  e~u. 
o  =  0,     6  =  1;      a=+oo,     0  =  0. 


is  continuous  and  always  negative. 

Then,  by  655,  ro 

J«  =  -(—1)"  I    e-u«undu  (2 

J+oo 

is  convergent,  since  1)  is.     Hence  1),  2)  give 

Ce-uyun  du  -  JLL  ,  ,/  >  0.  (3 

JO  ?/»+! 

657.    1.  Stoke"1  s  Integrals.    Let  us  consider  the  convergence  of  the  integral 

J  —  \    x  sin  (xs  —  xy)dx,  (1 

4/0 

which  comes  up  in  the  theory  of  the  Rainbow. 

Let  us  set 

u  =  xs  -~  xy  =  x(x2  —  y)  =  <t>(x).  (2 

The  graph  of  this  is  a  curve  which  crosses  the  axes  at  the  points  x  =  0,  x  =  ±  Vy, 
if  y  >  0  ;  and  at  the  point  x  =  0,  if  y  =  0.  To  fix  the  ideas,  let  us  suppose  y  >  0  ; 
the  case  when  y  ^  0  may  be  treated  in  a  similar  manner. 

Supposing,  therefore,  ?/>0,  the  graph  of  2)shows  that  as  x  ranges  over  5t=(Vy,  oo), 
u  ranges  over  33  =  (0,  QD),  the  correspondence  between  the  points  of  31  and  58  being 
uniform.  Thus  the  relation  defines  a  one-valued  inverse  function  x  —  f(w)  in  S3. 

Let  us  write  1) 

+  f   , 

J/ 


and  denote  the  latter  integral  by  Jx. 

The  corresponding  integral  in  u  is  M 

Ju  =  \  ^(w)sin  M  du, 

»/0 

setting 


We  can  now  apply  643,  1.  For,  x  =  +oo  as  ??  =  +  <».  Hence  g(u)  is  a  monotone 
decreasing  function,  for  any  positive  y,  and  0(00)  =  0.  Thus  Ju  is  convergent. 
Hence  Jx  is  ;  and  therefore  the  integral  J  is  convergent. 

2.    The  same  considerations  show  a  fortiori,  that 

^** 
_fiT=  I  cos  (a;8  —  xt/)dx  (3 

is  convergent  for  any  y. 
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3.    In  connection  with  these  integrals,  occurs  another  integral 

/.oo 

L  =  \  x2  cos  (xs  —  xy}dx,  (4 

which,  it  is  important  to  show,  is  not  convergent.     In  fact,  effecting  the  change  of 
variable  defined  by  2),  in 

Lx  —  \  xl  cos  (a;3  —  xy)dx, 
•V! 

supposing  to  fix  the  ideas  that  y  >  0,  we  get 

r°°      a;'2  r°° 

LU  —  \    7r~i> cos  udu=  \  h(u)  cos  u  du. 

Jo  3x2-  y,  Jo 

Here  h(u)  is  a  monotone  function,  and 

*(«)«f 

Thus  itt  is  divergent,  by  644.     Hence  I,x  is.     Therefore  Z,  is  divergent. 

INTEGRALS  DEPENDING  ON   A  PARAMETER 

Uniform  Convergence 

658.    1.   Let  f(x,  y)  be  defined  at  each  point  of  the  rectangle 
R  =  (aoca/8),  /3  finite  or  infinite.     Let  21  =  (a,  oo),  $  =  (a,  /3). 
We  shall  say  f(xy)  is  regular  in  R  when  : 

1°-  /(«y)  has  no  point  of  infinite  discontinuity  in  R. 
2°-  f(?y)  is  integrable  in  5t  for  each  y  in  33. 

At  times  we  shall  need  to  integrate  f(xy)  with  respect  to  y. 
In  this  case  we  shall  also  suppose : 

30 •  /(>#)  is  integrable  in  33  for  each  a  in  51. 

2.  If  /(zy)  is  regular  in  R,  except  that  it  may  have  points  of 
infinite  discontinuity  on  certain  lines  x  =  ar  •••  x=ar,  we  shall  say 
f(xy}  is  regular  in  R  except  on  the  lines  x=  av  •••  or  that  it  is  in 

general  regular  with  respect  to  x.    

• 

3.  Let  us  suppose  that  the  points  of  infinite  discontinuity  of 
f(xy)  do  not  lie  all  on  a  finite  number  of  lines  parallel  to  the 
y-axis,  but  that  it  is  necessary  to  employ  in  addition  a  finite  num 
ber  of  lines  parallel  to  the  z-axis.     To  fix  the  ideas,  let  these  lines 
be  x  =  av  •  •  •  x  =  ar ;  y  =  av  •••  y  =  as.     If  f(xy~}  is  otherwise  regu 
lar  in  R,  i.e.  if  it  enjoys  properties  2°,  3°  of  658,  we  shall  say 
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f(xy}  is  in  generaljwjuh^^  y,  or  f(xy}  is  regular 

except  on  the  lines  x=  av  •  ••  y  =  a.^  ••• 

4.  Let/(zy)  be  continuous  at  each  point  of  R  except  on  certain 
lines  x  =  av  •••  x  =  ar;  y  =  av---y  =  at.      On  the  lines  x=  av  •••  it 
may  have  points  of  infinite  discontinuity;  on  the  lines  «/=«r  ••• 
it  may  have  finite  discontinuities.     If  f(xy)  is  otherwise  regular 
in  72,  we  shall  say  it  is  simply  regular  with  reject  to  x  except^onjthe 
lines  x  =  av  •••  or  that  it  is  simply^ irregular  with  respect  to  x. 

5.  Let  f(xy}  be  continuous  at  each  point  of  R  except  on  the 
lines  #  =  «!,  •••  x=ar ;  y=«j,  •••  y=as.     As  in  3,  let  us  suppose 
that  all  the  points  of  infinite  discontinuity  cannot  be  brought  on 
the  lines  x  =  av  •••     Let/(Vz/)  be  otherwise  regular.     We  shall  say 
f(xy)  is  simply  irregular  with  respect  to  x,  y,  or  that  it  is  simply 
regular  except  on  the  lines  x  =  a^  •••  y  =  ctj, 

6.  The  lines  x  =  av  •••  y  =  «r  •••  on  which   are   grouped  the 
points  of  infinite  discontinuities  of  f(xy),  are  called  singular  lines. 
To  each  of  these  belong  right  and  left  hand  singular  integrals  as 
in  Chapter  XIV.     Cf.  666. 

7.  The  integral 


where  Gr  is  large  at  pleasure,  is  called  the  singular  integral  relative 
to  the  line  x  =  cc. 

If  for  each  e>0  there  exists  a  6r,  such  that  1)  is  numerically 
<  e  for  any  y  in  $&  and  every  x^.Gr,  we  say  1)  is  uniformly  evanes 
cent  in  33. 

8.  If  the  singular  integrals  relative  to  the  lines  x=  av  •••  x  =  ar, 
as  wrell  as  the  singular  integral  relative  to  the  line  #  =  co  are  uni 
formly  evanescent  in  33,  we  say  the  integral 

J  =  £f(.x,  y-)dx  (2 

is  uniformly  convergent  in  53. 

If  the  uniform,  convergence  of  J  breaks  down  at  certain  points 
yr  •••  7,  in  33,  we  shall  say  J  is  in  general  uniformly  convergent 
in  $.  Cf.  666. 
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9.  As  in  Chapters  XIII,  XIV,  we  wish  now  to  study  the  inte 
gral  2)  with  respect  to  continuity,  differentiation,  and  integra 
tion.  We  may  often  simplify  our  demonstrations  without  loss  of 
generality  by  observing  that  we  may  write 

f'fdx  =  Cfdx  +  Cfdx=Jl  +  Jv 

«/a  J  a  «/6 

Here  we  may  take  b  so  large  that  none  of  the  lines  x  =  av  -• 
fall  in  (5oc«/3). 

The  integral  J±  has  been  treated  in  Chapter  XIV. 

10.  In  this  article  we  have  considered  f(xy)  chiefly  with  respect 
to  x.  Evidently  we  may  interchange  x  and  y,  which  will  give  us 
similar  definitions  with  respect  to  y. 

We  wish  also  to  note  that  all  the  following  theorems  apply  to 
the  integral 


on  interchanging  x  and  y. 

659.    Let  f(xy)  be  regular  in  jft  =  (aoc«/3),  /3  finite  or  infinite. 
Let  </>(#)  be  integrable  in  51,  and 

f(xy~)  <<£(#),         in  R. 
Then 


is  uniformly  convergent  in  $&. 

For 

J     fdx  <f    f\dx,        by  528. 


ki         by  526,  2. 

Since  <£  is  integrable  in  31,  we  can  take  b  so  large  that 

Xb" 
6dx<e 
, 

for  any  pair  of  numbers  5',  b"  >  b. 

Hence  1)  is  uniformly  convergent  in  33. 
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660.    1.  Letf(xy}  be  regular  in  R  =  (aooa/3),  ft  finite  or  infinite. 


where,  1°,  $  is  absolutely  integrable  in  21.     2°,  g(xy}  is  limited  in  R 
and  integrable  in  any  (a,  6),  for  each  y  in  33- 
Then 


( 

*/ 


is  uniformly  convergent  in  33. 
For,  g  being  limited  in  R,  let 

\g(xy)\<M. 

By  1°,  there  exists  for  each  e  >  0,  a  5  such  that 


Then  for  any  ?/  in  33, 


X6"  /•&" 

/rfa;  =     I      fadx 
•/b' 


by  529. 


<e,         by  2). 

Hence  1)  is  uniformly  convergent  in  33- 

2.  As  corollary  of  1,  we  have,  by  635  : 

In  R  =  (aooa/3)  ;  a  >  0,  /3  finite  or  infinite,  let 

q(x, 
'l±-JL 


,  or       - 


(2 


is  limited  in  R,  and  integrable  in  any  (a,  b}  for  each  y  in  33- 


is  uniformly  convergent  in  33- 
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661.    1.  Letf(xy)  be  regular  in  M=  (axa/3),  ft  finite  or  infinite. 


where  1°,  <£(V)  ^s  integrable  in  21.     2°,  g(xy~)  is  limited  in  R  and  a 
monotone  function  of  xfor  any  y  in  $Q. 
Then 


is  uniformly  convergent  in  $$. 

For,  by  the  Second  Theorem  of  the  Mean,  545, 

=  ff(b'  +  Q,  y}  f*<j>dx  +  g(b"-Q,y)  C   §dx,    b<b> 
J  »^ 


But  g  being  limited  in  J2,  and  cf>  integrable,  the  right  side  is 
numerically  <e  for  any  y  in  $3,  and  any  pair  of  numbers  5',  6", 
provided  b  is  taken  large  enough. 

2.  Letf(xy}  be  regular  in  JR  =  («x«yS),  /3  finite  or  infinite.     Let 


where  1°,  h(xy}  is  limited  in  R  and  monotone  for  each  y  in  33, 
and  2°,  „*> 

I 

•^a 

t«  uniformly  convergent  in  <>Q. 
Then  c 

I 

«^a 

is  uniformly  convergent  in  $&. 
For,  by  545, 


gdx. 

•*•  • 

But  h  being  limited  in  R, 


On  the  other  hand,  by  2°,  there  exists  a  60  such  that  each  integral 
on  the  right  of  1)  is  numerically  <e/2  M  for  any  pair  of  numbers 
b',b">bQ. 
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V 

fd 


662.    Integration  by  Parts.     Let  f(xy^>  be  regular  in  R=  (ax«/3), 
fi  finite  or  infinite.      The  integral 


"ft 

is  uniformly  convergent  in  §Q,  if 

c*  r 

I     f(x,y*)dx=J<(x,y)+  I 
Jx  "  •ff 

ivhere  both  expressions   on  the  right  are   uniformly   evanescent  for 
x  =  oc. 

For  then,  for  each  e  >  0  there  exists  a  b  such  that 


J 


Ix 


for  any  x>b,  and  any  y  in  23- 
Hence  1)  and  2)  give 


f.r 


<€. 


663.    Examples. 

1.  The  integral  r*>  ,, 

r(0)  =  I  e~zxy-ldx,  (1 

Jo 

defining  the   Gamma  function,    considered   in  642,   is    uniformly  convergent    in 
33  =  (cc,  /3),        «  >  0. 

For,  consider  the  singular  integral  relative  to  x  =  0. 

We  have,  since  0<x<  1,  _1         . 

Hence 


e-xxy 


Thus,  by  612,  the  singular  integral  relative  to  z  =  0  is  uniformly  evanescent  in  33. 
Consider  next  the  singular  integral  relative  to  x  —  oo.     We  have,  since  x  >  1, 


Hence  this  singular  integral  is  uniformly  evanescent  in  33.    Thus  1)  is  uniformly 
convergent  in  33. 
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This  is  uniformly  convergent  in  any  93  =  («,  co),  which  does  not  contain  the 
point  y  =  0,  as  may  be  seen  by  662.     For,  integrating  by  parts, 

J* 


L    xy    Jz     Jx      x*y 

=  co*xy_  rcosjq/^ 
xy        J*     x*y 

To  fix  the  ideas,  suppose  a  >  0  ;  then 


cos  xy 
xy 


<JL 


This  shows  that  the  first  term  on  the  right  of  2)  is  uniformly  evanescent  in  23. 
The  second  term  is  uniformly  evanescent  by  660,  1,  as  is  seen,  setting 


x* 
For  later  use,  let  us  note  that 

Iim5°a*2  =  o,  liral£°5°^dic  =  <>. 
Hence  }\mj=0. 

j,  =  =c 
O.  /"GO  -I     a~-xy 

\    sin  Xx  dx  (3 

JO  x 

is  uniformly  convergent  in  23  =  (0,  co),  by  661.     For,  in  the  first  place,  the  inte 
grand/Cxi/)  is  continuous  in  H  —  (0,  co,  0,  co).     For,  the  only  possible  points  of 
discontinuity  lie  on  the  line  x  =  0. 
But,  the  Law  of  the  Mean  gives, 


Hence  for  x  =jfc  0,          ^^  _  y  ^  ^  _  ^^  gin  ^        0  <  5  <  1. 


This  shows  that  /  is  continuous  at  each  point  on  the  y  axis,  if  we  give  to  /  the 
value  0  at  these  points. 

This  fact  established,  we  can  apply  661  by  setting 


Then  0  is  integrable  in  (0,  co)  by  646  ;  while  g  is  obviously  limited  in  B,  and  a 
monotone  increasing  function  of  x  for  each  y  in  S3.  Hence  3)  is  uniformly  conver 
gent  in  33. 
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4.  pin  ay  cos  Xx  ^ 

Jo  x 

is  uniformly  convergent  in  33  =  (0,  co)  except  at  y  =  |  X  |. 

For,  in  the  first  place  the  integrand  /(x,  y)  is  continuous  in  R  =  (OxOco)  if  we 
give  to /the  value  y  at  the  point  (0,  y). 

For,  the  Law  of  the  Mean  gives 

sinxy  =  xy f—  sin  toy,        0<0<1. 

Hence  for  x  ~j~  0 

x?/2 
/(xy)  =  y  cos  Xx  — ~  sin  toy  cos  Xx. 

Thus 

lim  f(x,  y  +  A)  =  y. 

i=0,  A=0 

This  established,  we  have  only  to  show  that  the  singular  integral 


b<b'<b", 

' 

is  uniformly  evanescent  in  53. 

Now  by  the  Second  Theorem  of  the  Mean,  545, 

i  rf  i  r6" 

£  =  —  \    sin  xy  cos  Aa;  dxH \     sin  x»  cos  \x  dx.  (5 

b'  J>>-  I,"  Jf 

But  for  y^=|  X  , 

Jcos  (y  —  X)      cos  (w  +  X) 
sma:ycosXx(fa=-        vy      /-    0/      ./•  (6 

2(y-\)          2  (y  +  X) 

Let 

I2/-XJ,         |2/  +  X|><7.  (7 


Then  6)  shows  that  each  of  the  integrals  in  5)  is  numerically  <2/<r. 
Let  therefore,  &>4/e<r;  then 

for  any  y  satisfying  7).    That  is,  B  is  uniformly  evanescent  except  at  y  = 
Hence  the  integral  4)  is  uniformly  convergent  except  at  this  point. 
We  may  arrive  at  this  result  more  shortly,  making  use  of  2. 
For, 

2  sin  xy  cos  Xx  =  sin  x  (y  +  X)  +  sin  x  (y  —  X)  • 
Hence 

,dx+psinx(y-X)da;j 


Here  the  first  integral  is  uniformly  convergent,  if  y  =£  —  \  ;  the  second  integral 
is  uniformly  convergent,  if  y  ^  X. 

5. 


o     1  +  x2 

is  uniformly  convergent  in  («,  co),  «>0. 

For 

x  sin  xy     sin  a-?/ 


1  +  x~          x        i  +  l 
x2 

We  have  now  only  to  apply  661,  2,  using  the  result  obtained  in  Ex.  2. 
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ft  /"^  Q  /j»2  ?/      .  /Q 

Jo       3x 

We  assign  the  value  0  to  the  integrand,  for  x  =  0. 

To  show  that  this  integral  is  uniformly  convergent  in  any  33  =  («/3),  let  us  use 
the  method  of  662.     If  we  set 

u  =  —  ,         dv  =  (3  a;2  -  y)  sin  (x3  -  xy) ; 
3x 

cos  (x3  —  xy) "]"      f°°cos  (a;3  —  xy) 

—  GtX 


Here  both  terms  are  uniformly  evanescent  in  S3  by  660,  2.    Hence  8)  is  uniformly 
convergent  in  S3. 

/*  * 

7.  i    cos  (x3  —  xy)dx.  (9 

Jo 
We  can  write 

cos  (x3  —  xy)  . 


/•»  rx  3  a;2  —  w 

f  cos  (x3  -  sjOcfc  -  JT   ^|^ 

The  second  integral  on  the  right  is  uniformly  evanescent  by  660,  2.     The  first 
integral  is  also  uniformly  evanescent.     For  integrating  by  parts, 

sin  (a;3  -  xy}      2  (•»  sin  (3  a:3  -  xy) 
-       --  -     ~~ 


Here  both  terms  on  the  right  are  obviously  uniformly  evanescent. 

664.    Lei  f(xy')  be  regular  in  R=  (aao«/S),  /3  finite  or  infinite. 
Let 


converge  uniformly  in  ^3,  except  possibly  at  ttv  •••  am.  To  establish 
the  uniform  convergence  of  J  throughout  33,  we  have  only  to  show 
that  J  is  uniformly  convergent  in  each  of  the  little  intervals 


That  is,  we  have  only  to  show  that  for  each  e>0,  and  for  some 
&  >  0,  there  exists  a  b   such  that 


for  any  y  in  $8K  and  every  b'  >bK,  K  =  1,  2  •••  w. 
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665-    Examples. 
1. 


j 


=  f'sinysi 
Jo  a; 


is  uniformly  convergent  in  33  =  (0,  oo). 

For,  in  the  first  place,  the  integrand  f(xy)  is  continuous  in  R  =  (0,  oo,  0,  oo)  if 
we  set 

/(°i  2/)  =  y sin  y- 

We  have  therefore  only  to  consider  the  singular  integral  relative  to  x  —  oo,  in  the 
intervals  93i  =  (0,  5),  $8>  =  (5,  oo).    Now  as  in  663,  2,  we  have  for  y  >  0, 


K=  p  sin  y  sin  xy  dx  =  sin  y  cos  xy  _  ^     pcosx 
J*  x  z«/  A      x2^ 


The  reasoning  of  663,  2  shows  that  if  is  uniformly  evanescent  in  33a. 
As  to  S3i,  we  note  first  that  /£"  =  0  f  or  y  —  0.    Also  that 


r;  being  as  small  as  we  choose,  if  5  is  taken  small  enough. 
Hence  for  any  y  in  33i, 


x 
which  shows  that  ^T  is  uniformly  evanescent  in  53i. 


2-  l     ai"-^dx,        \>0 


is  uniformly  convergent  in  53  =  (0,  /3). 

For,  the  integrand  /(xy)  is  continuous  in  R  =  (0  oo  0  /3),  if  we  set 


Let  us  consider  therefore  the  singular  integral  relative  to  x=oo.  We  set  53i  =  (0,  5), 
$82  =  (S,  oo).     Obviously  1)  is  uniformly  convergent  in  232- 
To  show  the  same  for  33b  we  note  that 

sin  xy  =  xy  +  rxsys,        |r|<l, 
by  the  Law  of  the  Mean.     Hence 

l/C*0i<~  +  ^.         in  (0,  oc,  0,  «)• 

gA*          gA* 

Thus,  by  659,  the  integral  1)  is  uniformly  convergent  in  ~&\. 
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Continuity 

666.    1.  Letf(xy}  be  regular  in  R  =  (ax>  a/3),  /3  finite  or  infinite, 
except  on  the  lines  x  =  a1  •••  x—ar. 

1°.  Let 


be  uniformly  convergent  in  $&. 

2°.   Let  \\Tf\f (xy^)  =  $(x),         77  finite  or  infinite 

uniformly  in  any  (a,  6),  except  possibly  on  the  lines  x=  al  ••• 
Then 

y  =  lim  I  /(#,  y)dx        exists.  (1 

w— -n     *x  U 

3°.  Let  <£(V)  be  integrable  in  any  (a,  5). 
Then 

lira  <7=  Km   I  f(xy}dx=  I   <h(x)dx.  (2 

y=,  y=,     •/«  */« 

By  virtue  of  616  we  may  assume  that/  is  regular  in  R,  and  that 
f=<f>  uniformly  in  any  (a,  b). 

To  ^  the  ideas  let  T;  =  oc . 

TFe  show  first  that  j  exists;  i.e.  for  each  e>0  there  exists  a  7 
such  that 


is  numerically  <  e  for  any  pair  of  numbers  y',  y"  >y. 
Now 


By  1°,  there  exists  a  b  such  that 

7)2,  JD8  <e/4  (3 

for  any  y',  y  in  53. 

By  2°,  we  can  take  7  such  that  for  any  x  in  (a,  i) 


__, 
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Hence 


for  any  y\  y"  >7,  and  x  in  (a,  &). 

Thus 

A  <e/2. 

From  3),  4)  we  have  ~ 


—^^ 

—  a) 


(4 


for  any  y  >  7. 

From  1°,  there  exists  a  50  such  that 


We  next  show  that  2)  holds;  i.e.  for  each  e>0  there  exists  a  60, 
such  that  b 

j—  I  6dx  <e  (5 

Ja 

for  any  b  >  by 

From  1),  there  exists  a  7  such  that 


(6 

(7 

(8 

(9 


for  any  b  >  50,  and  any  y  in  $Q. 

From  2°,  we  can  take  7  large  enough  so  that  also 


for  any  x  in  (a,  5),  and  any  y  >  7. 
Hence,  by  3°, 


for  any  ft  >  JQ,  and  any  y  >  7. 
From  6),  7),  8),  9)  we  have 


for  any  5  >  J0.     But  this  is  5). 

2.  The  reader  should  note  that  the  lines  x  —  av  •••  on  which  the 
uniform  convergence  of  f(xy)  to  <£(V)  breaks  down,  are  according 
to  617,  3  singular  lines,  whether  f(xy)  has  points  of  infinite  dis 
continuity  on  them  or  not.  If  the  integral  J  is  to  be  uniformly 
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convergent  in  33,  the  singular  integrals  relative  to  all  these  lines 
must  be  uniformly  evanescent. 

667.    Example.     As  we  shall  show  in  675, 

f"*>  \   />— xy  ,. 

J  =  \         sin  \x  dx  =  arc  tg  ",       X  =£  0. 

*"'         x  X 

The  application  of  666  gives 


=  C~*m*dx±. 

JO          x 


7T/2,  X>0. 


0,  X  =  0.  (1 

-   7T/2,    X<0. 

That  the  conditions  of  Theorem  666  are  fulfilled  is  easily  seen.  For,  defining  the 
integrand  /(zy)  of  J"as  in  663,  3,  it  is  continuous  in  E  =  (0,  <x>,  0,  x).  We  also  saw 
that  the  singular  integral  relative  to  x  -  x  is  uniformly  evanescent  in  33  =  (0,  »). 

Now 


uniformly  in  %  =  (0,  oo)  except  at  x  =  0. 

The  line  x  —  0  is  therefore  a  singular  line  by  617,  3.     But 


0<a<5 


if  5  is  taken  sufficiently  small.     This  singular  integral  is  therefore  uniformly  eva 
nescent.     Hence  J  is  uniformly  convergent  in  53.     Thus  all  the  conditions  of  666 
are  satisfied. 
From  1)  we  may  deduce  the  following  relations  : 

C  *  sin  ax  cos  3x  7        „ 
Jo   -     ^--^  =  0'  (2 

cos  ax  sin  px  ,    _  TT 
~  ~' 


which  may  be  combined  in  a  single  formula 


sin  \x  cos  /tee  ,    _  J  0,       0. 
x  "  U/2,  0<M<\. 


In  fact,  since  a  +  ft  >  0,  a  -  /3  <  0,  we  have  from  1), 

*rfie=;ir,  (5 


rB»n(tt-p)aega  =  _, 

Jo  x  2 

But 

sin  (a  +  p}x  +  sin  (a  -  /3)a;  =  2  sin  ax  cos  /3a;,  (7 

sin  (a  +  /3)x  -  sin  (a  -  /3)x  =  2  cos  az  sin  /3x.  (8 

Adding  and  subtracting  5),  6)  and  using  7),  8),  we  get  2),  3). 
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668.    That  the  relation 

Xx>  s*<t> 

f(x,y}dx=\     lim/(z,  y)cfe  (1 

,-,,  ^a      y=rj 

is  not  always  true  is  shown  by  the  following  example  : 
From 


( 
J 


1  +  2/ 
we  have  for  y  >  0, 


/•»  sin  x  ^  _      i 

Jo        exV  ~  I  +  y'2 


On  the  otlier  hand, 

=  p  Bin*  da: 

Jo 


o       y=o    e 
does  not  even  exist. 

Thus  the  relation  1)  does  not  hold. 


669.    1.   Let  f(xy)  be  regular  m  7£  =  (aoo«/3)  except  possibly  on 
the  lines  x=  av  •••  x—  a,. 

Let  f(xy}  be  a  uniformly  continuous  function  of  y  in  ^3  except 
possibly  on  the  lines  x  =  ar  •••     Let 


be  uniformly  convergent  in  33. 
Then  J  is  continuous  in  33. 

For,  /(x,  y  +  k)  converges  uniformly  to  /(#,  y),  h  =  0  in  33 
except  on  the  lines  x  =  al,  •••  We  have,  therefore,  only  to  apply 
666. 

2.  Letf(xy}  be  in  general  regular  with  respect  to  x  in  R=  (ax  a/3). 
Let  f  be  in  general  a  semi-uniformly  continuous  function  of  y  in  33- 
Let 

JW=  j  f(?y}fa 
«y« 

be  uniformly  convergent  in  33. 

Then  J  is  limited  in  33.  and  in  general  a  continuous  function  of  y. 
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For,  we  can  take  b  so  large  that 

dx  <e 

for  any  y  in  53.     On  the  other  hand, 

j[/<fa 

is  limited  in  53  by  618,  1.     Hence  J  is  limited  in  53.     That  J  is 
in  general  continuous  in  53  follows  from  1. 

3.  In  this  connection  let  us  note  the  following  theorem  whose 
demonstration  is  obvious. 

Let  f(xy)  be  regular  in  ^  =  (<zcc«/3),  /3  finite  or  infinite,  except 
on  the  lines  x  =  av  •••  ;  y  =  av  •••     Let 


r 
J« 


be  uniformly  convergent  in  any  (a,  5)  except  at  av  a2  •••      Then  the 
points  of  infinite  discontinuity  of 

C" 
g(xy^>  =   \  f(xy^dy,        y  in  53- 

«y  a 

must  lie  on  the  lines  x—a^  ••• 

670.    1.  Letf(xy)  be  regular  in  R=  (aao«/3),  except  on  x  =  a1  •••  ; 
*/  =  «i- 

1°.    Let  rt-j 

Jafdy 

converge  uniformly  in  any  (a,  6)  except  at  x=  a^  •-• 

2°-  Let  r    r 

$(y~)=  I     dx\  fdy 

*/a  +Sa. 

converge  uniformly  in  53- 
Then  $  is  continuous  in  $&. 

This  is  a  direct  application  of  666,  1,  where 

X 

takes  the  place  of  /in  that  theorem. 
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In  fact,  by  669,  3,  g(xy)  has  no  points  of  infinite  discontinuity 
except  on  x  =  al  •••;  and  is  therefore  by  2°,  regular  in  R  except 
on  these  lines. 

Also  g(x,  y  +  h)  converges  uniformly  in  any  (a,  5)  to  g(x,  y) 
as  h  =  0,  except  at  x  =  «1  •  •  • ;  since 

fy+h 
fdy 

V 

is  uniformly  evanescent  in  (a,  5)  by  1°. 
Thus  applying  666,  1,  we  have 

lira  <£>(y  +  h}  =  lim  f  g(x,  y  +  h}dx  =  I    lim  g(x,  y  +  h)dx 

h=0  h=0^a  *Sa      h=0 

=  f  dx  \''fdy  =  <K#)« 

Jo.  ^a. 

That  is,  </>(«/)  is  continuous  at  y, 

.  2.  As  a  corollary  of  1  we  have  : 
Letf(xy}  be  in  general  regular  with  respect  to  x  in  R=  (aooa/3). 

J-sCt  /**          f*y 

(/>(?/)=  1     dx\  f(xy)dy 

^a  +sa 

converge  uniformly  in  33.     Then  <j>  is  continuous  in  33. 

Integration  and  Inversion 

671.  1.  Let  f(xy)  be  in  general  regular  with  respect  to  x  in 
^=(aoo«/S).  Let  f  be  in  general  a  semi-uniformly  continuous 
function  of  y  in  33-  Let 

J(y~)  =  f  f(?y)fa 

*/a 

be  uniformly  convergent  in  33- 
Then  J  is  integrable  in  33- 
This  follows  at  once  from  500  and  669,  2. 

2.   As  a  corollary  of  1  we  have : 

Letf(xy~)  be  simply  irregular  with  respect  to  x  in  R=  (aoca/8). 
Let  J  be  uniformly  convergent  in  $Q.  Then  J  is  integrable  in  33. 
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be  in  general  regular  in  .#  =  (ax«/3),  with 


672.    1.   Let 

respect  to  x. 

1°.    Let 


be  uniformly  convergent,  and  integrable  in  33. 

y-Let  r.    r* 

I    dy  I  Jdx,         b  arbitrarily  large, 

*^  a.  *^a 

admit  inversion  in  23. 

/*y        /~x  /•*        Cv 

}'  dy  \    fdx  =  I     d*     '/rf^,         in  «. 

"«  "^a  «^a  o'a 

set 


Since  1)  is  uniformly  convergent  in  33,  there  exists  for  each 
e  >  0,  a  60  such  that 

Xfdx  <•      €  f^ 

J***     ^     _  i  I  O 

/3-a 

for  any  y  in  33?  and  every  b  >  bQ. 
Thus  2),  3)  give  for  any  y  in  33, 

Sa'dySa  Jdx ~  X^jfVH  ~^~f~, < €-  ^ 

But  by  2°, 

rr=  r  p 
ja  ja   ja  ja  • 

Hence 

fr_rf<£,    6>,          (5 

«^a     «^a  «^a     «^a 

which  proves  the  theorem. 

e  simply  irregular  with  respect  to  x  in  R  = 
ffdx 

*/n 


2. 

Let 


be  uniformly  convergent  in  33- 
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7  hen  ~a       **>  /»»       /*p 

I    dy]  fdx,     I    dxj  fdy  (6 

»/a  Ja  *S"          *fm 

are  convergent  and  equal. 

For,  by  671,  2,  the  integral  on  the  left  of  6)  exists. 
Moreover,  condition  2°  of  1  is  fulfilled,  by  622,  2. 

3.  As  corollary  of  1,  we  have : 

Let  f(xy~)  be  in  general  regular  in  R  =  (aoca/3)  with  respect  to  x. 
Let 

I   fdx 

^i 

be  uniformly  convergent,  and  integrable  in  23. 
Let 

f*y        /^6 

I    dy  I  fdx,        b  arbitrarily  large, 

*^a  •Ai 

admit  inversion  in  23. 

Then  „*       ~v 

I     dx\  f(xy)dy 

«^«  «^o 

z's  uniformly  convergent  in  23- 

This  follows  at  once  from  5),  since  this  inequality  holds  for 
any  y  in  23. 

4.  From  the  relation  4)  we  have  also  the   following  corollary, 
setting  y  =  ft. 

Let  f(xy}  be  in  general  regular  in  R  =  (aoc«/3)  with  respect  to  x. 
Let 

fdx 

Ja 

be  uniformly  convergent,  and  integrable  in  23-     Let 

Xp       /»& 
dy  I  fdx,         b  arbitrarily  large, 
J<t 

admit  inversion.      Then 

/»/s       /*&  /»js       /•* 

lim  |    c? v  I    fdx=  \    dy  I    /d«. 

6=00    ^a  •'d  ^a  ^« 
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5.  As  a  special  case  of  4  we  have,  622,  2  and  671,  2  : 

Let  f(xy)  be  simply  irregular  with  respect  to  x  in  .R  =  (acca/3)  . 
Let 

F/dx 

"a 

be  uniformly  convergent  in  $&.      Then 

C$     cb          r&     r™ 
lim  I    dy\  fdx=  \    dy  \   fdx. 

l=oo  ^a.          *Ja  i/a  c/a 

673.    Let  f(xy)  be  regular  in  R  =  (aooa/8),  except  on  the  lines, 
x  =  av  •••x  =  ar;    y  =  av  •••  y  =  as. 

1°.  Let 

I  *dy  \    fdx 

«^A  *S(t 

be  convergent,  and  admit  inversion  in  any  interval  (\,  ^,which.does 
not  embrace  a,  •••  a,. 

1  » 

2°.  Let 

r*      rv 

ja  dxja  f*y 

be  a  continuous  function  of  y  in  ^3. 
Let 

Ks*S*dySm  fdx'       L  ^f^dzf^fdy. 

Then  K  is  convergent,  and  K=  L. 

For  simplicity,  let  y  =  y  be  the  only  singular  y-line;  «<7</3. 
Then  by  definition, 

C&      C™  Cu  cx  c$  /•" 

I    dy\    fdx=\\m\     I     +lim|     I     .  n 

^°-  V*  u=y  «^a    J«l  K    Jl~    Ja 


Now 

X"X  -JLT-    by  10-  (2 

Similarly, 

J,  J«    =Ja  Jv    =Ja  Ja   -J,  Ja  »  (3 

since  i  is  by  2°,  convergent. 
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Now  by  2°, 


Hence  from  2),  4), 

« 

also  from  3),  5) 

Hmf  r=rp-fp=r  r.         (7 

t/J,  «/O  «/a  «/a  «/(J  t/a  t/a  «/y 

Hence  from  1),  6),  7)  we  have 

/»3  /«»       /•»  /«y       /*»  /»/s       /«»  /*/s 

«-^a    «^a  «^«     *^a  »^a     «^y  «^a     »^a 


674.    1.  .Le£  /(^y)  ^  szmjoZ?/  regular  in  72  =  (acca/3),  except  on 
the  lines  x  =  a^,  •  •  •  y  =  «j  •  •  • 

1°.  ic«  r. 

Ja  f(?y)fo 

converge  uniformly  in  53,  except  on  y  =  a1  ••• 


converge  uniformly  in  any  (a,  5),  except  on  x=  a1  ••• 

3°.  i.« 

Jo   «J  f(*y}dy 

converge  uniformly  in  ^3. 

r/3       rx  r30       /«/3 

1T»J    dyj   fdx,        L=(    dx\  fdy. 

^a.  "a  .  */a  «^a 

The  n  K  is  convergent  and  K=  L. 

This  follows  from  673.     For,  in  the  first  place,  condition  1°  of 
673  is  satisfied,  by  672,  2. 

Secondly,  condition  2°  of  673  is  fulfilled,  by  670,  1. 
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2.   As  a  corollary  of  1,  we  have  : 

Let  f(xy}  be  simply  irregular  with  respect  to  x  in  JR  = 
Let  /»x 

I    f(xy~)dx 

^a 

converge  in  general  uniformly  in  33.     Let 

I    dx\Jf(xy}dy 

*r*          «^a 

converge  uniformly  in  $8.      Then 

I    dy  I  fdx  =  I    dx  (  fdy. 

»/a  »/a  »/a  i/a 

675.   For  ?/>  0,  we  have  from  608,  2), 


\-2  4.  y2 

The  integral  on  the  left  does  not  exist  for  y  =  0.     Let  us  therefore  set 

sin  \x 


=  0,  y  =  0. 

Then  integrating  1),  from  0  to  y  we  get 


We  may  invert  the  order  of  integration  in  2)  by  674,  2.  For, /is  continuous  in 
.R  =  (0x0i/),  except  on  the  line  y  =  0,  and  limited  in  7?.  It  is  therefore  simply 
irregular  with  respect  to  x.  The  integral  1)  obviously  converges  uniformly  in  23 
except  at  y  —  0.  The  integral 

I    dx  \    fdii  =  \     : —  sin  "hxdx  (3 

Jo       Jo'  Jo         x 

is  uniformly  convergent  in  93  by  663,  3.     Hence  the  integrals  on  the  left  in  2),  3) 
are  equal,  and 

j  —  sin  \xdx  —  arctg  ^,        X  =£  0. 

676.   We  saw  in  667  that  sin  y  f  0,         y  =  0, 

[  2 ' 
Hence,  integrating  between  0  and  1,  we  get 

I   dij  \ dx  —  -  •  (2 

Ji»      Jn        x  2 
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We  can  invert  the  order  of  integration  by  074,  2.  For,  in  the  first  place,  the 
integrand,  not  being  defined  in  2),  we  can  make  it  continuous  in  E  =  (0x01),  giving 
it  the  value  y  at  the  points  (0,  y}.  Secondly,  the  integral  1)  is  uniformly  conver 
gent  in  S3,  except  at  y  =  0,  by  6G3,  2.  Finally, 

r*>      fysino-y,        /•"  1  —  coszw, 

\    dx  \ E  dy  =  \     — — 5 — =  dx 

Jo       Jt      x  Jo          x2 

is  uniformly  convergent  in  33,  since 

1  —  cos  xy 


We  can  therefore  invert  in  2),  which  gives 


setting  x  =  2  u. 

Thus  3)  gives 

rxsm2xdx_TT 
Jo        x*      ~  2  ' 

677.   That  the  order  of  integration  can  not  always  be  inverted  is  shown  by  the 
following  examples. 

Ex.  1.   Let  us  consider 

f  °°  ,    C  0  f  *  sin  Bx  , 

Jo    *A   COS^^=J0    ~^~dx  (1 

_  w 

a' 

The  integral  obtained  by  inverting  the  order  of  integration,  viz., 

f(3      /•» 

I    «y  I     cos  a;?/  ax 

does  not  exist,  since 

I     cos  xy  dx 

does  not.     Inversion  in  the  order  of  integration  in  1)  is  therefore  not  permissible. 

Ex.  2.    Let 

a:V  ?<2 

;  —  ^T~A—  -  :  —  0(M)>        u  —  xy. 
1  +  a;4?/4      1  +  w* 
Then 

50     30    a«       ^,.  .          50 
|E»J5'Ji-W")!       ^  =  ^'(«)« 

Let 

/«if)-^(«)«Itt.itt. 

yd*    x  dy 
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"We  have  also 


where  ^  (?<)  =  arc  tg  w2. 

Thus 

dt      w  d" 


and  hence 
Hence 


f0 

Jo 


o      4 
On  the  other  hand 

f^    f31^  fydy  C*1  9<t>  •,        C^dyT    .   .1°° 

i  dy  i   f(x,  y)dx,  =  \    —  \     ^-  dx  -  \    -  -    0(w)      =  0. 
Jo    yjoj^  Jo  ?/  Jo   3x          Jo  y  L       yJ0 

Thus  it  is  not  permissible  to  invert  the  order  of  integration  in 


678.    1.   Letf(xy)  be  regular  in  72  =  (aooaoo),  except  on  the  lines 
=  ar  •••;  y  =  «j,  ••• 
1°. 


...        _ 
J    *rj  fdy 

«/a  «/a 


uniformly  convergent  in  53. 

2°.  * 


5e  uniformly  convergent  in  any  (a,  5),  except  at  av  a2,  •••;  and  inte- 
grable  in  (a,  5).     TAew  _x       ^^ 

!     dx  I    /(t/y         exists, 

*/a  */a 

and  ,,x        ,,  /*3°       /*ao 

lim  I     rf^j  /dy=  I     <fej    /rfy.  (1 

y^^  c/a  t/a  «/a  »/a 

This  is  a  direct  application  of  666,  1  ;  the  function 


taking  the  place  of  f(xy)  in  that  theorem.     For,  in  the  first  place, 
g  has  no  points  of  infinite  discontinuity,  except  on  the  lines  x=  av 
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•  ••,  by  669,  3.     Moreover,  g(xy~)  is  integrable  in  51,  by  1°.     Hence 
g(xy^)  is  regular  in  R,  except  on  the  lines  x  =  av  ••• 
Secondly, 

f    ff(?y)fo 

•sa 

is  uniformly  convergent  in  33,  by  1°. 
Finally 

lim  g(xy}  =  I    fdy  =  <j>(z), 

y=o  *Sa. 

uniformly  in  any  (a,  6),  except  on  the  lines  x  =  ar  •••;  moreover 
<f>  is  integrable  in  (a,  6).  Thus  all  the  conditions  of  666,  1  are 
satisfied,  and  the  present  theorem  is  established. 

2.  As  a  corollary  of  1  we  have  : 

Letf(xy~)  be  simply  irregular  with  respect  to  y  in  R  =  (accaoo). 

Let  r   Cy 

\    dx\  fdy 

*/a  */  a. 

be  uniformly  convergent  in  33.     Let 

£fdy  (2 

be  uniformly  convergent  in  any  (a,  5).      Then 

lim  I  dx  \  fdy  —  \   dx  \  fdy. 

y—aot/tf         \/a.  «/</  «/a 

For  2)  is  integrable  in  any  (a,  6),  by  671,  2  ;  on  interchanging 
x  and  y  in  that  theorem. 

679.    If  the  conditions  of  678  are  not  satisfied,  the  relation 

lim  I    dx  I   fdy  =  t    dx  \  fdy  (1 

y—o,  «/a  «/a  t/a  c/a 

may  be  untrue. 

Consider,  for  example, 

/*°°       /"y 
J"  =  I    dx  \   cos  xydy,        a  >  0. 

Ja          J» 


=  r^ 

J«          X 
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Here  Hm  J=0,        by  663,  Ex.  2. 

y=x 

On  the  other  hand,  the  integral 

I    dx  f  cos  xy  dy 

Ja          Jo. 

does  not  even  exist,  since 

i    cos  xy  dy 

Jo. 

does  not.    Thus  the  relation  1)  in  this  case  is  not  true. 

680.    1.   Let  f(xy}  be  simply  regular  in  JR  =  (aooaco),  except  on 
the  lines  x  =  a1?  •  •  • ;  y  =  av  •  •  • 
1°.  Let  r<D 

(fdx 

"a 

be  uniformly  convergent  in  any  (a,  /3)  except  at  av  ••• 
2°.  Let  *  ^» 

j  fdy 

*Ja. 

be  uniformly  convergent  in  any  (a,  6)  except  at  av  •••;  moreover  let 
it  be  integrable  in  (a,  5). 

3°.  ie*  r»      r, 

I    c7a:  I  /rfy 

»^a          >r* 

be  uniformly  convergent  in  ^3. 

Then  x         , 

I   rfy  I  /^,         I    c?a;  I  fdy 

*Sa.  K'a  «^a  •'a 

are  convergent  and  equal. 

For,  by  674, 1, 

'   <J  rp      rx  r™      re 

I    ^  I  fdx  =  \    dx\  fdy. 

*/a  «^n  *S(i  *J  a. 

But  by  678,  1,  we  may  pass  to  the  limit  /3  =  oo,  which  proves  ' 
the  theorem. 

2.   Letf(xy~)  be  simply  regular  with  respect  to  y  in  R  =  (a»  «x>), 
except  on  the  lines  y=a1, 
Let 

J  fdx 

*//< 
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be  uniformly  convergent  in  any  (a,  /3)  except  at  av  ••• 
Let 


be  uniformly  convergent  in  any  (a,  5). 
Let  x 

I 

*/a 

be  uniformly  convergent  in  33. 
Then 

\   dy  I  /<fo,          M^  I 

»/a  */a  */a          »/a 

are  convergent,  and  equal 

This  follows  as  in  1,  by  674,  1,  and  678,  2. 

3.  Let  f(x,  ?/)>0  Se  simply  regular  in  -R  =  (aaoaac)  except  on 
the  lines  x  =  av  •  •  •  ;  y  =  a^,  ••• 

Let 


uniformly  convergent  in  any  (a,  /3)  except  at  «j, 


be  uniformly  convergent  in  any  (a,  5)  except  at  a^> 

Let  ,,00       x»x 

i  =   I    dx  I 

«/a          */a 

6e  convergent.      Then 


i«  convergent,  and  K=  L. 

This  is  a  corollary  of  1.  For,  condition  2°  is  satisfied  since  L 
exists.  That  condition  3°  is  fulfilled  follows  from  the  fact  that 
the  singular  integrals  of 

x..    p 

Ja     Ja 

are  <  the  corresponding  integrals  of  L  since  /^  0. 
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681.    1.  We  saw  in  667,  1)  that 


ro,    r<x 

7/>X. 


_o> 

U/2, 


Multiply  by  e~w,  and  integrate,  n  >  0.     Then 

p  ,  =  p      p 

Jo  Jo      JA 


We  can  invert  the  order  of  integration  in  1)  by  680,  2.     For,  in  the  first  place 

sin  xu  cos  Xx 


is  simply  regular  in  R  —  (OooOco),  if  we  set 


Secondly, 

rfdx=e^rs'mxi/cosxxdx 

JoJ  Jo  x 

is  uniformly  convergent  in  S3  =  (0,  oo)  except  for  y  =  \  by  663,  Ex.  4. 
Thirdly, 

Cfdy  =  cos  Xx  P  S1"  x-'  dy         for  x  >  0 
Jo  J»     xew 


for  x  =  0 


is  uniformly  convergent  in  any  (0,  6)  by  665,  Ex.  2. 
Finally, 

PT    f1^         r%     f^ sin  a-?/ cos  Xx  , 
Y  =  \  dx  \  fdy  =  \   dx  \    -  —  dy 

Jo       JoJ   y      Jo       Jo          xeM» 

is  uniformly  convergent  in  53. 
For, 


Hence 


Cysmxy       _r        _     /usin  x?/  +  x  cos  xy'l* 
Jo     eM»    fy-[~  M2  +  x^          Jo' 

Cx  cosXx 

=   Jo     j*5T+^  d  -  «- 
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Fi,  F2  are  uniformly  convergent  in  33  by  659.     For, 
cos  Xx    .. 


sin  x?/  cos  Xx 


x      M2  +  x'2 


+  X2 


Thus  all  the  conditions  of  680,  2  are  satisfied. 
Inverting  therefore  in  1),  we  get 


cos  Xx 


Comparing  with  1),  we  get 

,  M>0.  (2 


2.  Let  us  integrate  2)  with  respect  to  X.     We  get 


We  can  invert  the  order  of  integration  in  the  integral  on  the  left,  by  674,  2. 

For, 

(•"  cos  Xx   , 

Jo  ^T^ 


is  uniformly  convergent  by  659,  since 

cos  Xx 


1 
^"o — r~ 


In  the  second  place, 

sin  Xx 


(" 
I 

JO 


converges  uniformly  in  any  interval  (0,  /3)  by  661,  2  and  663,  Ex.  2. 
Inverting  therefore  in  3),  we  get 
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682.    Let  us  evaluate 

J=  f    ^, 

which  is  convergent  by  635,  3.  e" 

We  change  the  variable,  setting 

w  =  xy,        y>  0. 
Then 

/=  r^?. 

Jo    exV 
Multiplying  by  e~»2  and  integrating,  we  get 


This  relation  is  true  for  any  «  >  0,  by  2). 

Passing  to  the  limit  «  =  0,  we  have,  since  the  limits  exist, 


T     C    d-!       r"       C    7    f       2/f?a; 
J  •  r  —,  =  J2  =  \    dy  i        —  =-• 

Jo    ey-  Jo     yjo    e^(i+xl) 


/o 
(8 


We  may  invert  the  order  of  integration  in  the  integral  on  the  right  by  680,  3. 
For,  in  the  first  place,  the  integrand  is  regular  and  continuous  in  R  =(0ao0oo). 
Secondly, 

rx    y  dx 

JO     ^U-r*") 

is  uniformly  convergent  in  any  (a,  /3),  a  >  0  by  659,  since 

y  0 

C»>(l+x2)<ea5(l+x2)' 

Thirdly, 


r 

Jo 


_ 

o    e»2(l+x2; 

is  uniformly  convergent  in  91  =  (Ox)  by  659,  since 

y        y 

ey 

Finally, 


=  Cdx 

Jo       Jo 


_1  f  x     (fa     =  TT 

2  Jo    1  +  x2      4 


is  convergent.     Thus  all  the  conditions  of  680,  3  being  fulfilled,  we  can  invert  in  3), 
which  gives 

J2  =  L  =   7T/4. 

Hence 


Here  we  must  take  the  positive  sign,  since  the  integral  1)  is  positive  by  649,  3. 
Hence,  finally, 

Jo   ^  =  ~2~'  (4 
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Differentiation 

683.  1.  Let  f(xy),  f'v(xy)  be  in  general  regular  with  respect  to 
x,  y  in  R  =  (a  co  «/3) . 

1°.  For  each  x  in  21  let  f  be  continuous  in  y,  while  fy  is  in  general 
continuous  in  y. 

2°.  For  each  y  in  39,  let 

Xb        f"y 
dx  I  f'vdy,         b  arbitrarily  large, 
Jo. 

admit  inversion.      Then 

-f  rf(xy~)dx  =  -f  lim  f  "dy f  f'dx,  (1 

dyJa  dy  b=^^a      Ja 

provided  the  derivative  on  either  side  exists. 

For,  by  605,  ~y 

I  f'ydy  =/O,  y)  -/O,  «). 

*^o 

Hence  /»6  /»&      /»y  /»6 

I  /rfz=   I    (fiCi   /^?/+   I  /(«,  a)dx 

»^a  ^a         "^a  •'a 

f*V          fb  fb 

=  I   dy  I  /[&!+  I  /(^,  «>fcj 

«^a          ^a      '  •'• 

and  therefore 


X«  /»y  /»6  /»» 

/cZa;=lim  \   dy  \  f'ydx+   I  /(a:, 
6=00  «^a  ^a  •*«  * 


Differentiating,  we  get  1),  since  the  last  term  on  the  right  is  a 
constant. 

2.   As  corollary  of  1  we  have  : 

Letf(xy)  be  regular  in  R  =  (acn «/3)  except  on  the  lines  x  =  ar  ••• 
and  continuous  with  respect  to  y  for  each  x  in  2(. 

Letfy  be  regular  in  R  except  on  the  lines  x  =  a^  •••  and  uniformly 
continuous  in  y,  except  on  these  lines. 

Let  r* 

\fydx 
^a 

be  uniformly  convergent  in  $&-. 
Then 

f  \  f(xy-}dx=\  fydx. 

^a  «^a 
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For,  condition  2°  of  1  is  fulfilled  by  622,  2. 
Hence  by  1), 


- 

dy  5= 


r-s2?JT*J^ 

f'ydx,         by  672,  4,  and  671,  2, 
by  669,  1. 
684.    1.   When 


is  not  convergent,  the  following  theorem  may  serve. 

Let  f(xy}  be  in  general  regular  in  R=  (aoc«y8),  and  continuous 
with  respect  to  y  for  each  x  in  2(. 

Letf'y  be  simply  irregular  with  respect  to  x  in  R. 

1°.  Let 

\  f'ydx,          b  arbitrarily  large, 

be  uniformly  convergent  in  33. 
2°.  For  any  b,  let 

fb  pb 

J  f'ydx  =J  g(xy^)dx+  h(b,  y),         where 

3°.  g(xy}  is  simply  irregular  in  R  with  respect  to  x  and 


is  uniformly  convergent  in  33- 
4°. 


Then  '-, 

77      a 
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2.  As  corollary  we  have  : 

Letf(xy)  be  regular  in  R  =  (aoo  a/3),  and  continuous  with  respect 
to  y  for  each  x  in  21.     Letfy  be  continuous  in  R.     For  any  b,  let 

Xb  fb 

f'ydx=  \  g(xy}dx+h(l,y}, 
„      '  */a 

where  g  is  regular  in  R,  and 

I  g(xy)dx 

«^a 

is  uniformly  convergent  in  $8  :  also 

\irnf  h(b,y)dy  =  0. 

Then  j    p™  /**> 

-T-  I  f(xy)dx  =  I  g(xy)dx. 
dy  Ja  ^a. 

For,  condition  1°  of  683  is  obviously  satisfied,  while  condition  2° 
is  fulfilled  by  672,  2.'     Hence 

J  Cv       Cb 

J'  =  ^-  lim)    dy(  fydx. 
dy  6=«  ^a       «^a 

But  f»y  /»6  X»?/  /«6  /»;/ 

I  rfy  I  /^c?x  =  I  dy  I  ^/^x  +  I    A^,         by  2°. 

^a          «^a      '  «^a          ^a  «^a 

Hence  by  4°,  ^ 


=  ~  f"dx  fydx,         by  3% 

dy^a.  *Ja 

=  I  gdx,         which  is  1). 

J 


EXAMPLES 
685.   1.  Let 


o     xex 
We  show  that 

arbitrary,  (2 

using  683,  2.      For,   in  the    first   place,   the   integrand  f(xy)   is   continuous   in 
R  =  (0»a/3),  if  we  set 

/(O,  y)  =  y. 
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Obviously  J  is  convergent  in  23,  by  635,  3. 

Secondly, 

f,  _  cos  xy 

Jy— ; — 

ex 
is  continuous  in  R  ;   and 

rcosxydx 

Ja  ex 

is  uniformly  convergent  in  23,  by  660,  2.     Thus  683,  2  gives  2). 
By  means  of  2)  we  can  evaluate  1). 

For,  obviously, 

C*>co*xydx  =     1 

Jo       e*  1  +  y* 

Hence  integrating  2),  we  get 


Since  J  —  0,  for  y  =  0,  we  have  (7  =  0.     Hence 
/•»  s;n  Xy 

Jo      xex 

2.  From  this  integral  we  can  also  show  that 

Jo       x          ~  2 ' 
a  result  obtained  in  667,  by  the  aid  of  675.     For,  set 

M 
x  =  -,         y>0, 

2/ 
in  3),  we  get 


r°°sin  u      -1  ,  ... 

I     •  e  v  uu  =  arc  tg  y.  (.0 

We  now  apply  666,  1,  letting  y  =  oo. 
This  is  permissible,  since 

sin  u  _!i  .  sin  ?( 

e  y  = ,         uniformly 

u  u 

in  (0,  oo)  except  for  u  =  0.     The  integrand  f(u,  y)  is  continuous  in  R  =  (Ox«x),  if 
we  set 

/(O,  y)  =  1. 

The  only  singular  line  is  therefore  u  =  0. 

Obviously  the  singular  integral  for  this  line,  as  well  as  for  the  line  u  =  oo,  is 
uniformly  evanescent,  by  615  and  659. 

Hence  passing  to  the  limit,  y  =  oo  in  5), we  get 


f^sinw,        TT 

I     uu  =  — . 

Jo       u  2 

If  we  set  n  =  xy,  y  >  0,  we  get  4), 
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686.   Let  /.»  i  _  cos  xy 

J=\  -dx.  (1 

Jo         xex 

Applying  683,  2,  we  get 

dJ      C °°  sin  xii  ,  11 

~T  —  \ '  dx  =  ^ — ;,        ?/  arbitrary.  (2 

dy      Jo       e*  1  +  y-*' 

In  fact,  the  integrand  /(a:,  y}  is  continuous  in  J?  =  (Ooo  «/3) ,  if  we  set 


while  J  is  convergent,  by  635,  3. 

Moreover 

_  sin  xy 

is  continuous  in  J?,  and 

/*°°  sin  xy 

Jo       ex 

is  uniformly  convergent  in  33,  by  660,  2.     This  establishes 
As  in  685,  we  can  use  2)  to  evaluate  1). 
For,  integrating  2),  we  get 


Here  (7  =  0,  since  <7  =  0  for  y  =  0,  by  1). 
Thus 


f  *  1 

j, 


687.    Let  us  evaluate  Fourier  's  Integral 

T      C  x  cos  2  ccy  , 
if=  t  -—  ^ax.  (1 

Jo        g^2 


Using  683,  2,  we  get 


For,  the  integral  1)  is  convergent  by  635,  2  ;  while  the  integral  2)  is  uniformly 
convergent  in  any  («0),  by  660,  2. 

In  2),  let  us  integrate  by  parts,  setting 

M  =  sin  2  a:?/,        dv  =  —  2  xe-x2(Zx. 
Then 


]<*>          f*> 
—  \    vdu 
_o      Jo 

r* 

=  —  2  y  \    e~x*  cos  2zydx  =  —  2  yj. 

a/0 


This  in  2)  gives,  since 
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Hence 

logJ=-y*+C.  (3 

To  determine  (7,  take  y  =  0.     Then 

C  =  log  •  vW2,  (4 

by  682,  4). 

Hence  1),  3),  4)  give 

Cc^^Ldx  =  ^e-y\ 
Jo        e&  2 

688.   In  681,  2)  we  found 

0 


We  can  differentiate  under  the  integral  sign,  by  683,  2.     For,  denoting  the  inte 
grand  by  f(xy),  we  have 


/.(*»>  =-. 


which  is  continuous  in  H  =  (Oxxx/3). 
Also 


f 

Jo 


is  uniformly  convergent  in  S3,  by  661,  2. 
Hence,  differentiating  1),  we  get 


. 

2  +  a;2  2 

689.   In  682,  4),  let  us  replace  x  by  xy%,  ?/>0.     "We  get 

-y*dx  =  ^y-l,         y>a>0.  (1 

We  can  differentiate  under  the  integral  sign,  by  683,  2,  getting 

-^^-f.  (2 

In  fact,  the  integral  on  the  left  of  2)  is  uniformly  convergent  in  S3  =(«,  /3),  since 

z2     .  x2 

—  2<—^,        in  S3. 

eyz2        eoi2 

We  may  obviously  differentiate  1)  n  times,  which  gives 
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690.   FresneVs  Integrals. 

Let  us  start  with  the  relation  689,  1), 


Let 


Then 


=  0, 


forz>0; 


for  x  =  0. 


(2 


since  the  integral  on  the  right  is  convergent,  by  646.  We  can  invert  the  order  of 
integration  here,  by  680,  1.  For,  f(xy)  is  continuous  in  E  =  (OooOoo),  except  on 
the  line  x  =  0.  It  has,  moreover,  no  point  of  infinite  discontinuity  in  It.  The 

integral 

f*  rxsiny  , 

\   fdx  —  \       -^-dx 

Jo  J         Jo    e"y 

is  uniformly  convergent  in  any  (0,  /3)  except  at  y  -  0.     The  integral 


is  uniformly  convergent  in  any  (0,  6),  except  at  x  =  0.    Finally, 


is  uniformly  convergent  in  33.    For 

fy/7,,_r     *2  sm  y  +  cos  V~\v 
i  /<•»  —    — : 

J°  L        (1  +  x4)ex2*    J0 

Hence 

Y—  C*     dx     _  rx  x2  sin  y  +  cos  ?/  ,   _  „       „. 


Here  F!  is  uniformly  convergent  in  S3,  since  it  is  independent  of  y.    Likewise  F2 
is  uniformly  convergent,  since  its  integrand  is  numerically 


Thus  all  the  conditions  of  680,  1  being  fulfilled,  we  can  invert  the  order  of  inte 
gration  in  2),  which  gives 


/•X 

-ir 


as  is  seen  from  3),  on  passing  to  the  limit  y  =  oo.    But 

Cx  _(to_  _  IT  __!__          TT 
Jo    1  +£4~  4  simr/4~o,/i 


T/4      2V2 
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This  by  2),  4),  gives 


*.  (5 

V2 

If  instead  of  multiplying  1)  by  sin  ?/,  we  had  multiplied  by  cosy,  we  would  have 
got  by  the  same  reasoning 

f-coy,  W. 

Jo     Vy  V2 

The  integrals  5),  6)  are  known  as  FresneVs  integrals.    They  occur  in  the  Theory 
of  Light. 

If  we  set  y  —  x2,  these  integrals  give 


f  sinx°dx=\ 
691.    1.  Let  us  show  that  Stoke's  Integral 

,•00 

S  =  \  cos  (x3  —  xy}dx  (1 


satisfies  the  relation 


This  fact  will  enable  us  to  compute  S  by  means  of  an  infinite  series. 
We  have  in  the  first  place, 

j  c       /*» 

—  =  i  x  sin  (x3  -  xy~)dx  (3 

by  683,  2,  since  the  integral  3)  is  uniformly  convergent  in  any  S3  =  (a,  /3). 
In  fact,  using  the  transformation  of  the  variable  employed  in  657 

M  =  x(x2  —  y),  (4 

we  have 

xsin(x*-xy)dx= 


where  6,  c  are  corresponding  values  in  4). 
But 


We  can  now  apply  661,  1,  replacing,  x  in  that  theorem  by  u.    Thus  there  exists 

a  c0  such  that 

x  sin  u  du 


. 
<e» 


But  then  the  relation  4)  shows  that  there  exists  a  B  such  that 

I  (  x  sin  (a;3  —  xy^dx  <  e, 
for  any  b  >  B,  and  for  any  y  in  S?.     Hence  the  integral  3)  is  uniformly  convergent. 
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To  find  the  second  derivative  of  S,  we  cannot  apply  683  to  the  integral  3).      For 
\  x2  cos  (x3  —  xy)dx 

is  not  even  convergent,  as  we  saw  057. 

We  may,  however,  apply  684,  2.     In  fact, 

f  6x2  cos  (cc3  -  xy^dx  =  C  3  x*~  v  cos  (a<  -  xy)dx  +  1  ^  CM  (x3  -  xy}dx 


=  I  sin  (63  -  6y)  +  1'. 
But 


r» 

i  cos  (x3  —  xy~)dx 


is  uniformly  convergent,  as  we  saw  663,  7. 
On  the  other  hand, 


cos  (bs  —  by}  —  cos  (63  — 
-  yj-—  -  4 


rv  .     .,„ 
I  sin  (ba  - 

Jo-  0 

which  =  0  as  b  =  oo.     Thus  684,  2  gives 


A  fc  sin  (x3  -  xy}dx  =  ^      cos  (x3  -  JC2/)dx.  (5 

•  dy  Jo  3   J° 

From  1),  3),  5)  we  have  2). 

2.  Before  leaving  this  subject,  let  us  show  the  uniform  convergence  of  the  inte 
gral  3),  by  another  method. 

From  the  identity  _  3x2_y     y  3x*-y     jf_ 

3  x       .3      3x3         9x3' 
we  have 


f  x  sin  (x3  -  xy^dx  =  C  3  x*  ~  y  sin  (x3  -  xy)dx  +  g  P  '^F1  sin  (r'3  ~ 

Ji>  J*  O  X  o  •/*  <J  X° 


Obviously  T3  is  uniformly  convergent  by  660,  2. 

That  TI  is  uniformly  convergent,  was  shown  in  663,  6.     That  T»  is  uniformly 
convergent,  follows  from  661,  2  ;  since  7\  is  uniformly  convergent. 

Elementary  Properties  of  B(w,  v),  r(«) 
692.    1.  In  641  we  saw 

x"~ld*  n 


is  a  one-valued  function  whose  domain  of  definition  is  the  first 
quadrant  in  the  w-,  v-plane,  points  on  the  w-,  v-axes  excepted. 
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In  642  we  saw  /»« 

FO)=  I   e~xxu-ldx  (2 

C/0 

is  a  one-valued  function  whose  domain  of  definition  is  the  positive 
half  of  the  w-axis,  the  origin  excepted.  We  wish  to  deduce  here 
a  few  of  the  elementary  properties  of  these  functions. 

2.  By  a  change  of  variable,  the  integrals  1),  2)  take  on  various 

forms.     Thus  in  1)  set 

x  = 

•1-f 

We  get  /~i 

-«-*      ^  N.  1  .._     1     S-+  -^     »_1       1  S  O 

(3 


If  we  set  here  -, 

y  =  1  -  z, 

we  get  /n 

BO,  V)=  I   z'-'Cl-z)"-1^.  (4 

•Al 

In  3)  let  us  set  y  =  sin2  0 ;  we  get 

BO,  V)  =  2  f'sin2"-1  0  cos21-1  0  dO.  (5 

*^o 

If  we  set  ,      -,  / 

a;  =  log  l/y 

in  2),  we  get  r*i       n\u~l 

TO)=  j    log(-)     dy.  (6 

*Ai         V?// 

3.  We  establish  now  a  few  relations  for  the  B  functions.      In 
the  first  place  the  comparison  of  3),  4)  gives 

T>  f  \  T3/          ,,.~\  <"7 

D(U,  v)  =  -ti^t',  u),  {t 

which  shows  that  B  is  symmetric  in  both  its  arguments. 

As  addition  formulce  we  have  the  three  following  8),  9),  10), 

BO  +  l.O  +  BO,  v  +  l)  =  B(M,  v)  (8 

For, 


/•! 

,  w)=  I   jf1(l—*)*~1(l''—  *'+»)*' 

*^o 

a  -  xy-ldx  +  f  ^-^i  -  xydx, 

^0 


which  is  8). 

vB      +  1,  t>)  =  MB(M,  w  +  1).  (9 
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For,  /M 

B(w+l,  v)  =  I    :r"(l  -  z)"'1^  ; 

»A) 

[:r"(l  —  zYT     w  /"! 
+  -  I   af"1^!  —  x)vdx 


which  is  9). 

From  8),  9)  we  have 


Bfev)a=±!iBfov+l)«=-±-!B(«  +  l,v>  (10 

V  U 

We  can  show  now  that  B(w,  w)  =  B(M,  M)  is  a  rational  function 

of  w,  viz.  :  r>/      i\      i  /  sit 

B(w,  1)  =  1/u.  (11 

-i  -i  c\  -i 

(12 


/•l  fr""!1       1 

TIA/     1  \  —    I      <r*-lfii — 

r>(M.,  A) —    I     ^       ax —    -         — — , 

•ft  !    9/,    L        -?/, 


M       W  +  1       W  +  2  ?i  +  W  —  1 

For, 

B(«,  1)  -^ 

which  proves  11).     From  this  we  get  12),  using  10). 
4.   We  establish  now  a  few  relations  for  the  F  function. 

T^  /  o/    i    1  \  __  4*  I"1  / f>i\  /'l^ 

For,  integrating  by  parts, 

T(u  +  1)  =  f  xue~xdx  =  :  -  e"*JB"l     +  u  f  e~*xu-ldx 

•/u  Jo  «^o 

>MO 

— .  7/1     g  "^"X^    dLoc> 
Jo 

We  observe  next  that        T^-I\      -i  ^^ 

F(l)=l.  (14 

FOF'  _  f "  -x      _  f       -,T  _  ! 

^         L      Jo 

From  13),  14),  we  get 

T(u  +  ri)=u(u  +  1)  •••  (w  +  /i  -  l)F(w);  (15 

and  this  gives  100 

on  replacing  n  by  w  —  1  and  M  by  1. 


504  INFINITE   INTERVAL   OF   INTEGRATION 

A  formula  occasionally  useful  is 

1           1       Cx 

-=  —  —  I   e-a*a?-ldx.  (17 

au    FOX* 

It  is  obtained  from  2)  by  replacing  #,  by  az. 

5.  The  F  function  is  continuous  for  any  u  >  0.     This  follows 
from  669,  1  and  663,  Ex.  1. 
The  derivative  is  given  by 


r"(M)=       e-*y«-1  \ogxdx,         u>0.  (18 

This  follows  from  683,  2.     Similarly 

(19 


We  can  now  get  a  good  idea  of  the  graph  of  F(M).     In  fact,  the 
expression  2)  shows  that  F(M)  >0  for  all  w>0. 
From 


we  see  that  „  ,  .     «,,  >, 

7211m  F(w)=  +co. 

u=0 

From  13)  we  see  that 

Km  F(M)=  +  00. 

«  =  +  00 

From  19)  we  see  that  r"(w)>0,  and  hence  the  graph  of  F(w) 
is  concave. 

Since  F(l)  =  F(2),  the  curve  has  a  minimum  between  1  and  2. 

ItSvalueis  1.46163-. 

6.  We  establish  now  the  important  relation  connecting  the  B 
and  F  functions, 


N  f 

From  17)  we  have 

1          = f  e~(l+y^xu+v-ldx. 
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Hence  by  1) 

(w,iO  =  f"  ,yU"lrfy    =  ^r—  ^  —  r  f*W  fV+'-y-'e-^'dz.     (21 
Jo    (l+y)u+v     Y(u  +  v)Jo     -Vo 

We  may  invert  the  order  of  integration,  by  680,  3. 
For,  in  the  first  place 


is  continuous  in  72  =  (OooOoo),  except  on  the  lines  #  =  0,  y  =  0. 
Secondly, 


is  uniformly  convergent  in  any  (a,  /3),  a>0,  by  663,  Ex.  1. 
Thirdly, 

Jt>    ' 

is  uniformly  convergent  in  any  (a,  6),  a  >  0. 
Finally, 

i=  I    cfe  I    /^z/ 

*/0  v/O 

exists.     For  in  _«,  „  ,  , 

fj£*dy 

-J0     e(i+y;*' 
set  xy  =t,  x  >  0.     Then 

F=  <r*z-"  f  e~'tu-ldt 

C/O 

=  e-^-'T(w). 
Hence  for  <z>0, 

ia  =  f  t£c  f  /rfy  =  T(u)  f  e-^'-1^. 

*/a          «/o  »/o 

But 

lim  I    e-xtf-ldx  =  T(w). 

o=0   «^a 

Hence 


Thus  all  the  conditions  of  680,  3  being  fulfilled,  we  have  L—K. 
From  21),  22),  we  have  18). 


CHAPTER   XVI 
MULTIPLE   PROPER   INTEGRALS 

Notation 

693.  1.  In  Chapters  XII  and  XIII  the  theory  of  proper  inte 
grals  of  functions  of  one  variable  was  developed.  We  now  take 
up  the  corresponding  theory  with  reference  to  functions  of  several 
variables. 

2.  We  begin  by  explaining  a  notation  which  we  shall  system 
atically  employ  in  the  following,  and  which  is  similar  to  that  used 
in  the  earlier  chapters. 

Let  21  be  a  limited  point  aggregate  in  an  w-way  space  9^.  Let 
/Or  •"  Zm),  or  as  we  shall  often  write  it,  /(a:),  be  a  limited  func 
tion  defined  over  21.  Let  us  effect  a  rectangular  division  D  of 
space  of  norm  d.  To  simplify  matters,  we  shall  suppose  d  is  not 
taken  larger  than  some  arbitrarily  large  but  fixed  number.  Those 
cells  which  contain  points  of  21,  as  well  as  their  volumes,  will  be 
denoted  by  dv  dT  •••,  or  by  a  similar  notation.  Let  M^  rat,  be  the 
maximum  and  minimum  of  f(x)  in  dc  We  shall  set 


It  sometimes  happens  that  we  are  considering  points  of  two  or 
more  aggregates  21,  53,  •••     Then  we  shall  write 


where  the  subscript  indicates  that  the  sums  1)  are  taken  over  the 
aggregates  21,  55,  •••  respectively. 

3.  We  shall  denote  the  maximum  and  minimum  of  /  in  21  by 
M  and  m  respectively.  The  greater  of  \M\  and  \m  we  shall 
denote  by  F,  so  that 

l/0*n  -*»)  I  <J?i         in  21- 

506 
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4.  The  oscillation  of  f(zr  •••  zm)  in  the  cell  c?t  is 

o}i  =  Ml-  mt. 

Thesum  o^-JUA-ft-fi, 

is  the  oscillatory  sum  of  f  for  the  division  D. 

Upper  and  Lower  Integrals 

694.    7%e  sums  iSD,  SD  form  a  limited  aggregate,  D  representing 
any  division  of  norm  <c?0;  moreover 

SD<SD. 

m<m,<ML<M. 
Hence 
°r 


Since  2t  is  limited,  the  cells  dL  are  all  contained  in  some  cube. 
Hence  2dt  is  less  than  some  fixed  number,  and  the  theorem  follows 
at  once  from  1). 

695.  1.  Let  f(xr  •••  3:m)^0  in  51.  Let  D  and  A  be  any  two  rec 
tangular  divisions  of  space.  Let  E  be  the  division  of  space  formed 
by  superimposing  the  division  A  on  D,  or  what  is  the  same,  the  divi 
sion  D  on  A.  Then 


For,  let  d^  be  one  of  the  cells  of  D  which  is  subdivided,  on  super 
imposing  A. 

Let  ,       -, 

»»11     «t2'  "• 

denote  the  cells  of  E  in  dt  containing  points  of  51.     Then,  to  the 
term  MtdL  in  8D,  corresponds  the  term 


in  Sf.     But 
Hence 
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2.   Similar  reasoning  shows  that: 


696.    1.  Letf(xv  •••  #w);>0  5e  limited  in  the  limited  aggregate  21. 


respect  to  all  rectangular  divisions  D.     Then 

lira  #0  =  &  (1 


d=0 


Let  us  employ  the  graphical  representation  of  231.  The  points 
of  51  lie  in  a  certain  cube  (E  of  edge  (7.  The  representation  of  (5  is 
formed  of  m  segments  (£r  •••  (£,„  on  the  xv  •••  xm  axes.  We  shall 
suppose  &  taken  so  large  that  no  coordinate  of  any  point  of  21  is 
at  a  distance  <  2  d?0  from  the  ends  of  these  segments.  This  insures 
that  the  cells  d^  of  any  D  of  norm  <  dQ  lie  within  QT,  and  therefore 
that  2rft  <  <7m. 

Since  $  is  the  minimum  of  all  SD,  there  exists  for  each  e  >  0  a 
division  A,  such  that 

2.  (2 


Let  D  be  an  arbitrary  division.  Let  us  superimpose  A  on  D, 
forming  a  division  E. 

The  division  E  is  formed  by  interpolating  certain  points,  let  us 
say  at  most  /*  points  in  each  of  the  segments  S1?  •••  (5OT.  The  inter 
polation  of  one  of  these  points  may  be  interpreted  as  passing  a 
plane  parallel  to  one  of  the  sides  of  (£.  Its  effect  is  to  subdivide 
certain  of  the  cells  of  (£.  The  volume  of  the  cells  so  affected  is 


Hence  the  superimposition  of  A  on  D,  being  equivalent  to  pass 
ing  at  most  m/jL  planes  parallel  to  the  sides  of  (5,  affects  cells  of  g 
belonging  to  the  original  division  D,  whose  volume 

\  (3 
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Let  A  subdivide  d#  a  cell  of  D  containing  points  of  51,  into  the 
cells  *       j 

"ill     ai2 

containing  points  of  5l,  and  into  the  cells 

Sdi      8t2    ••• 

containing  no  point  of  St. 
Then 


where  R  denotes  the  sum  of  those  terms  common  to  8D  and  S£, 
corresponding  to  cells  of  D  unaffected  by  the  division  A. 

But  -  4-X4.+ZC  .'•        '      . 

Hence  -SD  =  ^MLdiK  +  2  JHX  +  R. 

Therefore 

0  <  SD  -  8E  = 


\     by  3). 
If  we  take  e 


wehave  SD<SE  +  e/%         foranyd<d'.  (4 

But  regarding  ^  as  formed  by  superimposing  D  on  A, 

^-<^.  (5 

Hence  2),  4),  5)  give 


0<^ 
which  proves  1). 

2.  A  similar  line  of  reasoning  shows  : 

Let  f(xl  •••xm)^Qbe  limited  in  the  limited  aggregate  51.     Let 

S  =  Max  S& 
with  respect  to  all  rectangular  divisions  D.      Then 
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697.    Let  /(#!  •••  xin)  be  limited  in  the  limited  aggregate  St.      Then 

the  limits 

lim  8D,        lim  &£ 

'•    .  7  /.      .,  d=0  d=0 

exist,  and  are  jimte. 

Let  us  take  c  >  0  so  large  that 


is  positive.     Let  M^  JVt  be  respectively  the  maxima  of  /  and  g  in 
the  cell  dc     Obviously, 

N,  =  ML  +  c. 

We  have  seen  in  696,  1  that 

lim  2JVc?,         lim 


exist.     Hence 

lim  SD  =  lim  2  Jftdt  =  lim 

d=0 

=  lim  2^^  —  lim 
exists,  and  is  finite. 

To  show  that  jjm  ^ 

d=0    ~  • 

exists  and  is  finite,  we  introduce  the  auxiliary  function 

K*i  •••  »/»)=/(«i  •••«*)—<?; 
arid  determine  c>0  so  large  that  h  is  always  negative  in  St. 

698.  The  limits  S,  S,  whose  existence  was  established  in  697, 
are  called  the  lower  and  upper  integrals  of  f(xl  •  •  •  xin)  over  the 
field  51.  They  are  denoted  respectively  by 


When  the  lower  and  upper  integrals  1)  are  equal,  we  denote 
their  common  value  by 

• 

i  •••  ^«)^i  •••  ^;  (2 
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it  is  called  the  integral  of  f  over  the  field  21.  In  this  case 
/(a;1--a;w)  is  said  to  be  integraUe  in  51.  We  also  say  the  inte 
gral  2)  exists. 

The  integrals  1),  2)  are  called  m-tuple  or  multiple  integrals. 

699.  1.  Let  f^  •••  «OT)  be  limited  and  integraUe  in  the  limited 
field  21.  Let  D  be  any  rectangular  division  of  norm  d,  and  |t  any 
point  of  21  in  the  cell  dc  Then 

0 


Conversely,  if  this  limit  exists,  however  the  D's  and  gs  be  chosen, 
the  upper  and  lower  integrals  of  f  are  equal,  and  f  is  integraUe. 

For' 


Hence 

As 


lim  ^mLd,=  I  , 

JM 

x=  r 

1  l     Jsi 


are  equal,  we  get  1)  on  passing  to  the  limit  c?  =  0  in  2). 

The  reader  will  observe  that  this  reasoning  is  precisely  similar 
to  the  first  half  of  the  demonstration  in  493.  The  second  half  of 
our  theorem  is  proved  by  a  reasoning  exactly  similar  to  the  second 
half  of  the  demonstration  of  493.  Instead  of  the  interval  b  -  a, 
we  have  here  a  cube  of  volume  Gm. 

2.  The  theorem  1  shows  us  that  we  may  take 


when  it  exists  as  a  second  definition  of  the  integral  of  f  over  21. 

700.  1.  The  theorems  of  495,  496,  497,  and  498  may  now  be 
extended  without  trouble  to  functions  of  several  variables.  For 
convenience  of  reference  we  restate  them  here  for  this  general 
case. 


512  MULTIPLE   PROPER   INTEGRALS 

2.  In  order  that  the  limited  function  f(xl  •••  x]n)  be  integrable  in 
the  limited  field  2t,  it  is  necessary  and  sufficient  that  the  oscillatory 
sum  £lfrf  ==  0,  as  the  norms  of  the  divisions  D  converge  to  0. 

3.  If  the  limited  function  f(x  i  •••  xtn)  is  integrable  over  the  limited 
field  21,  it  is  integrable  over  any  partial  field  0/21. 

4.  In  order  that  the  limited  function  f(x±  •••  zm)  be  integrable  in 
the  limited  field  21,  it  is  necessary  and  sufficient  that  for  each  e  >  0, 
there  exists  a  division  D  for  which  the  oscillatory  sum 


5.  In  order  that  the  limited  function  f(x^  •••  #m)  be  integrable  in 
the  limited  field  21,  it  is  necessary  and  sufficient  that,  for  each  pair 
of  positive  numbers  <w,  a  there  exists  a  division  D,  such  that  the  sum 
of  the  cells  of  D  in  which  the  oscillation  off  is  >  &>,  is  <  cr. 

EXAMPLES 

701.    1.  Let  1  be  the  square  (0,  1,  0,  1). 
Let  f(x,  y~)  =  0,         for  a;,  or  y  irrational  ; 

=  -  ,        for  x  —  —  ;  TO,  n  relative  prime,  y  rational. 

Then  /is  integrable,  by  700,  5.  For,  /is  >-  only  on  the  lines  x  =  1,  -|,  $,  f,  |, 
?'  It  I'  t'  I'  •"!  t^16  denominators  of  the  fractions  being  ^q.  On  each  of  these 

lines  the  oscillation  in  any  little  interval  is  >-.     On  all  other  lines  the  oscillation 

1  « 

is  <-.     Obviously  there  exists  for  each  a-  a  division  for  which   the   sum  of  the 

1  _  i 

squares  in  which  the  oscillation  is  ^>—  is  <cr  ;  and  the  integral  is  zero. 

2.  Let  21  embrace  the  points  x,  y  of  the  square  (0101)  for  which  x  is  rational. 

771 

Let  /(a;,  ?/)  =  -,         for  x  =  —  ;  m,  n  relative  prime. 

Then  /  is  integrable  in  21,  as  the  above  example  shows. 


Content  of  Point  Aggregates 

702.  1.  We  extend  now  the  notion  of  content,  etc.,  considered 
in  514  seq.,  to  limited  aggregates  in  9?m.  Let  us  effect  a  rectan 
gular  division  of  space  of  norm  8.  Let 

»J,       tt2,        dy        "' 
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be  those  cells  containing  at  least  one  point  of  the  limited  aggre 

gate  21  ;  while 

d\,    4,    d1,    - 

denote  those  cells,  all  of  whose  points  lie  in  21. 

Then  the  limits 

I  =  lim2^,         2t  =  lim2^  (1 

3=0  .  S=0 

exist,  and  are  finite. 

For,  let  us  introduce  the  auxiliary  function  f(xl  •••  »TO),  whose 
value  shall  be  0  in  9?OT,  except  at  the  points  of  2t,  where  its  value 
is  1.  Then,  using  the  notation  and  results  of  the  previous  articles, 
we  have  : 


But  by  697, 

lim  2b,         lira  2^, 

6=0  3=0 

exist,  and  are  finite. 

2.   The  numbers  2t,  2t  are  called  the  upper  and  lower  content  of  21- 
We  have  thus  : 


When  21  =  21,  their  common  value  is  called  the  content  of  21. 

We  denote  it  by 

Cont  21, 

or  when  no  ambiguity  arises,  by  21. 

To  be  more  explicit  it  is  often  convenient  to  set 

21  =  Cont  21,         2t  =  Cont  21. 

A  limited  aggregate  having  content  is  measurable. 
Thus,  when  21  is  measurable, 


Cont  21  = 

'21 

The  content  of  a  measurable  aggregate  in  9?2  is  called  its  area;    In 
in  W3  the  content  is  called  volume.     We  shall  also  use  the  term    / 
volume  in  this  sense,  when  n  >  3. 
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3.   As  immediate  consequence  of  the  reasoning  of  1,  we  have : 
Let  $Q  be  a  partial  aggregate  of  21.      Then 

33<t; 


703.  By  the   aid  of  the  auxiliary  function  employed  in   702 
we  can  state  at  once  criteria  in  order  that  21  is  measurable. 

1.  For  21  to  be  measurable,  it  is  necessary  and  sufficient  that  tlie 
sum  of  the  cells  containing  both  points  of  21,  and  points  not  in  21  con 
verge  to  0,  as  the  norm  of  the  division  =  0. 

This  follows  from  700,  2. 

2.  In  order  that  21  be  measurable,  it  is  necessary  and  sufficient 
that  for  each  e>0,  there  exists  a  division  such  that  the  sum  of  the 
cells  embracing  both  points  of  21  and  not  of  21  is  <  e. 

This  follows  from  700,  4. 

frontier  Points 

704.  1.    The  frontier  §  of  any  aggregate  2t  is  complete. 

For,  let  p  be  a  limiting  point  of  $. 

Then  in  any  Ds*(p^),  there  are  points  of  $.  If  f  is  such  a  point, 
there  are  points  not  belonging  to  21  in  any  D^*(f).  We  may  lake 
77  so  small  that  T>^  lies  in  D&.  Hence  p  is  a  frontier  point  of  2t. 

2.  Let  21  and  33  be  two  point  aggregates.     Let 

D  =  Dist  (x,  ?/)  =  V(a:1  —  z/j)2  +  •••  +  (#,„  —  ym)2 

be  the  distance  between  a  point  x  of  21  and  a  point  y  of  33.  Let  S 
be  the  minimum  of  D,  as  x  runs  over  21,  and  y  runs  over  33.  Then 
S^Q,  and  is  finite.  We  say  B  is  the  distance  of  21  from  33,  and 

write  *      TV  *.  sw   01  \ 

6  =  Dist  (21,  33). 

In  certain  cases,  21  may  reduce  to  a  single  point  a. 

3.  If  21,  33  are  limited  and  complete,  there  is  a  point  a  in  21,  and 
a  point  b  in  33,  such  that 

Dist  (a,  5)  =  Dist  (21,  33). 
If  Dist  (21,  33)  >  0,  the  two  points  a,  b  are  frontier  points. 
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For,  we  may  regard  x1  •••  xm,  y^  •••  ym  as  the  coordinates  of  a 
point  z  in  a  2m-  way  space  9?2TO.  We  form  an  aggregate  £  whose 
points  z  are  obtained  by  associating  with  each  x  of  51,  every  y  of 
33.  Then  the  domain  of  definition  of  Dist  (x,  y)  in  2,  considered 
as  a  function  of  2m  variables,  is  precisely  (5.  To  represent  (5  we 
may  employ  2m  axes,  as  in  231.  Obviously  (5  is  limited  and  com 
plete,  since  21  and  33  are. 

Then  by  269,  2,  there  exists  a  point  (ax  •••  am,  bl---  b]n)  in  (5,  at 
which  D  takes  on  its  minimum  value.  Then 


are  the  points  whose  existence  was  to  be  proved. 

The  points  a,  b  are  frontier  points  of  31  and  33  respectively.  For, 
if  they  were  inner  points,  the  distance  between  D&(a)  and  D&(1>} 
equals  Digt  ^  fi)  _  2  $  <  Dist  (^  j). 

4.  Let  33  be  a  partial  aggregate  of  21.  If  the  distance  between 
the  frontiers  of  21  and  33  is  not  0,  we  say  33  is  an  inner  partial 
aggregate  of  21  ;  also  21  is  an  outer  aggregate  of  33. 

Discrete  Aggregates 
705.    1.   Definition.     An  aggregate  of  content  0  is  discrete.       h    *)   \ 

odiously,  if  Cost  a  =o, 


21  is  discrete. 

2.   Every  limited  point  aggregate  of  the  first  species  is  discrete. 
Let  21  embrace  at  first,  only  a  finite  number  of  points,  say  n  points. 
Let  us  effect  a  cubical  division  of  space  of  norm 


such  that  the  points  of  21  lie  within  their  respective  cells.     Then 
the  sum  of  the  cells  containing  the  points  21  is 


Thus  21  is  discrete,  and  the  theorem  is  true  for  asroresrates  ol 

OO  O 

order  0.     Let  us  therefore  assume  the  theorem  is  true  for  aggre 
gates  of  order  n  —  1  and  show  it  is  true  for  order  n. 

I       £>L    *       <*»h  i,\erA       V     A     *A 
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By  265,  5l(n)  embraces  only  a  finite  number  of  points,  say 


a. 


We  can,  as  just  seen,  inclose  these  within  cells  of  total  volume 
<  e/2.  The  points  of  51  -not  in  these  cells  form  an  aggregate  23 
of  order  n  —  1.  By  hypothesis  we  can  effect  a  division  of  space, 
such  that  the  total  volume  of  the  cells  containing  both  points  of 
23  and  not  of  23  is  <  e/2.  Thus  the  division  formed  by  superim 
posing  these  two  divisions,  is  such  that  the  volume  of  the  cells 
containing  both  points  of  51  and  not  of  51  is  <  e. 

706.  Let  51  be  a  limited  aggregate  whose  frontier  points  $  form  a 
discrete  aggregate.  Then  51  is  measurable. 

For,  using  the  notation  of  702,  the  volume  of  those  cells  of  a 
division  _D,  containing  both  points  of  51  and  not  of  51,  is 


where  $D  is  the  volume  of  those  cells  containing  at  least  a  point 
of  g.     But,  as  $  is  discrete, 

&>*o. 

Hence,  by  703,  1,  51  is  measurable. 

707.  1.  Let  $Rm  be  an  7w-way  space.  Let  us  give  certain  of  the 
coordinates  of  x  =  (xl,  •••  x,tl)  fixed  values.  For  example,  let 
Bp+i  =  ap+n  •••  xm=am.  The  aggregate  of  points  x=(xv  •••  xp,  ap+l, 
•••  a/n)  may  be  regarded  as  constituting  a  p-ivay  space,  1RP  lying 
in  ^Rm.  The  point  #,  when  considered  as  belonging  to  9^,  may  be 
denoted  more  shortly  by  x  =  (xr  •••  xp~). 

2.  Let  51  be  a  limited  aggregate  lying  in  ^Kp.  If  we  consider  51  as 
lying  in  an  m-way  space  9?TO,  m  >p,  it  is  discrete. 

For,  let  51  lie  in  a  cube  (7,  of  volume  (7,  in  9?p,  so  large  that  none 
of  the  points  of  51  come  indefinitely  near  the  sides  of  C.  Then  the 
upper  content  of  51,  relative  to  9?p,  is  <  (7.  We  can  effect  a  division 
D  of  9?m  of  norm  d  such  that  the  points  of  51  lie  within  the  cells  of 
D.  Then  the  volume  of  all  the  cells  containing  points  of  51  is  less 

than  •         ca-», 

which  converges  to  0,  with  d. 
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708.  1.  Let  y=f(xv  •••  zm)  be  defined  over  an.  aggregate  21. 
Let  x  =  (xv  •••  xm),  x'  =(x1  +  hl,  •••  xm  +  Am)  be  two  points  of  51. 
The  increment  that/  receives  when  x  passes  to  x'  we  have  denoted 
by  A/.  Let  us  set 


Az  =  Dist  O,  x'}  =  VAj2  -f  •  •  •  +  Am2, 
and  call  .  /. 


the  totaZ  difference  quotient  of  /.     The  point  re'  may  or  may  not  be 
restricted  to  remain  near  x;  if  so,  it  will  be  stated. 

2.  Let  the  limited  functions 


have  limited  total  difference  quotients  in  the  limited  discrete  aggre 
gate  21.  Then  33,  £Ae  y-image  of  21,  z's  aZso  discrete. 

For,  let  us  effect  a  cubical  division  of  the  z-space  of  norm  d. 

Since  the  difference  quotients  are  limited  in  21,  there  exists  a 

fixed  6r,  such  that 

|A/t|«#7,        6  =  1,  2,  ».«, 

as  #  ranges  over  any  one  of  the  cells  dt  of  D.  Hence  each  coordi 
nate  yt  remains  in  an  interval  of  length  <  dGr  as  x  ranges  over  the 
points  of  21  in  dt.  Therefore  y  =  (yv  •••  yn~)  remains  within  a  cube 
of  volume  d"Grn.  Hence  the  points  of  33  have  an  upper  content 


3.   As  a  corollary  of  2  we  have  : 
In  the  region  R  let 


have  limited  first  partial  derivatives. 

Let  21  be  a  limited  inner  discrete  aggregate.      Then  33,  the  image 
of  21,  is  discrete. 
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4.  Let  the  limited  functions 

y\=f\(.xv  •••  xm)i  •••  yn=fn(xv  •••  xr^)         n  =  m+p>m 

have  limited  total  difference  quotients  in  the  limited  aggregate  21, 
except  at  points  of  a  discrete  aggregate  A.  In  the  cells  of  any  cubical 
division  of  norm  d<dQ,  let  at  least  m  of  these  difference  quotients 
remain  limited.  Then  the  image  33  of  21  is  discrete. 

For,  consider  one  of  the  cells  cZt,  containing  a  point  of  A.  At 
least  77i  of  the  coordinates  of  a  point  y  remain  in  intervals  of  length 

<ad. 

All  we  can  say  of  the  other  coordinates  of  y  is  that  they  remain 
in  intervals  of  length  2  F,  where  |/J  <  JP,  i  =  1,  2.  •••  n.  Thus  the 
image  of  the  points  of  21  in  the  cells  dt  has  an  upper  content 

-"I&D  <  e/2, 


if  dQ  is  taken  small  enough. 

The  content  of  the  image  of  the  other  cells  dK  is 


As  p  ^  1,  we  can  take  dQ  sufficiently  small,  so  that  the  content  of 
these  cells  is  <  e/2. 

709.  An  important  class  of  discrete  aggregates  is  connected 
with  functions  having  limited  variation,  which  we  now  define. 
Of.  509  seq. 

Let  f(x1  •••  x^  be  limited  in  the  limited  aggregate  21.  Let  D 
be  a  cubical  division  of  space  of  norm  d<dQ.  Let  the  oscillation 
of  /  in  the  cell  dK  be  &K.  If  there  exists  a  number  S>  such  that 


however  D  is  chosen,  we  say  that  f(x-±  •  •  •  zm)  has  limited  variation 
in  2t  ;  otherwise  it  has  unlimited  variation. 
From  1)  we  have 
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710.    Let  the  limited  functions 


have  limited  total  difference  quotients  in  the  limited   aggregate  5(- 

Let  „  ^ 

y.=/»(*i  •*•**) 

have  limited  variation  in  5(.     As  X  =  (JKI  •••  xni)  ranges  over  51,  let 
y  =  («/!  •••  t/n)  range  over  33.      Then  $8  is  discrete. 

For,  let  us  effect  a  division  of  the  o>space  of  norm  d.  Then 
yr  •••  yn-\  remain  in  intervals  of  length  <dGr  as  x  ranges  over  the 
points  of  51  in  one  of  the  cells  dK.  Thus  if  WK  is  the  oscillation  of 
fn  in  c?K,  the  point  y  remains  in  a  cube  of  volume 


when  x  ranges  in  dK.     Thus  the  upper  content  of  33  is 


<dPGn~la>,     by  709,  2). 
As  this  converges  to  0  as  d  =  0,  33  is  discrete. 

Properties  of  Content 

711.  1.  Let  51  be  a  limited  aggregate.  With  the  points  of  51 
let  us  form  the  partial  aggregates  5t:,  •••  5ls,  such  that  the  aggre 
gate  of  the  common  points,  or  of  the  common  frontier  points,  of 
any  two  of  these  aggregates  is  discrete.  We  shall  say  that  we 
have  divided  51  into  the  unmixed  aggregates  5lp  •••  51*.  Also,  51  is 
the  union  of  5lr  •••  51,. 

2.  Let  the  limited  aggregate  51  be  divided  in  the  unmixed  aggre 
gates  5li,  512,  •••  5lr  Then 


For,  let  D  be   a  rectangular  division  of  norm  8.      Let  $D  be 
the  volume  of  all  those  cells  of  D  which  contain  points  of  more  . 
than  one  of  the  aggregates  5^,  •••  5tr     Let  5tt)/)  be  the  volume  of 
those  cells  containing  points  of  5lt,  t  =  1,  2,  •••  s.     Then 
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Now,  by  hypothesis, 

lira  $D  =  0. 

£=0 

Hence  passing  to  the  limit  in  1),  we  get 


The  other  half  of  the  theorem  is  similarly  proved. 

3.  If  the  aggregate  21  can  be  divided  into  the  measurable  unmixed 
aggregates  2lx,  •••  21,,  it  is  measurable,  and 

Cont  21  =  Cont  21!  +  -  +  Cont  21,. 
This  follows  as  corollary  of  2. 

4.  Let  2t:,  •••  21,  be  limited  aggregates  whose  frontiers  are  discrete. 
Let  21  be  the  union  of  these  aggregates.      Then  2(  is  measurable,  and 

Cont  21  =  Cont  2lx  +  •••  +  Cont  21,. 

For,  we  may  divide  21  into  211,  •••  21,,  and  these  latter  aggregates 
are  unmixed,  by  hypothesis.  The  aggregates  2lr  •••  214  are  also 
measurable  by  706. 

712.  1.  Connected  with  any  limited  complete  aggregate  21  of 
upper  content  21  >  0  is  an  aggregate  33,  obtained  from  21  by  a  pro- 
^ess^of  sifting  as  follows  : 

Let  Dv  Dv  •••  be  a  set  of  rectangular  divisions  of  space,  each 
formed  from  the  preceding,  by  superimposing  a  rectangular  divi 
sion  on  it.  Let  the  norms  of  these  divisions  converge  to  0. 

The  division  D1  effects  a  division  of  21  into  unmixed  partial 
aggregates.  Let  2lx  denote  those  partial  aggregates  whose  upper 
content  is  >0.  Then,  by  711,  2,  2^  =  I. 

Similarly,  the  division  D2  defines  a  partial  aggregate  of  2^  and 
hence  of  21,  such  that  212  =  21,  etc.  Let  us  consider  the  cells  of  Dn 
which  contain  points  of  2lre.  As  n  =  oo,  these  cells  diminish  in 
size,  and  in  the  limit  define  a  set  of  points  33-  The  upper  content 
of  the  points  of  21  in  the  domain  of  any  point  of  33  is  >  0.  Thus 
each  point  of  33  is  a  limiting  point  of  21,  arid  hence  a  point  of  21- 
We  shall  prove,  moreover,  that  33  is  perfect. 
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For,  suppose  b  were  an  isolated  point  of  53-  Let  C  be  a  cube 
whose  center  is  b  and  whose  volume  is  small  at  pleasure.  Let  o 
be  the  points  of  21  in  O.  Let  us  divide  O  into  smaller  cubes,  say 

of  volume  -a.     The  points  of  21  in  at  least  n  of  these  new  cells 
n 

must  have  an  upper  content  >  0.  Thus  there  are  other  points  of 
53  in  (7  besides  b.  Hence  53  has  no  isolated  points.  To  show 
that  53  is  complete,  let  /3  be  a  limiting  point  of  53 ;  it  is  therefore 
a  point  of  21.  The  upper  content  of  the  points  of  21  in  any  domain 
of  /3  is  >  0.  /3  will  therefore  lie  in  one  of  the  cells  of  Dm  n  =  1, 
2,  •••.  Hence  it  is  a  point  of  53- 

Finally, 

21  =  53- 

For,  any  cell  of  Dn  which  contains  a  point  of  53  contains  a  point 
of  2ln,  and  conversely  any  cell  which  contains  a  point  of  2ln  con 
tains  a  point  of  53>  or  is  at  least  adjacent  to  such  a  cell. 

2.  The  aggregate  53  may  be  called  the  sifted  aggregate  of  21. 

713.  1.  We  shall  find  it  useful  to  extend  the  terms  cells,  division 
of  space  into  cells,  etc.,  as  follows  : 

Let  us  suppose  the  points  of  any  aggregate  21,  which  may  be 
9^,,,  itself,  arranged  in  partial  aggregates  which  we  shall  call  cells, 
and  which  have  the  following  properties : 

1°.  There  are  only  a  finite  number  of  cells  in  a  limited  portion 
of  space. 

2°.  The  frontier  of  each  cell  is  discrete. 

3°.   Each  cell  lies  in  a  cube  of  side  ^  8. 

4°.  Points  common  to  two  or  more  cells  must  lie  on  the  frontier 
of  these  cells. 

We  shall  call  this  a  division  of  21  of  norm  8. 

2.  Let  A  be  such  a  division  of  space.  Let  21  be  a  limited  aggre 
gate.  As  in  702,  2tA  may  denote  the  content  of  all  the  cells  of  A 
which  contain  at  least  one  point  of  21 ;  while  21A  may  denote  the 
content  of  those  cells  all  of  whose  points  lie  in  21. 
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3.  Let  21  be  an  aggregate  formed  of  certain  of  these  cells,  2^,  •••  21,. 
Then  21  is  measurable  ;  and 

Cont  21  =  Cont  2lx  +  •••  +  Cont  21,. 
This  is  a  corollary  of  711,  3. 

714.    Let  21  be  a  limited  point  aggregate,  and  A  a  division  of  space 
of  norm  8,  not  necessarily  a  rectangular  division.      Then 

lim  KA  =  I,         lim  2(A  =  91.  (1 

6=0  6=0 

Let  us  prove  the  first  half  of  1);   the  other  half  is  similarly 
established. 

For  each  e  >  0  there  exists  a  cubical  division  Z>  of  norm  d,  such 

that 

21  <2l/><  2l  +  e/2.  (2 

Let  D'  be  another  cubical  division  of  norm  d'. 
Let  33^,  denote  the  volume  of  all  those  cubes  containing  points 
of  2l/>.     We  can  choose  d'  so  small  that 


Then  2)  gives 

(3 


Let  A  be  any  division  of  space,  not  necessarily  cubical,  of  norm 


_ 

Then  2{A  contains  every  point  of  21  ;  and  is  a  part  of  ^,  since 
the  distance  of  21  to  $dff  is  ^  d'  .     Hence,  by  702,  3,  and  713,  3, 


This  gives  with  3) 

2l<2lA<2l  +  e 
for  any  $<%d'. 

715.  1.  Let  21  be  a  limited  aggregate.  If  21  is  not  complete,  let 
us  add  to  it  its  lacking  limiting  points.  The  resulting  aggregate 
$  may  be  called  the  completed  aggregate  of  31. 

A  limited  aggregate  2(,  and  its  completed  aggregate  23,  have  the 
same  upper  content. 
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For,  let  us  effect  a  rectangular  division  Z>  of  norm  d.  The  cells 
containing  points  of  33  fall  in  two  classes  :  1°,  those  cells  dv  dv  ••• 
containing  points  of  21;  2°,  those  cells  ev  ev  •••  containing  no  point 
of  21-  Each  of  these  latter  cells,  as  et,  is  contiguous  to  at  least  one 
cell  dK.  If  et,  •••  are  contiguous  to  dK,  we  will  join  them  to  d^  to 
form  a  new  cell  SK,  in  such  a  way  that  each  e-cell  has  been  joined 
to  some  one  c?-cell. 

The  cells  Sr  S2,  •••  together  with  the  cells  dv  d^  •••  which  remain 
unchanged  by  this  process  of  consolidation,  define  a  division  A 
of  the  kind  considered  in  713.  The  norm  &  of  this  division  is 
evanescent  with  d. 

Now,  for  the  division  A, 


By  714,  the  left  side  =  2L     Hence 


2.  The  lower  contents  2(,  33  do  not  need  to  be  equal. 

For  example,  let  21  =  rational  points  in  the  interval  J"=(0,  1). 
Then  33  =  </• 

But  1  =  0,      s  =  i. 

3.  Let  21  be  measurable.      Then  21,  and  its  completed  aggregate  33, 
have  the  same  content. 

For,  we  have  just  seen  that 


On  the  other  hand,  every  inner  point  of  21  is  an  inner  point 
of  $8.     Hence 


Hence,  passing  to  the  limit, 

2t  =  2l<33<«.  (2 

Hence  1),  2)  give 


524  MULTIPLE  PROPER  INTEGRALS 

4.  If  21  is  measurable,  the  content  of  21  and  its  derivative  21'  are 
equal. 

For,  let  33  be  the  completed  aggregate  of  21.  Since  every  inner 
point  of  21  is  an  inner  point  of  21',  and  every  point  of  21'  is  in  33, 
we  have  for  any  cubical  division  D,  of  norm  d, 


Passing  to  the  limit  d  =  0,  this  gives,  since  21  is  measurable, 

2l<2l'<2('<«.  (3 

But,  by  3,  21  =  $.     Hence  3)  gives 


716.    Let  21  be  a  limited  aggregate  whose  upper  content  is  21.     Let 
be  a  partial  aggregate  depending  on  u  such  that 

lim  «  =  21. 


u=0 


Let  D  be  a  rectangular  division  of  norm  d.      Then  for  each  e  >  0 
there  exists  a  pair  of  numbers  MO,  c?0,  such  that 


for  any  0  <  u  <  MO,  0  <  d  <  dQ. 

For,  if  d<dQ, 


Thus  I-e/2<«M<«tt 

which  establishes  1). 

Plane  and  Rectilinear  Sections  of  an  Aggregate 

717.  1.  Let  21  be  an  aggregate  in  9?m.  As  x  =  (x^  •••  xin)  ranges 
over  21,  zt  will  range  over  an  aggregate  £t  on  the  o^-axis,  which  we 
call  the  projection  of  21  on  this  axis. 
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The  points  of  $lm  for  which  one  of  the  coordinates  as  x,  has  a 
fixed  value  xt  —  |t,  lie  in  an  m  —  1  way  plane,  which  we  shall  say 
is  perpendicular  to  the  x^-axis.  We  may  denote  it  by  P^  or  more 
shortly,  by  Pt.  The  points  of  21  in  Pt  form  a  plane  section  of  21 
corresponding  to  the  point  £  in  jt,  which  we  denote  by  ^  or  ^ 
We  also  say  ^t  is  a  plane  section  of  21  perpendicular  to  the  xL-axis. 

2.  As  x=  (^x1---xm)  ranges  over  the  points   of  21,  the   point 
OP  •••  zt_!,  0,  »l+1,  •••  xm~)  ranges  over  an  aggregate  £t  in  the  plane 
XL=  0,  which  may  be  called  the  m  —  1  wa#  j»?arce  ITl  of  the  axes  per 
pendicular  to  XL.     We  call  9ct,  £Ae  projection  of  ty.  on  HL. 

3.  Let  us  fix  all  the  coordinates  of  x  =  (xl  •••  #m),  except  zt. 
Then  a;  describes  a  right  line  parallel  to  the  x-axu.     Let  at  denote 
the  points  of  21  on  one  of  these  lines.     We  shall  call  it  a  rectilinear 
section  of  21,  parallel  to  the  x-axis. 

4.  Let  21  be  limited  and  complete.      Then  the  $t  and  the  ot,  also 
the  £t  and  £t,  are  complete. 

Let  us  show  that  the  ^  are  complete.     Let  p  be  a  limiting  point 

in  one  of  the  '$,.     Let  ,-. 

^i>  Pz  -  0- 

be  a  sequence  of  points  in  this  plane  which  =p.     Then  1)  is  a 
sequence  in  21,  and  as  21  is  complete,  p  lies  in  21,  and  hence  in  ^3t. 

Let  us  show  that  £t  is  complete.  In  fact,  let  q  be  one  of  its 
limiting  points.  Let  qv  q^  •••  be  a  sequence  in  jt  which  =  q.  In 
each  plane  section  ^  ,  take  a  point  rK. 

This  gives  a  sequence 

rv  ri  ' 

whose  limiting  points  lie  in  21,  since  21  is  complete.    Moreover,  the 
projection  of  these  limiting  points  is  q. 

718.    1.  Let  21  be  a  measurable  aggregate. 

Let  r^  denote  those  points  of  Jt,  for  which  the  upper  content  of  the 
frontier  points  of  ^t  is  ^  <r.  Then  r^  is  discrete. 

For,  let  us  effect  a  cubical  division  D  of  3?m  of  norm  d.  This 
effects  also  a  division  of  norm  d  of  the  a:t-axis.  Let  dr  c?2  •••  denote 
those  intervals  on  this  axis,  embracing  at  least  one  point  for  which 
the  frontier  points  of  the  corresponding  plane  section  have  upper 
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content  ^.<r.     If  %D  denote  the  volume  of  those  cells  containing 
frontier  points  $  of  21,  we  have 

$£  ^  o-2  d^         for  any  D. 
Let  d  =  0.     As  21  is  measurable, 

<r  Cont  r^  =  0. 
Aso->0,  C6ntJk=0. 

2.  In  a  similar  manner  we  prove  : 

Let  £0.  denote  those  points  of  the  projection  of  the  measurable  aggre 
gate  21  on  the  plane  xt  —  0,/or  which  the  content  of  the  frontier  points 
on  the  corresponding  rectilinear  sections  is  >  a.  Then  3^  is  discrete. 

3.  Let  £t  be  the  projection  of  the  measurable  aggregate  21  on  the 
xcaxis.     Let  D  be  a  division  of?Rm  of  norm  d.     Letfv  /2  •••  denote 
those  intervals  on  the  x-axis  containing  frontier  points  of  rt.     Let 
7>0,  o->0  be  taken  small  at  pleasure.     If  /{,  f'%  •••  denote  those 
f  -intervals  containing  points  of  rt,  for  which  the  upper  content  of  the 
corresponding  plane  sections  $  is  ^  7,  we  can  take  dQ  so  small  that 

2/1  «r,          d<dQ. 

For,  in  the  contrary  case,  the  upper  content  g  of  the  frontier 
points  of  2t  is 


But  21  being  measurable,  ^  =  0,  which  contradicts  1). 

Classes  of  Intecjrable  Functions 

719.  1.  Let  f(xl  •••  #m)  be  continuous  at  the  limiting  points  of  the 
limited  complete  field  21.  Then  f  is  integrable  in  21. 

For,  reasoning  similar  to  that  of  352  shows  that  we  can  effect  a 
cubical  division  D,  such  that  the  oscillation  of  /  in  each  cell  of  D 
containing  points  of  21  is  <a>.  Then  by  700,  4,  /is  integrable. 

2.  In  the.  limited  complete  aggregate  21,  let  the  limited  function 
f(x-±  •••  xm~)  be  continuous,  except  at  the  points  of  a  discrete  aggregate 
S$.  Then  f  is  integrable  in  21. 

Since  33  is  discrete,  there  exists  a  cubical  division  D  such  that 
the  volume  of  those  cells  containing  points  of  33  is  <  e. 


CLASSES   OF   INTEGRABLE   FUNCTIONS  527 

Let  <&D  denote  those  cells  which  contain  points  of  21,  but  do  not 
contain  points  of  33.  Since  /  is  continuous  in  Qj^,  we  can  effect  a 
cubical  division  D'  of  (5^,  such  that  the  oscillation  of  /  in  any  cell 
of  D'  is  <  &). 

Then  by  700,  4,  /is  integrable  in  21. 

3.  Let  f(x  j  •  •  •  #TO)  have  limited  variation  in  the  limited  field  2(. 
Then  f  is  integrable  in  21- 

For>  =  Za>d       c?"(2w 


by  709,  2). 
Hence 


and  /is  integrable,  by  700,  2. 

720.  As  in  504,  505,  507,  and  508,  we  may  establish  the  follow 
ing  theorems  : 

1.  Letf(x±  •••xm)  be  a  limited  integrable  function  in  the  limited 
field  21     Then  /(^  ...  Xm)\  is  integrable  in  21.      [507.] 

2.  Let  /r  /2,  •••/.  be  limited  integrable  functions  in  the  limited 
field  21-     If  Cj,  c2,  •••  cr  denote  constants,  then 

C\fl  +  C2/2  H  -----  H  C/r  «W^  /I  '/2  •  •  '/r 

are  integrable  in  21.      [504,  505.] 

8.  The  converse  of  1  is  not  necessarily  true.     For  example,  in 

a  rectangle  R  let  ^     ^  £  *>       i 

f(xy^  =  1,  tor  x,  y  rational  ; 

=  —  1,         for  other  points  in  R. 

Obviously  /  is  not  integrable  in  JR. 

On  the  other  hand,  |/|  obviously  is  integrable. 

4.  The  product  /  •  g  may  be  integrable  without  either  /  or  g 
being  integrable  in  21-  For  example,  in  a  rectangle  R  let  f(xy~) 
be  defined  as  in  3  ;  while 

g(xy)  =  —  1,          for  x,  y  rational  ; 

=  1,  for  other  points  of  R, 

Then  fg  =  —  1  in  72,  and  is  hence  integrable  in  R. 
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721.  Let  /(#!•••  2;TO)   be  integrable  in  the   limited  complete  field 
2(.     Let  &  be  the  points  0/21  at  which  f  is  continuous.     Then  (5  =  21. 

For,  if  21  is  discrete,  the  theorem  is  true,  even  if  /  has  no  points 
of  continuity  in  21.  Let  us  therefore  suppose  2t  >  0.  Let  33  be 
the  partial  aggregate  formed  from  21  by  the  process  of  sifting, 
considered  in  712. 

Let  D  be  a  rectangular  division,  and  d  one  of  its  cells  containing 
points  of  33 ;  we  can  choose  D  so  that  no  cell  has  points  of  33  only 
on  its  sides.  Let  a  be  the  points  of  21  in  d.  Since  a  is  a  partial 
aggregate  of  21, /(^  •••  xm~)  is  integrable  in  o.  The  reasoning  of 
508  shows  now  that/  must  be  continuous  at  one  point,  at  least, 
of  a  and  hence  at  an  infinity  of  points  of  o. 

Among  these  points,  lie  points  of  33.  Thus  every  cell  of  the 
division  Z>,  which  contains  a  point  of  33,  contains  a  point  of  £. 

Hence  (f  =  5(. 

Generalized  Definition  of  Multiple  Integrals 

722.  Letf(x^  •••  xm~)  be  limited  in  the  limited  field  21-     Let  A  be 
any  division  of  space  of  norm  8  into  cells  8V  S2,  ••-,  not  necessarily 
rectangular.     Let  2ftt,  tttt  be  respectively  the  maximum  and  minimum 
off  in  St.      Then 

lim  SA  =  lim  S2D?tSt  =  j /c?2l,  (1 

6=0  6=0  */2t 

lim  #A  =  lim  2miSl  =  ffd%.   .  (2 

6=0  K=n  «A)r 


Let  D  be  a  cubical  division  of  norm  d.  Let  dv  dv  •••  be  the 
cells  of  D  containing  points  of  21.  We  may  denote  their  volumes 
by  the  same  letters.  Let  Ml  =  Max/  in  rft;  also  JP^Max  |/|  in 
21,  and  ^  1.  Then  for  each  e>  0,  there  exists  a  d  such  that 


where,  as  usual, 
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Furthermore  we  may  choose  d  so  small  that 

^~S<0'  (4 

where  1^,  =  2c?t. 

Consider  now  the  division  A.  Those  of  its  cells  containing 
points  of  21  fall  into  two  classes  :  1°,  those  lying  in  only  one  cell 
of  D;  2°,  those  lying  in  two  or  more  cells  of  D.  Let  Sti,  S12,  •••  be 
the  cells  of  the  1°  class  lying  in  dc  Let  Si,  8'2,  •••  be  all  the  cells 
of  the  2°  class.  Then  the  content  of  all  the  cells  of  A  containing 
points  of  21  is 


But  since  the  frontier  of  2U  is  discrete,  there  exists  a  £0  such 
that 


As  moreover  2tA  =  21,  by  714,  we  may  suppose  that 

^-*<ih"    8-s°-       '    (6 

From  5),  6)  we  have 


SF 
This  with  4)  gives  finally 

a 


Now  4  J 


where  2ftt)t,  9JZ't  are  the  maxima  of/  in  St)C,  &(  respectively.     Hence 

since  2ftt)C  ^  Jft,         3Ji[  <  F. 

Thus  5),  8)  give 

+  r  (9 
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Now 


Thus  9),  10)  give 


<|,         by  7). 


(10 


In  the  same  way  we  may  show  that  for  a  properly  chosen  cubi 
cal  division  J2, 

ft<^  +  s-  (12 


a  <  &,. 


From  3),  11),  12)  we  have 


This  proves  1).     In  a  similar  manner  we  may  demonstrate  2). 

723.  Let  f(x^  •••  xm~)  be  limited  in  the  measurable  field  21.  Let 
A  be  an  unmixed  division  of  51  of  norm  S,  into  the  cells  8^  S2,  '" 
^4s  usual  let 


m  be  the  maximum  of 
divisions  A,  S  ==  0. 


e  minimum  of  SA  for  all 


m  = 


Let  us  divide  one  of  the  cells  as  &t  into  two  unmixed  cells  8[, 
8['.  This  gives  a  new  division  A'.  Then  the  term  mlSi  in  ^A,  is 
replaced  by  the  two  terms 


in  jS^,.     Hence 
Similarly 
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The  theorem  follows  now  from  722.  For,  there  exists  a  division 
A,  such  that 

m  -  e  <  S±  <  m.  (1 

Let  us  now  take  a  sequence  of  divisions  A',  A",  •••  whose  norms 
=  0;  each  A(w)  being  formed  by  subdividing  the  cells  of  A^"". 
Then 

From  1),  2),  we  have 


hence 

m  =  I  /cZ2l,        etc. 


Properties  of  Integrals 

724.  £e£  /(ajj  •••  #m)  Je  limited  and  integrable  in  the  limited  field 
31.  Let  33  fte  a  partial  aggregate  depending  on  u,  such  that  $Q  =  2{, 
as  u  =  0.  T7iew 

lira    CftUd**  ffd%.  n 

«=o  ^»         JIT 

Since  /  is  integrable  over  51, 

fl/)/<e/2  (2 

for  any  division  D  of  norm  d  <dQ,  by  700,  2. 

Moreover,  by  716,  if  d0  and  w0  are  taken  small  enough, 

ai»-».,/)<e/2^,  (3 

where  /|<JPin8l. 

Let  rfr  c?2,  ...  be  the  cells  of  D  containing  points  of  48U,  and 
rfi,  rfj,  •••  the  cells  containing  only  points  of  21.  Then 


where  JVt  =  Max  /  for  points  of  33  in  dL. 

11  till  CG 


<e,     by  2),  3).  (4 
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Let  now  d  =  0.     Then  4)  gives 


Hence 


which  gives  1). 


/«-! 

*/2I       »^SB 


<€. 


725.  1.  Let  f(x-^  •••  #m)  5e  limited  in  the  measurable  field  91.  Let 
$8  be  an  outer  field  of  21.  Let  g(xl  •••  zm)  =  0  in  33,  except  at  the 
points  of  21, 


For,  let  D  be  a  division  of  space  of  norm  J,  not  necessarily 
rectangular.  Let  the  inner  cells  of  21  be  dr  dy  •••  while  d[,  d'2,  ••• 
denote  cells  containing  frontier  points  of  21.  Let  M^  Nt  denote 
the  maxima  of  /,  g  in  dt,  while  M[,  N(  are  the  maxima  of  /,  g 


Hence,  since  M^  =  JVC,  we  have,  setting    f\<F  in  21, 


Let  now  d  =  0.  Since  21  is  measurable,  we  have  the  first  part 
of  our  theorem.  The  second  part  follows  likewise. 

2.   In  a  similar  manner  we  establish  the  following  theorems  : 

Let  f(x±  •••  xn^)  be  limited  in  the  measurable  field  2(.  Let 
g(xl  •••  xm)=f  at  inner  points  of  2(,  and  =  0  at  frontier  points. 
Then 


3.  Let  f(^x1  •••  a;TO),  ff(_xl  •••  x^)  be  limited  in  the  measurable  field, 
21.  Let  them  be  equal  except  at  the  points  of  a  discrete  aggregate. 
Then 
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726.    1.  Let  f(xl  •  •  •  xrn)  be  limited  and  inferrable  in  the  limited 
field  2t.     Let  33  be  a  partial  aggregate  of  21,  such  that  21  =  $5.     Then 


Let  D  be  a  cubical  division  of  space  of  norm  8.  Let  d(  denote 
those  cells  containing  points  of  33,  and  d'l  denote  the  cells  con 
taining  points  of  21,  but  not  of  33-  Then  employing  the  usual 
notation, 


Since  ^d"  =  0  as  8  =  0,  we  have  1)  on  passing  to  the  limit. 

2.  Letf(^x1  •••xm)  be  limited  and  integrable  in  the  limited  complete 
field  2(.  Let  ($  denote  the  points  of  51  at  which  f  is  continuous. 
Then 


This  follows  from  1  and  721. 

727.    Letf(x^  •••  x^)  be  limited  in  the  limited  field  21.     If  for  any 
cubical  divisions  D,  of  norm  d  <^c?0, 


then 


For,  in  each  cell  c?t  there  are  points  #[,  x'[,  such  that 


however  small  a-  >  0  is  chosen. 
Hence 


(2 
Let 
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Then  passing  to  the  limit  d  =  0  in  2),  we  get 

A-€<    f  <    f <B  +  €. 

~~sZM~JfK~~ 

From  this  we  conclude  1)  at  once. 

728.    Letf(x^  •••  xm~)  be  limited  in  the  limited  field  ft.     Let  21  be 
divided  into  the  unmixed  fields  2lx,  •••  2ls.      Then 


^2G 


For,  let  |/|  <  ^  in  2t.  Let  D  be  a  rectangular  division  of  norm 
d.  As  in  711,  2,  let  2liijD,  •••  51,  ^  be  the  cells  containing  points  of 
3lx,  •••€„  respectively;  while  %D  constitute  the  cells  containing 
points  of  more  than  one  of  the  fields  2^  •••  Then 


Letting  d  =  0  in   this   relation,  we   get   the   first  part  of   the 
theorem.     The  rest  is  proved  likewise. 

729.    As  in  504  ;  489,  4  ;  526,  2  ;  531,  we  may  prove  the  follow 
ing  theorems.  . 

1.  Letfv  •••/,  be  integrable  in  the  limited  field  21.     Let  cv  •••  cs  be 
constants  and 

J'-+~+ 
Then 

[504] 


2.  Letf(x^  •••  xm}  be  integrable  in  the  limited  field  21,  and  numer 
ically  <M.      Then 

<  MCont  21.  [489,  4] 


3.  Letf(x1  •••  zm~),  g(xl  •••  zm~)  be  integrable  in  the  limited  field 
21,  and  letf<a.     Then 
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4.  Letf(x^  •••  #m),  g(%i  •••  Xm)  be  integrable  in  the  limited  field 

21     Let  " 

/>0;         6=  Meaner,         in  21. 

Then 

[53i] 


5.   The  following  theorems  are  readily  proved  : 

Letf(xl  •••  £TO)  be  limited  in  the  limited  field  21.    If  f(x\ 
in  21, 


6.  Let  f(X]_  •••  xm~)  be  limited   in   the   limited  field  21,  and  ^0. 
If  $8  is  a  partial  field  of  21, 


For,  ^i^^- 

7.   Letfv  "'fn  be  limited  in  the  limited  field  21. 


For,  in  any  cell  c#t  of  the  division  D, 

MaxC/j  +  -  +/„)<  Max/!  +  ...  +  Max/., 
MinC/i  +  -  +/w)^  Min/j  +  ...  +  Min/,. 

8.  Ze^/,  g  be  limited  in  the  limited  field  21.      Then 
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For,  in  any  cell  dt  of  the  division  D, 

Max  (/—(/)  ^  Max/—  Max#, 
Mm(/-<7)<Min/-Min<7. 

9.  Let  /,  g  be  limited  in  the  limited  field  21,  and  let  f<g.      Then 


730.    Let  f(x^  •••  rrm)  6e  limited  in  the  limited  field  St.     Let  ^^ 
denote  the  points  of  2t  a£  which  \f\  ><r.     If  51^  z's  discrete  for  any 


For,  let 

%,          \f\<F. 


Let  D  be  a  division  of  norm  8.     Let  c?^  denote  the  cells  in  which 
\f  ><r,  while  d"K  denotes  the  cells  in  which  \f\<a-.     Then 


Hence 

Let  8  =  0.     The  right  side  is 

<  o-  Corit  21  <  e, 
which  establishes  the  theorem,  by  727. 

731.    Let  /(#!  •••  #TO)  ^0,  6e  limited  and  integrable  in  the  limited 
field  21.     If 


the  points  21^,  at  which  f(x~)  >  cr,  a?i  arbitrarily  small  positive  number, 
form  a  discrete  aggregate.     Let  3  denote  the  points  at  which  f=  0. 

If  21  is  complete, 

3  =  2L 

For, 

0=f>f,         by  729,  6. 
*     " 
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But 


by  729,  5. 
o- 

Hence 

dt-0. 

Since  o->0, 

51CT  must  =  0. 

To  prove  the  second  part  of  the  theorem,  let  b  be  a  point  of  48, 
the  sifted  aggregate  of  21,  at  which  /is  continuous.  Cf.  712. 

Then  if  f>  0,  we  can  choose  B  >0  so  small  that  />X>0  in 
Fa(6).  But  the  upper  content  of  the  points  o  of  21  in  Vs  is  a>0. 
Hence 

f  fd%>  f/da>Xa>0. 

*%  ^a 

Hence  /=  0  at  every  point  of  continuity  of  21  in  33.  Let  now 
D  be  a  rectangular  division  of  space.  The  reasoning  of  721  shows 
that  every  cell  which  contains  a  point  of  33  also  contains  a  point 
of  continuity  lying  in  33.  Hence, 


which  gives, 

3=_33,    or     3  =  33- 


Reduction  of  Multiple  Integrals  to  Iterated  Integrals 

732.  1.  Let  /(#!  •••  xm~)  be  limited  in  the  limited  field  21.  Let 
£t  be  the  projection  of  21  on  the  a\-axis.  Let  ^  be  a  plane  section 
of  2t  perpendicular  to  the  £t-axis.  Then  the  (m  —  l)tuple  upper 
and  lower  integrals 


are  one-  valued  limited  functions  of  xt,  defined  over  £t.     For,  let  21 
lie  in  a  cube  of  side  C.     Let  I/C^  •••  zm*)\<F.     Then  both  inte 

grals  are  numerically 

<FC>*-\ 
for  any  xt  in  £t. 
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2.  Each  of  the  integrals  1),  considered  as  functions  of  xt  defined 
over  £t,  have  therefore  upper  and  lower  integrals  in  jrt,  viz.  : 


For  brevity  these  may  also  be  written 


JT 
• 


733.    1.     £e£  /(#!  •••  £w)   £>e  limited  in  the  measurable  field  21. 
£t  5e  Me  projection  of  21  ow  Me  x-axis.     Let  ($l  be  the  plane 
sections  of  21  corresponding  to  the  points  of  £t. 


<  f 

»^ 

f 


dx     fd^<    dxL    fd$t<    feOL  (2 


Let  us  establish  the  relation  1)  ;  the  demonstration  of  2)  is 
similar. 

Let  51  lie  in  an  outer  cube  33,  whose  projection  on  the  #t-axis  is 
6,  and  whose  plane  sections  perpendicular  to  this  axis,  we  denote 
byO. 

We  introduce  an  auxiliary  function 

g  (zj  •  •  •  xm~)  =f(x1  •  •  •  xin),         at  points  of  21  ; 
=  0,         at  other  points  of  33. 

Let  D  be  a  cubical  division  of  9?OT  of  norm  d.  This  divides  33 
into  cells  which  we  denote  by  8.  It  also  divides  the  planes  O  into 
cells  which  we  denote  by  8'  ;  and  the  segment  b  into  intervals 
which  we  denote  by  8"  . 

Let  M,  M'  denote  the  maxima  ;  and  m,  m'  the  minima  of 
g(x^  •••  xm~)  in  the  cells  8,  8'.  Let  #,  Gr  be  the  upper  and  lower 
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integrals  of  g  in  the  field  SQ.     Let  \f(Xl  •••  xm)\<F  in  21.     Then 
for  each  e  >  0,  there  exists  a  dQ  such  that 


d<dQ.  (3 

8  33 


Moreover,  we  note  that  for  each  z,  of  b, 


Or,  since 


o 

Multiplying  by  6",  and  summing  over  b,  we  have,  since  B  =  8'  •  S", 


Making  use  of  3),  this  gives 


<^0.     Thus,  by  727, 

(-_€<  rr< 

^b^O 
Or,  since  e  is  small  at  pleasure, 


But,  by  725, 


(5 


Let  ^«j  denote  the  upper  content  of  the  frontier  points  of  <J?t. 

Then  „  r 

|  /«!$-      ^O  <^5r  (6 

«y<j  ^G 


540  MULTIPLE  PROPER  INTEGRALS 

Let 


for  Points  of  jt 

=  0,         for  other  points  of  6. 
Then,  by  718,  1  ;  730,  and  6), 


But,  by  718,  3, 

J^00<fe,  =  f  ACO<fec 

In  the  same  way,  we  show 


Thus  1)  has  been  proved. 

2.  In  a  similar  manner  we  may  demonstrate  the  following 
theorem. 

Let  j\xl  ---XM)  be  limited  in  the  measurable  field  21.  Let  £t  be  the 
projection  of  21  on  the  plane  xt  =  0.  Let  o,  6e  tfb  rectilinear'  sections 
of  21  parallel  to  the  xL-axis.  Then 


734.    1.  As  corollaries  of  733  we  have  : 

Letf(Xl  -.  Xm)  be  integrable  in  the  measurable  field  21.      Then 


For,  in  this  case, 

'Hence  the  upper  and  lower  integrals  of  f  and  f  are  equal. 
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2.   Let  f(jxl  •••  XM)  be  integrable  in  the  measurable  field  2t,  as  well 
as  in  each  of  its  plane  sections  ty.     Then 


s*Cdaffi$. 

If  f  is  integrable  in  each  of  the  rectilinear  sections  o,  we  also  have 

C  C         C 

fd%  =  \    d^\  fdx. 
C/9T  */<n       Jn 


EXAMPLE 
735.    Let  us  find  the  volume  Fof  the  ellipsoid  E, 


a2     &2     c2 

By  708,  4,  the  surface  forms  a  discrete  aggregate  ;  hence  E  has  a  volume. 
By  702,  2, 


V—  \  dxdydz 
JE 

=  8  (  dx\  dy  dz, 
Jo     JF 


where  F  is  a  quadrant  of  the  ellipse 


Hence 


b\  1 c 

C  C          *  C 

\  ay  dz  =  \  ay         \  c 

JF  Jo  Jo 


-i^M1-^ 

Thus 


F  =  2 


f  °  f  1  -  — 
Jo  V       a2 


736.  Let  f(x^  •••  xm~)  be  limited  and  integrable  in  the  measurable 
field  St.  Let  <r  >  0  be  arbitrarily  small.  Let  $v  denote  the  points 
of  I,  for  which 
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Then  £„.  is  discrete.  If  21  is  complete,  the  upper  content  of  the 
points  where  this  difference  vanishes  is  £t.  A  similar  theorem  holds 
for  the  differences  — 

\  fdxL-  \  fdxL. 

•'fc  ^icu 

For,  by  734,  1,  rrrr 

(  fd%=\    I   =  I    I 
«^2l  c/a»/«pt    •'ai^pi 

Hence-     //-//=/!/-/ 1=0- 

*V/y     *Ai«£9     */a(«/<p     s/fj 
The  theorem  follows  now,  by  731. 


737.  1.  Let  21  be  a  complete  measurable  field.  Let  rt  be  its  pro 
jection  on  'the  x^-axis.  Let  tyt  be  the  points  of  rt  for  which  the 
corresponding  plane  sections  are  measurable.  Then  tyt  =  jt. 

A  similar  relation  holds  for  the  projection  3ct. 

For,  let       ,,,  N      .,         ,.       , .          .  .  or 

/(a^j  •  •  •  #w)  =  1,  at  frontier  points  gf  Of  A  ; 

=  0,  at  other  points  of  21. 
Then,  by  702, 


Since  21  is  measurable,  ^  is  discrete,  and  hence  measurable. 
Hence,  by  734,  1,  - 

Q=idx(  fdft. 
"Ti     J3 

Hence,  by  731,  the  points  ^t  at  which 


have  the  same  upper  content  as  jt. 

2.  Letf(x-L  •••  xm~)  be  integrable  in  the  measurable  complete  field  21. 
Let  t)t  denote  those  points  of  £t  for  which  the  integrals  over  the  corre 
sponding  plane  sections  ^t  exist.  Let  9)t  denote  the  points  of  £t  for 
which  the  integrals  over  the  corresponding  rectilinear  sections  at  exist. 
j.  nen 
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Let  us  prove  the  first  half  of  1)  ;  the  other  half  follows  similarly. 
y  734,1 


=  f  <fet  f  /«&,        by  726,  737, 
•%     -SPt 

=  f  ^  r  /#&> 
•j*  v?* 

since  (~  —  f 

J?rA*c 

at  the  points  t)t- 

Application  to  Inversion 
738.    1.  In  570  we  saw  that 

S*P         f*b 

I   dy  I  fdx 

«/a  «/a 


admits  inversion,  if  f(x,  y*)  is  limited  in  the  rectangle  _R= 

and  continuous  except  on  a  finite  number  of  lines  parallel  to  the 

x  and  y-axes.     We  can  generalize  this  result  as  follows  : 

Letf(x,  #)  be  limited  in  the  rectangle  R  =  (abaft).  Let  the  points 
of  discontinuity  A  in  R  be  discrete.  Let  the  points  of  A  on  any  line 
parallel  to  either  axis  form  a  discrete  aggregate  on  that  line.  Then 

XB          /"&  fb          C$ 

dy  i  fdx,     I  dx  J  fdy 
*/a  ^a         ^a. 

exist  and  are  equal. 

For,  by  719,  2,  the  double  integral 


exists.     The  theorem  now  follows  from  734,  2. 

2.  If  the  points  of  discontinuity  of  f(x-y)  on  any  line  parallel  to 
the  x  or  y-axes  do  not  form  a  discrete  aggregate,  we  may  apply 
the  following  theorem  : 


544  MULTIPLE   PROPER   INTEGRALS 

Letf(xy~)  be  limited  in  the  rectangle  R=  (a5«/3). 
If  the  points  of  discontinuity  of  f  in  R  form  a  discrete  aggregate, 
we  have 

X0   Cb     C$   Cb     Cb   CP     Cb   rs 
dy\  fdx=(  dyi  fdx=  (  dx  j  fdy=  I  dx  (  fdy. 
-  .  *£M       ^a   *sa       *r«   sJ«       «/«   Jo. 

739.  1.  Letf(x,  y,  2)  be  limited  in  the  rectangular  parallelopiped 
R,  bounded  by  the  planes  x=  a,  x—b\  y  =  a,  y  =  (3;  z  =  A,  z  =  E. 
Let  it  be  continuous  in  R,  except  at  the  points  of  a  discrete  aggre 
gate  A.  Let  the  points  of  A  on  any  line  or  plane  parallel  to  the  axes 
be  discrete  with  respect  to  that  line  or  plane.  Then  the  triple  iterated 
integral 

£B        /•£         fb 

I  dz  I  dy  I  f(xyz)dx 

*fA         «^a  «^a 

exists,  and  admits  unrestricted  inversion. 
For, 


exists  by  719,  2.     Let  P  denote  a  plane  section  of  R  parallel  to 
the  #,  #-plane.     Then  the  double  integrals 


A<z<B, 

also  exist  by  719,  2.     Hence  by  734,  2, 

CfdR  =  (Bdz  ffdP. 
«//j  *JA      »jp 

But  by  738, 

}  fdP=\  dy(  fdx=  I  dx\  fdy. 

^P  ^a.          Ja  Ja          Jo. 


exist,  and  are  equal.     In  the  same  way  we  may  treat  the  four 
other  inversions, 
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EXAMPLES 


740.    1.  Let  E  =  (0101).     Let 

/(x,  y)  =  0,  for  irrational  x,  or  y  • 


_  1  r m 

Then 


=  -  for  x  =  — ;  m,  n  relative  prime,  and  y  rational. 
n  n 


f 

JK 


exists  by  701,  Ex.  1.    Its  value  is  easily  seen  to  be  0,  by  730. 
We  have  now  : 


Also 


— 

t  fdx  =  0,  for  irrational  y,  obviously  ; 

=  0  for  rational  y,  by  730. 


Hence  ^ 

I  fdx  =  0,         for  any  y  ; 

»/0 

and  therefore 

On  the  other  hand, 


for  a;  =5*. 

n 


73  -. 

\fdy  =  ±, 

Jo  n 

Hence  ri 

fdy 

Jo 

does  not  exist  for  rational  x  ;  i.e.  for  a  point  set  which  is  not  discrete. 
However  , 

(  fdy  =  0 

Jo 

for  any  a;.     Hence,  by  734,  1, 


which  is  obviously  true. 

This  example  illustrates  the  theorem  of  736. 
For,  the  points  x  at  which       _ 


are  the  rational  points  p/q  whose  denominators  q<n. 

Eemark.     Let  Tta  denote  the  content  of  those  points  of  E  for  which  f(xy}  ^ 

Obviously 

Ea  =  0.     Hence  lim  Ea  =  0. 

<7=0 

It  would  therefore  be  wrong  to  infer  that 

Cont  51  =  0, 

because 

for  any  a  >  0. 
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2.  Let  E  be  the  rectangle  (0101).  Let  us  suppose  the  coordinates  of  its  points 
x,  y  expressed  in  the  dyadic  system.  Cf.  144.  We  define  now  a  partial  aggregate 
21  of  E  as  follows.  All  its  points  lie  on  certain  lines  parallel  to  the  ?/-axis,  viz.  x  =  a, 
where  0<a<l  is  any  number  having  a  finite  representation.  Let  a  particular 
value  of  a  embrace  p  digits  in  its  representation.  Those  points  of  the  line  x  =  a 
belong  to  21,  whose  ordinate  is  expressed  in  p  digits.  Obviously  this  set  of  points  is 
symmetrical  with  respect  to  x  and  y.  If  the  representation  of  a  is  not  finite,  there 
is  no  point  of  21  on  the  line  x  =  a,  or  on  y  =  a.  In  any  case,  there  are  but  a  finite 
number  of  points  of  21  on  any  line  parallel  to  the  x  or  y-axis.  Not  so,  for  lines 
passing  through  a  point  of  21,  making  an  angle  of  45°  with  the  x-axis.  Obviously, 
any  little  segment  of  such  a  line  has  an  infinity  of  points  of  21  in  it.  Thus  21  is 
dense. 

Let  us  define  now  f(xy}  as  follows  : 

f(xy)  =  0,  for  any  point  of  21 ; 

=  1,  for  a  point  of  E  not  in  21. 
Since  the  oscillation  of  /  in  any  cell  of  E  is  1,  the  double  integral 

I    /c?2l,      does  not  exist. 
However, 


Hence  both  iterated  integrals 


exist  and  are  equal.     (Pringsheim.) 

3.  In  the  rectangle  E  =  (0101)  let  us  define  another  aggregate  S3  as  follows.  As 
before,  the  x  of  every  point  of  S3  must  have  a  finite  representation.  If  the  repre 
sentation  of  a  embraces  p  digits,  all  the  points  of  the  line  x  =  a  belong  to  33  whose 
ordinates  are  expressed  by  p  or  less  digits. 

Thus  on  any  given  line  x  =  a,  are  only  a  finite  number  of  points  of  S3.  On  the 
contrary,  on  any  little  segment  of  the  line  y  =  a,  lie  an  infinity  of  points  of  S3.  If 
the  representation  of  a  or  b  is  not  finite,  there  is  no  point  of  33  on  the  lines  x  —  a, 
or  y  =  b,  as  in  Ex.  2. 

Let  us  define  f(xy)  as  in  Ex.  2. 

f(xy)  =  0,  for  any  point  in  33  ; 

=  1,  for  a  point  of  E  not  in  33. 
Then  as  before,  the  double  integral 

does  not  exist. 
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The  integral 


does  not  exist  for  any  y  whose  representation  is  finite,  since 


On  the  other  hand,  -^ 

(    fdy  =  1,      for  any  x. 


Hence 


^        ^ 

\    dx  I    fdy  =  1.         (Pringsheim,') 

4.  Let  /(a;?/)  be  limited  in  the  rectangle  B  =  (0101).     Let 


exist.     The  reader  might  be  tempted  to  conclude  that  therefore 


exists.    To  show  this  is  not  always  so,  let  us  set  with  Du  Bois  Reymond, 

f(xy~)  =  1,  for  rational  y ; 

=  2x,        for  irrational  y. 
Then  - 

|  fdx  =  x,  for  rational  y ; 

*/o 

=  x2,          for  irrational  y. 
Hence  rl 

\  fdx  =  1,  for  any  y ; 

Jo 

and  therefore 

On  the  other  hand,  rl      rb 

Jo(fyjo/dx,         0<6<1, 

does  not  exist,  since 

ri      rb  ri      rb 

•  ay  \  j(-i>x  ^^  ^5  1  ay  \  ja*c  ^^  o. 

Jo      Jo  Jo      Jo 

Transformation  of  the   Variables 
741.    1.  Let 

be  defined  over  an  aggregate  51.  These  equations  may  be  re 
garded  as  defining  a  transformation  T,  which  transfers  the  points 
t  =  (£j  •••  £OT)  of  51  to  the  points  u=  (MX  •••  utn).  The  points  t,  u 
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may  be  regarded  as  lying  in  the  same  space,  or  in  different  spaces. 
What  we  have  called  the  image  of  21  denned  by  the  equation  1). 
may  now  be  regarded  as  the  transformed  aggregate  of  21,  and 
may  be  denoted  by  21  7-. 

2.  If  the  correspondence  between  the  points  of  21  and  21^  is 
uniform,  the  equations  1)  admit  as  solutions  the  one-valued  in 
verse  functions 

*i  =  #1  Oi  •••  um~),  •"  tm=0m(u1  •••  O-  (2 

The  equations  2),  regarded  as  a  transformation,  convert  the 
points  of  21  ?•  back  to  21.  For  this  reason  it  is  called  the  inverse 
transformation  of  T,  and  denoted  by  T~l. 

3.  The  transformation 

Ul  ==  ^1'    "  '   Um  =  *m 

is  a  special  case  of  1).  As  it  leaves  every  point  of  21  essentially 
unaltered,  it  is  called  the  identical  transformation,  and  is  denoted 
byl. 

4.  Let 

U',  ^«^l(»l—  ««)i  -•  «m  =  <f.  (**1-O  (3 


be  another  transformation  denned  over  2(7.,  which  we  denote  by  U. 
The  transformation  resulting  from  the  successive  application  of  T 
and  U  is  called  their  product,  and  is  denoted  by  TU.  The  trans 
formation  which  is  applied  first  is  written  first. 

The  result  of  effecting  T,  and  then  its  inverse,  is  to  leave  every 
point  of  21  at  rest.  Hence  TT~l  is  the  identical  transformation  ; 
in  symbols 


5.  If  21  T  goes  over  into  21  Tu  on  applying  U  to  21^  we  may  regard 
ytTO  as  the  image  of  21,  afforded  by  the  equations  1),  when  we  con 
sider  the  </>'s  as  functions  of  the  #'s  through  the  w's,  as  given  by  3). 

6.  The  functions  $,  -v/r  being  one-valued,  to  any  point  in  21  cor 
responds  one  point  in  2tri  ^.TU-    Suppose  the  correspondence  between 
21,  2lrf7  is  uniform.     Then  the  correspondence  between  21,  2ly  and 
between  2t^  21  TU  is  uniform. 
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For,  suppose,  for  example,  that  to  the  point  u  of  2tr  correspond 
two  points  t,  t'  of  21.  If  now  x  corresponds  to  u ;  to  the  point  x 
will  correspond  at  least  the  two  points  t,  t' .  The  correspondence 
is  thus  not  uniform  between  51,  5W- 

7.   If  the  functions  </>  have  first  partial  derivatives  in  21,  we  call 


0™) 


30, 


50™ 


dtm 
the  determinant  of  the  transformation. 

If  the  first  partial  derivatives  of  the 
region  R,  while  the  first  partial  derivatives  of  the  -v/r's  are  con 
tinuous  in  a  region  containing  RT,  we  have,  by  direct  multiplica 
tion  of  the  determinants  JT,  Jv,  and  using  430,  5), 


are  continuous  in  a 


v      —  **    •  J 


(4 


which  we  may  state  roughly  thus  : 

The  determinant  of  the  product  of  two  transformations  is  the  prod 
uct  of  their  determinants. 


742.    1.   Let 


T-, 


=  01 


have  continuous  first  partial  derivatives  in  the  region  R.  Let  the 
correspondence  between  R  and  RT  be  uniform.  Let  the  determi 
nant  of  the  transformation  JT^0  in  R.  In  this  case  we  shall  say 
the  transformation  T  defined  by  the  equations  1)  is  regular  in  R. 

2.  Let  T  be  a  regular  transformation  in  R.  Let  t  be  a  point  of 
R,  to  which  corresponds  the  point  u.  Let  E  be  the  image  of  D&(f). 
There  exists  an  rj  >  0,  such  that  D^(u)  lies  in  E.  Furthermore,  if 
t  rims  over  an  inner  aggregate  51  of  R,  the  rfs  do  not  sink  below  some 
positive  number  rjQ. 

For,  suppose  there  exists  no  77  >  0,  such  that  D^(u)  lies  in  E. 
Then  there  exists  a  sequence  of  points  ur  uz,  •••  which  =  u,  and 
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which  do  not  lie  in  E.  The  inverse  functions  of  1)  being  one- 
valued  and  continuous  about  u,  by  443,  the  image  of  the  above 
points  form  a  sequence  tv  tv  •••  which  =  t.  Hence  all  the  tn  for 
n  5;  some  m  lie  in  Ds(t~),  and  thus  um,  um+l,  •••  must  lie  in  E,  which 
is  a  contradiction.  This  establishes  the  first  part  of  the  theorem. 
Turning  to  the  second  part,  suppose  77  =  0  as  t  runs  over  21.  Then 
reasoning  similar  to  that  of  352  leads  at  once  to  a  contradiction. 

3.  Let  T  be  a  regular  transformation  in  the  region  R.      Then  Rj 
is  a  region.     Let  21  be  an  inner  aggregate  of  R.      To  inner  and 
frontier  points  of  21,   correspond  respectively  inner  and  frontier 
points  of  33  =  21  r,  and  conversely. 

This  is  a  direct  consequence  of  2. 

4.  If  T  is  a  regular  transformation  in  the  region  R,  T~l  is  a  regu 
lar  transformation  in  RT.      The  determinant  of  the  inverse  transfor 
mation  is  1 

JT-i  =  — . 

U T 

This  follows  at  once  from  443  and  741,  4). 

5.  Let  T  be  a  regular  transformation  in  the  region  R.     Let  21  be 
an  inner  aggregate  of  R,  and  let  33  be  its  image.     If  either  21  or  SQ 
is  measurable,  the  other  is.     If  one  is  discrete,  the  other  is. 

This  follows  from  4  and  708,  3. 

743.    1.  Let  T  be  a  regular  transformation 

T;  Si  =  <£i(*i-O»  •••^  =  </>Bl(*i-O  C1 

in  the  region  R.     Since  J^O,  not  all  the  derivatives 


vanish  at  any  point  of  R.     To  fix  the  ideas,  let 

d&n^Q  (2 

otm 

at  a  point  t,  and  hence,  as  it  is  continuous,  in  a  certain  domain 
Da(0  of  t. 
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We  show  now  how  T  can  be  expressed  as  the  product  of  two 
special  regular  transformations.  The  first  transformation  we  define 
thus  : 


•••  Um-l  =  *»-!,  Urn  =  0m(*i  -•  tmy.  (3 

By  virtue  of  2)  this  system  may  be  inverted,  giving 

t1  =  Uv    •••    £,„_!  =  Um_^  tm  =  0(Mj  -..  Um). 

Here  6  is  one-valued,  and  has  continuous  first  partial  deriva 
tives  in  a  certain  domain  D^(u).  If  8'  <8  is  taken  sufficiently 
small,  the  image  Z7of  -Z>6-(0  lies  in  -A,  00- 

We  define  the  transformation  Tz  over  U  by 

Ti  ;      *i  =  4>iOi  •••  wm_!<9),  ...  «„,_!  =  <£„,_!(%!  •••  ww_!0),  a;,,,  =  wm, 

where  0  is  the  above  one-valued  function  of  the  us. 
We  see  at  once  that 

T=  T,  •  Tz, 

when  t  ranges  over  Ds(t). 

Since  •,  • 

T     ._  d9m    ,    0 

T^~~M~^     ' 

dtm 
and 

e/y  =  JTJTz  =£  0, 

it  follows  that  JT2^0  in  C7".  Since  the  correspondence  is  uniform, 
and  the  functions  </>,  ty  have  continuous  first  derivatives  in  the 
respective  domains,  the  two  transformations  Tv  T2  are  regular. 

2.  Let  21  be  a  limited  inner  aggregate  of  the  region  R.  We  can 
effect  a  cubical  division  of  the  t-space  of  norm  d  such  that  for  the 
points  of  31  in  each  cell  dK,  there  exist  two  transformations  T^, 
T^K)  of  the  type  just  considered,  such  that 

T=  T^T™.  (4 

For,  we  can  take  d  so  small  that  not  all  the  first  partial  deriva 
tives  vanish  in  any  cell.  For  if  they  did,  reasoning  similar  to 
that  of  264  shows  that  they  must  then  vanish  at  some  point  of  R, 
which  would  require  J=  0  at  that  point.  Thus  these  cubes  may 
be  taken  as  the  domains  Da(£)  in  1.  By  reasoning  similar  to  that 
of  352,  we  show  that  the  norms  77  of  the  domains  Du)  considered 
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in  1  do  not  sink  below  some  positive  number.  The  same  reasoning 
applied  to  the  norms  3'  of  the  DK(f)  above,  shows  that  the  norms  B' 
of  the  above  -Z>8.(0*  are  a11  greater  than  some  positive  number. 
Thus  if  d  is  taken  small  enough,  the  relation  4)  will  hold  in  each 
cell  containing  points  of  21. 

744.    Let 
T;  x^  =  (^Gi  •••  *m),  •••  xm  =  <£„,(*!  •••  tm~) 

define  a  regular  transformation  of  determinant  J  in  the  region  R. 
Let  X  be  any  inner  measurable  perfect  aggregate  of  R,  and  let  £  be 
its  image.  Letf(x^  •••  xm}  be  continuous  in  £.  Then 


=      \J\fdt,  -  dtm. 


For  m=l  the  relation  1)  is  easily  seen  to  be  true,  taking 
account  of  direction  in  £.  Let  us  therefore  assume  it  is  correct 
for  m  —  1,  and  show  it  is  so  for  m.  Let  D  be  a  cubical  division  of 
the  t  space,  such  that  in  each  cell  containing  points  of  £  the  trans 
formation  2*  can  be  expressed  as  the  product  of  two  transformations 


>  Xm  =  Um, 


of  the  type  considered  in  743. 

Let  e7j,  J2  be  their  determinants.     Then 


If  the  relation  1)  holds  for  each  of  the  partial  aggregates  into 
which  X  falls  after  effecting  D,  it  obviously  holds  in  £,  by  728. 
We  may  therefore  assume,  without  loss  of  generality,  that  the 
same  transformations  2\,  Tz  may  be  employed  throughout  £. 

Let  the  image  of  3c  in  the  u  space  be  U.     We  have  now 

ffdx,  -  dxm  =  Cdxm  ffdx,  -  (&„,_!,  by  737,  2, 

i/I  •^       t/4>'» 

=  f  ^M»,  f  I  ^2  l/^i  '••  <ft*m-i>       bl  hypothesis, 

^t)'m      ^'™ 

where  ^,.%  are  the  transformed  t)m,  ^5m,  respectively. 
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Since  £  is  measurable,  U  is  so,  by  742,  5.     The  same  is  true  of 
.     Hence,  by  737,  2, 


Applying  the  transformation  T^  to  the  integral  on  the  right, 
similar  considerations  show  that 


x  = 


which  is  1). 

745.    Let 

\ 

r?e/me  a  regular  transformation  of  determinant  J,  in  the  region  R. 
To  a  rectangular  division  D  of  norm  d  of  the  t-space  into  cells  dK, 
corresponds  a  division  A  of  norm  8  of  the  x-space  into  cells  8K.  Let 
X  be  any  inner  region  of  R,  and  I  its  image.  The  cells  of  A.  falling 
within  £  are  unmixed,  and  their  contents  are 

&K  =  J\  <  +  «A»  t  in  dK  (1 

ivhere  ej  <e  uniformly,  on  taking  d  sufficiently  small. 

For,  X  being  an  inner  region,  to  each  inner  rectangular  cell  dK 
of  X,  corresponds  a  measurable  cell  8K  of  £  by  742,  5.  Hence  the 
cells  BK  within  X  are  unmixed,  limited,  perfect,  and  finite  in  number 
for  any  A. 

Since  the  determinant  J  is  continuous  in  X,  we  can  take  dQ  so 
small  that  in  any  dK  in  X, 

M-«J  +  Vi  (2 

where  TK  is  any  point  dK,  and 

KJ<* 
for  any  division  D  of  norm  <  c?0. 

From  702,  2  and  744,  1),  we  have  for  divisions  of  norm  <^0, 

Cont  BK  =  fdx1  ...  dxm  =  f  J  dt  j  .-  c?im 
c/5«  .         •/* 

"•  *U+J(J'A  •-  *«.,  by  (2, 

ic 

Ai 

where  |ej<e. 
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746.    1.   Let 

T;  x1  =  ^(^  •••  £m),  •••  xm  =  0mGi  •••  «TO 


a  regular  transformation  of  determinant  J,  in  a  region  R. 
Let  X  be  any  inner  aggregate  of  M,  and  let  £  be  its  image.  Let 
f(x1  •••  xin)  be  limited  in  £.  Then 


f       -- 


(2 

For,  let  us  effect  a  cubical  division  of  the  £-space  of  norm  d, 
To  it  corresponds  a  division  of  £  into  cells  of  norm  S. 

Let  us  consider  the  integral  on  the  left  of  1).  Using  the  cus 
tomary  notation,  we  have,  letting  J"t  denote  the  value  of  <7at  some 

point  in  d,,  ^Jf^  =  Oft(|  J;  +  eoX,         by  745,  1), 


(3 

But  if  |/|  <  -Fin  X, 


+  e)  =  77.  (4 

Let  us  now  consider  the  integral  on  the  right  of  1).     In  the 

<  Max  •/  J\  <  Max/-  Max  \J  , 


if  Max  /is  positive  ;  while  the  signs  are  reversed,  if  it  is  negative. 
LetU8Set 


"t  |  +  et'),  e[  |  <  e  uniformly, 

since  the  oscillation  of  *7  in  any  dt  is  uniformly  <  e.     Thus 

(5 


where,  as  in  4),  | 

Thus  3),  5)  give  in  connection  with  4),  6), 


which  establishes  the  relation  1).     Similarly  we  may  prove  2). 
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2.   From  1  a  great  variety  of  theorems  may  be  deduced  by  a 
passage  to  the  limit.     We  note  here  only  the  following  : 
Let 


be  continuous  in  the  measurable  aggregate  £,  containing  all  its 
frontier  points  %  ;  and  regular  in  any  inner  measurable  aggregate  U. 
Let  the  determinant  of  T  be  limited  in  £.  Let  £,  the  image  of  £, 
be  measurable  also;  and  let  its  frontier  be  the  image  of  $.  Let 
/(#!  •••  xm~)  be  limited  in  £•  Then 


provided  either  integral  exists. 

For,  let  9)  be  the  image  of  U.     Then,  by  1, 


=  f 

Ju 


Let  now  II  =  £,  then  9)  =  £. 


INDEX   OF   SOME   TERMS   EMPLOYED 


(Numbers  refer  to  pages.) 


Addition  of  inequalities,  23,  55. 
Adjoint,  integral,  405. 
Archimedean  number  systems,  21,  53. 

Branch,  219. 

principal,  138,  139. 
point,  219. 

Cells,  157,  521. 
Content,  352,  513. 

upper,  lower,  353,  513. 
Continuity,  208. 

uniform,  215. 

uniform  with  respect  to  a  line,  388 ; 
except  for  certain  points,  390. 

uniform  in  an  interval,  388. 

semi-uniform,  431 ;  in  general,  431. 

regular  in  an  interval,  431 ;  in  gen 
eral,  431. 

Convergence,  absolute  (of  an  integral), 
405,  445. 

normal  (of  an  integral),  433,  437. 

uniform,  199. 

uniform  with  respect  to  a  line,  388 ; 

except  at  certain  points,  390. 
Correspondence  1  to  1  or  uniform,  133. 

m  to  n,  133. 
Curve,  221. 

arc  of,  221. 

closed,  221. 

multiple  points  of,  221. 


Derivative  of  a  point  aggregate,  162. 
Determinant  of  a  transformation,  549. 


two    points,    149 ; 
point     aggregates, 


Difference  quotient,  222. 

total,  517. 
Differentials,  first  order,  269. 

higher  order,  277. 
Discontinuity,  211. 

finite,  212. 

infinite,  212. 

removable,  212. 
Distance    between 
between    two 
514. 

Division  of  an  aggregate  or  space,  157, 
521. 

unmixed,  519. 
Domain,  deleted,  154. 

of  definition  of  a  function,  120. 

of  a  point,  153,  195. 

of  a  variable,  119. 

Evanescent,  singular  integral,  401. 

uniformly,  201. 

Extreme,  of  a  variable,  or  rectilinear 
domain,  165,  166. 

isolated,  166. 

point  of  (functions),  317,  322. 

relative  (functions),  329. 

Field  of  integration,  510,  511. 

Forms,  definite,  indefinite,  semidefinite, 

324. 

Frontier,  1^4.  * 
Function,  algebraic,  123,  142. 

Beta,  422. 

Cauchy's,  205. 
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Function,  composite,  145. 

decreasing,  132. 
"^Dirichlet's,  204. 

Dirichlet's  definition  of,  120,  143. 

Gamma,  453. 

implicit,  282,  283. 

increasing,  132. 

integrable,  336,  400,  404,  445,  511. 

inverse,  133,  135. 

iterated,  160. 

limited,  147  ;  in  general,  399. 
,    limited  variation,  349,  518. 

monotone,  132. 

primitive,  380. 

totally  differentiate,  269. 

transcendental,  125. 

uni  variant,  132. 

Ideal  points,  172,  194. 

numbers,  173. 
Image,  of  a  number,  21,  79. 

of  a  domain,  146. 
Infinite,  function  is,  213. 
Infinitary,  313. 
Infinity  of  a  function,  213. 
Integrable  (integrand  limited),  336,  356, 
511;  absolutely,  405. 

(integrand  infinite),  400,  404;  abso 
lutely,  405. 

(interval  infinite),  445;  absolutely, 

445. 
Integrals,  adjoint,  405. 

convergent,  400,  445 ;  absolutely,  405, 
445. 

definite,  381. 

Euler's,  453. 

Fourier's,  497. 

Fresnel's,  499. 

generalized,  356,  528. 

improper,  361,  399,  400,  404. 

indefinite,  381. 

iterated,  394,  537,  544. 

lower,  337,  510. 

normally  convergent,  433,  437. 

proper,  361. 


Integrals,   uniformly  convergent,   425, 

465  ;  in  general,  465. 
Stoke's,  463. 
Integration  with  respect  to  a  parameter, 

394. 
Iteration,  160. 

Jacobian,  297. 

Limits,  iterated,  198. 

upper  and  lower,  205. 

right  and  left  hand,  172. 

unilateral,  172. 
Limited  functions,  147. 

integrand,  in  general,  399. 

Maxima  and  Minima,  isolated,  166. 

of  a  variable  or  rectilinear  domain, 
165,  166. 

points  of  (functions),  317,  322. 

relative,  329. 
Mean,  law  of,  248. 

first     theorem    of,      366,    417,    4~;9. 
535. 

.  second  theorem  of,  377,  421,  459. 

value,  167. 
Multipliers,  undetermined,  330. 


Norm,    of    a    division,    157,    336,    500, 
521. 

of  a  domain,  153. 

of  a  vicinity,  155. 
Normal  form  of  a  number,  93. 

singular  integral,  433,  437. 

Order,  of  infinities,  infinitesimals,  313, 

314,  316. 

of  a  point  aggregate,  163. 
Oscillation  of  a  function,  341,  507. 
Oscillatory  sum,  341,  507. 


Parameter  of  an  integral,  387. 
Parametric  form  of  a  curve,  220. 
Partition,  82.   o 
Period,  M. 
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Points,  at  infinity,  172,  194. 
frontier,  154.  j  £  I  ^ 
limiting,  157 ;  proper,  improper,  158 ; 

bilateral,  unilateral,  158. 
ideal,  172,  194. 
isolated,  158. 
outer,  154. 
within  =  inner. 

Point  aggregate,  complement  of,  149. 
complete,  167. 
completed,  522. 
configurations  of,  149. 
content  of,  352,  513;  upper,  lower, 

354,  513. 
dense,  167. 
derivative  of,  162. 
difference  of  two,  149. 
"^•discrete,  355,  515. 
distance  between,  514. 
finite,  156. 
frontier  of,  154. 
^~  limited,  156. 

limiting  points  of,  157,  158. 

inner,  515.       ''•>  ^ 

isolated,  167. 

measurable,  353,  513. 

outer,  515. 

partial,  148. 

perfect,  167. 

projection  of,  524,  525. 

section  of;  plane,  525;   rectilinear 

525. 

—  sifted,  52D, 
sub,  148. 
sum  of,  149. 
union  of,  519. 
unmixed,  519. 
Poles,  123,  142. 
Projection  of  point  aggregates,  524,  525 

Region,  167  ;  complete,  167. 
Regular  (integrand  limited),  387. 
(integrand  infinite),  424. 
in    general,   or   except  at   certair 
points,  400. 


Regular   (integrand  infinite),  in   gen 
eral,  or  except  on  certain  lines, 
424,  437. 
simply,    except    on   certain    lines, 

424,  437. 
(interval  infinite),  445,  464. 

in   general,  or   except  on   certain 

points,  445. 
in  general,  or  except  on  certain 

Hues,  465. 
simply,   except   on   certain   lines, 

465. 
Rolle's  theorem,  246. 

Scale,  of  infinities,  infinitesimals,  312. 
exponential,  315. 
logarithmic,  314. 
Section  plane,  rectilinear,  525. 
Sequence,  24,  61. 
convergent,  25. 
decreasing,  68. 
increasing,  68. 
limited,  68. 
monotone,  68. 
partial,  65. 
regular,  35,  62. 

univariant,  68.  f  •}•     \      * 

Singular   Integrals,    relative    to    finite 

points,   401  ;    ideal   point,   447. 
relative    to    finite    lines,    425,   437; 

ideal  line,  465. 
evanescent,  401. 
normal,  433,  437. 
uniformly     evanescent,     425,     437, 

465. 
Singular  Lines,  finite,  425,  437;  ideal,   - 

465. 
Singular    Points,    finite,    399 ;     ideal, 

447. 

Species  of  point  aggregates,  345. 
Successive   Approximation,   method    of, 

284. 

System  of  Numbers,  base  of,  92. 
dense,  20,  54. 
dyadic,  triadic,  m-adic,  92. 
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Total  difference  quotient,  517. 
Totally  differentiable  function,  269. 
Transformation,    of    an    aggregate    or 
space,  547. 

inverse,  548. 

determinant  of,  549. 


Variation,  of  a  function,  349. 

functions  having  limited,  349,  518. 
Vicinity  of  a  point,  155,  195. 

Within    an   interval,   119 ;    an    m-way 
sphere,  150. 


INDEX   OF   SOME   SYMBOLS   EMPLOYED 

(Numbers  refer  to  pages.) 


(a,  ft),  (a*,  ft),  (a,  K),  etc.,  119. 
Z>(a),  Dp(a),  DP«(a),  D(ao),  etc.,  153, 

154,  195. 
F(a),   Fp(a),    rp*(a),    F(oc),  etc.,  155, 

195. 

Dist  (a,  ft),  149;  Dist  (2t,  33),  514. 
Max,  165 ;  Min,  166. 
Mean,  167. 

Cont,  Cont,  Cont,  353,  513. 

lim,  lim  sup,  Km,  lim  inf,  205,  206. 

sgn,  203. 


R,  right  or  right-handed,  155, 172,  206. 
L,  left  or  leftrhanded,  155,  172,  206. 
U,  unilateral,  172. 
=,  25,  62,  171,  195. 
>,   <,  -,313,314. 
/jZ,  lyK,  I3x,  •••  243. 

f ,     f,  337,  510. 

^o,  SD,  337,  506. 
!„,  1B,  354,  513. 
2lA>  IA»  521.  (A  general  division.) 
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